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Abstract

This thesis reports on light-mediated coupling between the collective spin of a cold atomic ensemble and
a mechanical oscillator. In our experiments, we engineer coherent interactions between these distinct
systems over a macroscopic distance of 2 metres. Thus, the system presented in this work establishes a
versatile platform for implementing remote, coherent, and hybrid quantum mechanical coupling experi-
ments.

Achieving quantum coherent coupling between the systems will enable the execution of quantum
protocols on this platform, such as quantum state swaps or entanglement generation. Quantum coherent
coupling is possible when both the atomic spin and the mechanical oscillator interact with light with high
cooperativity and their noise is limited by quantum backaction noise rather than thermal or technical
noise. The first part of this thesis presents a series of improvements and characterisation measurements
of both systems, demonstrating that in the current setup both systems operate in the regime of large
quantum cooperativity.

Our first system is the collective spin of dipole-trapped cold Rubidium atoms, a well-established plat-
form in quantum optics with a large toolbox for quantum initialisation and manipulation. This thesis
presents a theoretical and experimental characterisation of the Faraday spin-light interface, extending
beyond the simplified one-dimensional model of two-level atoms. We find that for the relevant experi-
mental parameters, the spin-light interaction is limited by quantum backaction noise and exhibits large
cooperativity.

Our second system is a nanomechanical membrane oscillator placed in an optical cavity. Nanome-
chanical membranes are macroscopic systems that can act as sensitive force sensors. In this work, the
optomechanical system is upgraded by exchanging the membrane oscillator; replacing the previously
used membrane with a phononic bandgap shield by a state-of-the-art nano-pillar membrane that has a
mechanical Q-factor of 5.1 x 107. With this enhancement and operation at cryogenic temperatures we
experimentally demonstrate that the membrane-light interface enters the regime of high quantum co-
operativity, showing cooling to the quantum backaction noise limit and ponderomotive squeezing of the
light.

In a first series of hybrid coupling experiments, strong coupling between the two systems is used
to demonstrate coherent cooling of the mechanical oscillator with the atomic spin. The setup can be
understood as a coherent feedback platform where the atomic spin acts as the controller. By leveraging
the full control provided by the hybrid system, we perform spin-membrane state swaps, combined with
stroboscopic spin pumping, to cool the membrane in a room-temperature environment to 7' = 216 mK
(fum = 2.3 x 103 phonons) in 200 ps.

The high cooperativity of the interaction of each system with light theoretically enables quantum

coherent coupling of the two systems. Preliminary experiments demonstrate strong coupling between the
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systems at cryogenic temperatures, which has not been achieved in previous work. Future experiments
can leverage this coupling to demonstrate quantum coherent control, e.g. by inducing entanglement

between the two systems through coherent parametric-gain interactions.
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Introduction

As science and technology advance, increasingly specialised tools are developed to tackle specific prob-
lems. A single tool may be sufficient for simple tasks, but complex challenges often require the integration
of multiple tools. Such a hybrid approach is essential to solve more complicated tasks. The same applies
in quantum science: Quantum technologies have seen an impressive progress, leading to the development
of numerous individual systems performing very well in one specific task [1|. For instance, photons can
be used to transmit quantum information over long distances [2, |3], spins serve as precise magnetome-
ters |4}, 5] or atomic clocks 6], and mechanical oscillators are very precise force sensors |7} |8]. However,
many real-world problems require quantum devices that can combine different functionalities, making
hybrid quantum systems particularly intriguing [9]. By combining quantum systems with complemen-
tary functionalities, hybrid systems can leverage the strengths and mitigate the weaknesses of individual

components |9 10} 11].

Different hybrid quantum systems have been proposed and developed [9} |10, |11]. Hybrid systems
containing a mechanical oscillator and spins are of particular interest because of the complementary nature
of the systems [11]. Mechanical oscillators are linear systems that serve as high-precision force sensors
|7, 18], responding to various forces |11} [12], while spins are nonlinear at the quantum level and benefit
from a well-established toolbox for quantum state initialisation and manipulation |13|. Furthermore, the
coupling of a macroscopic and a microscopic system is of fundamental interest for exploring the limits of

quantum mechanics. Hybrid spin-mechanical systems take various forms:

There have been some major efforts to couple mechanical oscillators to solid state spins [10]. Single
colour centres in diamond have been coupled to nanowires via external magnetic fields [14] and to can-
tilevers via mechanical strain |15} [16]. The aim of these experiments is to not only cool the vibrational
state of the mechanical oscillator, but also to prepare non-classical states. So far, this level of quantum
control has not been achieved due to the limited coupling strength. Nevertheless, the mechanical motion
of a cantilever has been used to manipulate the spin state of a diamond nitrogen-vacancy (NV) centre,
thereby avoiding the complicated gate structures and stray fields associated with microwave driving fields
[17]. In conceptually very similar experiments, quantum dots have been coupled to nanowires, allowing

the system to be integrated into GaAs-semiconductors |18, [19].

For most mechanical systems, one of the main limitations in achieving quantum control is thermal
decoherence. To achieve low phonon occupation of the thermal bath, the thermal energy must be low
compared to the single quantum energy of the system kg7 < hf, which is more easily achieved for
nanoscale resonators at gigahertz frequencies (cantilevers and nanowires typically have kHz frequencies).

Ground-state cooling of such a gigahertz mechanical oscillator in a dilution refrigerator has been demon-
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strated by coupling it to a superconducting qubit mediated by a microwave cavity |20l 21| or by direct

electrostatic interactions [22].

The high degree of quantum control of atoms [13] makes them a very promising system for coupling
to a mechanical system |11, [23]. In early experiments, the spin of an ensemble of atoms in a vapour cell
was manipulated using a magnetised cantilever [24]. Furthermore, the centre-of-mass motion of atoms
in an optical lattice was coupled to the vibrations of a nanomechanical oscillator [25] 26, [27} 28]. More
recently, we coupled the collective spin of a cold atomic cloud strongly to a nanomechanical oscillator |29,
30]. The measurement backaction on the membrane was evaded by interfacing the membrane with the
collective spin of an atomic ensemble in a vapour cell [31]. In another experiment, entanglement between
the spin and the membrane has been demonstrated by measuring the light after a cascaded interactions
with the systems [32].

The degree of control in a hybrid system depends on the coupling strength between the systems. In
most of the implementations of hybrid systems cited above |14} 15,16} (17} |18} 19, |24] the coupling between
the individual systems is weak. Strong coupling is achieved when the coupling rate between the spin and
the mechanical oscillator exceeds the mean linewidth of the individual systems [33]. In the strong coupling
regime, a classical state can be coherently swapped between the systems at a faster rate than it decays.
For quantum-mechanical control of the hybrid system, a more stringent requirement must be met: in the
quantum coherent regime, the coupling rate exceeds the total decoherence rate of the hybrid system |34,
35]. This total decoherence rate encompasses all interactions with the environment, including thermal
excitations driving the individual systems and measurement decoherence when the systems are open to
the environment |36} 37]. Quantum coherent coupling has been achieved for hybrid systems consisting
of superconducting qubits and nanomechanical oscillators [20} |21}, [22], for which low phonon occupation
numbers of the environment can be achieved at cryogenic temperatures due to the gigahertz frequencies

of the systems.

Different coupling mechanism have been explored to realise hybrid spin-mechanical systems. Coherent
interactions between quantum systems are typically generated either by short-range interactions such as
mechanical strain |15, (16, (17} [18] [19], magnetic fields |14} 24 38|, or capacitive coupling [22], or they
are mediated by a cavity field |20, [21]. All of these coupling mechanisms limit the distance between
the systems strongly, due to their unfavourable scaling (e.g. for magnetic coupling) or stability criteria
that are difficult to meet for large distances (e.g. for cavities). However, coupling two systems remotely
is interesting from both a fundamental and technical point of view: Quantum coherent coupling can
generate entanglement over a long distance, which can be a resource for quantum information tasks or for
experiments on quantum foundations. Technologically, having separate access to each system allows for
independent manipulation of each system, so that one system can be steered by manipulating the other
[39]. The simplest way to couple two remote systems is to use light, as photons are an excellent carrier
of quantum information [40], facilitating communication over long distances. In recent years, various
quantum systems have been entangled over long distances using light including cold atomic ensembles
[41} 42], single atoms [43] |44], electronic spins in diamond NV-colour centres |45 |46], and single ions [47].
In all of these experiments, entanglement is induced by measurement or by entanglement swapping [41]
42| |43 |44}, 45|, 46|, |47] rather than by a coherent interaction between the systems. However, it is very

appealing to combine coherent interaction in a hybrid system with long-range coupling. To achieve this,
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it has been theoretically proposed that hybrid Hamiltonian interactions can be engineered by coupling
individual systems at different positions to a one-dimensional waveguide |36 or a free-space laser beam
137].

Coupling systems to a propagating light field presents several challenges: The electromagnetic field is
subject to quantum shot noise, which drives the coupled systems stochastically. Moreover, information
about the systems imprinted on the light leaks out to the environment. This leakage leads to backac-
tion noise on the individual systems. For a coherent light-mediated interaction, the backaction noise of
the light on the systems must be suppressed; otherwise, the decoherence induced by the measurement
backaction exceeds the coherent interaction [37]. The suppression of backaction noise can be achieved in
different ways: For example, a decoherence-free quantum mechanical subspace can be created, which is a
particular subspace of the total Hilbert space that is less sensitive to decoherence due to the destructive
interference of the dissipative environment [36]. Alternatively, one can consider the theory of cascaded
quantum systems with multiple interactions per system. For backaction evasion, the second interaction
with each system must be engineered as the time-reversal of the first one, leading to a cancellation of
the information about the system on the light field [37]. Both descriptions imply that each system must
be coupled multiple times to the propagating field in order to suppress the decoherence associated with
the quantum shot noise of that field |36} [37]. Experimental implementations of Hamiltonian interactions
mediated by an a propagating light field are scarce: At microwave frequencies Kannan et al. [48| strongly
coupled two superconducting qubits by interfacing them with a microwave waveguide. In order to obtain
a coherent interaction, each qubit is interfaced two times. The phase of each interaction is engineered
to suppress the backaction of the microwave field on both systems. More recently, Wang et al. [49]
demonstrated strong coupling between two magnonic spins using a similar coupling geometry. At optical
frequencies, our group has pioneered experiments on coherent light-mediated interaction [29, [30]. Using
light to mediate remote coupling not only enables for the coupling of similar systems (as demonstrated
in [48, |49]), but also allows the engineering of hybrid quantum systems from any set of systems with a

light-matter interface [37].

In our experiment, we aim to remotely couple atomic spins and a mechanical membrane in the quantum
coherent regime. In our group in Basel, light-mediated interactions between cold atoms and optomechan-
ical membranes have been realised in various forms: The coupling between the centre-of-mass motion
of atoms in an optical lattice and a nanomechanical membrane has been demonstrated [25] [26], which
was used for sympathetic cooling of the membrane oscillator [27]. In a similar experiment in Hamburg,
sympathetic cooling was used to cool the membrane close to the mechanical ground state |28]. However,
in both implementations, the atom-membrane coupling did not reach the strong coupling regime. By
increasing the number of atoms in the lattice, collective atom-membrane motion with instabilities was
observed in the coupled system [50]. The coupling of the membrane to the centre-of-mass motion of the
atoms is limited by the sub-megahertz trap frequencies of optical lattices, at which conventional lasers
are not shot-noise-limited but the noise is dominated by technical laser noise. Furthermore, the quantum

control of the centre-of-mass motion of thermal atomic ensembles is difficult to establish [51].

In this thesis, the next generation experiment is presented, in which the membrane oscillator is coupled
to the internal atomic state. In a breakthrough experiment, strong coupling between the atomic spin and

the membrane oscillator has been achieved [|29]. Following on that, this work explores the path towards
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quantum coherent coupling between the membrane oscillator and the spin system and the use of this

coupling for coherent feedback control.

Coupling the mechanical oscillator to the collective spin instead of the centre-of-mass motion has
several advantages: The collective spin of laser-cooled atomic clouds is a well-established platform in
quantum optics, with a large toolbox available to initialise and manipulate the collective spin [13] |52].
Therefore, the collective atomic spin is chosen as the first quantum system for this work. The atomic
spin can interact with light in the quantum non-demolition interaction [13]. This interaction is based on
the Faraday effect, which causes polarisation rotation of the light even in a dilute atomic ensemble [53].

We use the Faraday interaction to couple the collective spin of the atoms to the light.

The second quantum system in this thesis is a nanofabricated silicon nitride membrane embedded in
an optical cavity |54]. Nanofabricated optomechanical devices have evolved significantly in recent years
[12]. In the last 15 years, the quality factor of strained mechanical resonators has increased by four orders
of magnitude [55]. Advances in nanofabrication have allowed the fabrication of structured devices with
high aspect ratios and the creation of so-called soft-clamped membranes with excellent quality factors of
Qum > 108 [56]. This made it possible to ground state cool a membrane using measurement-based feedback
[57], to perform continuous force and displacement measurements below the standard quantum limit [58],
and to use the membrane as a memory for light [59] or as a transducer between optical and microwave
frequencies [60]. Moreover, membranes are a promising platform for sensitive force measurements |61, |62].
The interaction of the light with quantum cooperativities exceeding unity has been achieved in a cryogenic
environment [57] and more recently even at room temperature [63], allowing the integration of membranes
in a quantum limited light-mediated interaction. In the course of this work, a new soft-clamped membrane

has been implemented in the hybrid system, allowing quantum control of the mechanical system.

Despite the differences between the collective spin of an atomic ensemble and the nanofabricated
membrane, their interaction with light shows striking similarities: the mechanical oscillator couples to
the the light field via radiation pressure, an interaction that can be understood as Raman transitions
between two successive vibrational Fock states. Similarly, the spin-light interaction can be described as
Raman transitions between two Zeeman states within the same hyperfine manifold, driven by the off-
resonant, two-photon Faraday interaction. When the atoms are well polarised parallel or anti-parallel
to the magnetic field, their collective spin can be approximated as a harmonic oscillator [13]. The
oscillation frequency of the spin-oscillator can be tuned by changing the magnetic field, thus bringing it

into resonance with the mechanical oscillator.

Experiments in Copenhagen have demonstrated entanglement between atomic spins in a vapour cell
and a membrane, based on a measurement-based, cascaded interaction [32]. In contrast, in our experiment
we use light to mediate a Hamiltonian coupling between the collective spin of a cold, dipole-trapped
ensemble of Rubidium atoms and a nanofabricated membrane. In this setup, the light interacts first
with the spin, then with the membrane and finally with the spin again. This configuration allows for
bidirectional coupling and the cancellation of the backaction of the light on the spin in the second
interaction |29, [37]. In a series of experiments, we have demonstrated strong coupling between the two
oscillators in a room temperature environment [29].

This hybrid strong coupling has been used to implement coherent feedback. Similar to measurement-
based feedback which is commonly implemented in many applications, coherent feedback stabilises a
system towards a target state |39, [64]. In coherent feedback, however, the feedback is applied by an-

other quantum system, avoiding measurement and the associated decoherence [39]. In our experiment,
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we employ optical coherent feedback to remotely cool a nanomechanical membrane oscillator using the
collective spin of an atomic ensemble as a controller [30]. We have also extended such schemes to realise
an optical coherent feedback loop [65].

For a quantum coherent coupling between the membrane oscillator and the spin system, both oscil-
lators must have a quantum limited coupling to the light (i.e. a cooperativity larger than unity C; > 1).
This work describes the optimisation and characterisation of both the membrane and the spin system.
It is shown that we can indeed measure a large cooperativity for both systems. Preliminary coupling
results between the two improved systems are presented showing strong coupling between the two systems
and opening up the prospect of quantum coherent coupling of the systems in the current experimental

configuration.

This thesis is structured in the following way:

e In chapter [I} the preparation of a dense, dipole trapped cloud of cold atoms with a high optical
depth is described. The collective spin of the atomic cloud is polarised by optical pumping. This

collective spin serves as starting point for further experiments.

e Chapter [2] describes the quantum spin-light interface. The Faraday interaction is introduced both,
in a simplified one-dimensional picture and then in a more realistic three-dimensional model. The
spin can be manipulated by rf-pulses and classical polarisation modulations of the probe light, which
is shown both theoretically and experimentally. Finally, the characterisation of the spin ensemble

is given, which is crucial to understand the hybrid experiments.

e Chapter [3] shows the quantum optomechanical interface. For the hybrid experiments, two different
membranes were used. In this chapter, the characterisation of both of them are shown. One of

them is cooled to the cavity cooling limit and could be used to squeeze the light by 1.5 dB.

e Chapter [4] describes how the Hamiltonian coupling between the spin and the membrane is engi-
neered. Starting from the theory of cascaded quantum systems, the coupling Hamiltonian of the
hybrid system is derived. In a second part of chapter [d] the experimental implementation of the

coupling loop is discussed and some calibration measurements are presented.

e In chapter [f] the coupling is used to implement a coherent feedback loop. Direct time-controlled
manipulation of the spins allows to tune the spin-membrane interaction from strong coupling to the
overdamped regime. Using a stroboscopic cooling sequence, the cooling rate can be increased by a
factor of two, which is used to cool the membrane in a room-temperature environment to 216 mK
(2.3 x 103 phonons) in 200 ps. Furthermore, the effect of feedback delay is observed and studied,
that is inherent to the macroscopic distance between the system and the controller. The results of

this chapter are published in [30].

e In chapter [f] first coupling experiments between the two improved systems are presented. Strong
coupling between the membrane and the spin is achieved both at room temperature and at a
cryostate temperature of 60 K. With the membrane cryogenically cooled to 10K, we should see

quantum coherent coupling between the two systems.



Chapter 1

Dipole-Trapped Cold Atoms with High
Optical Density

In our atom-membrane coupling experiments, we use the collective spin of a cold atomic cloud
as one of the quantum systems. Thus, a key aspect of these experiments is preparing a dense
atomic cloud in a specific internal atomic state. This chapter details the preparation of a cold,
dipole-trapped atomic ensemble with a peak optical density of 1500. The atomic ensemble is
mode-matched to the coupling beam used for the hybrid experiments. Further, the collective
spin of the cloud is initialised by optical spin pumping. The preparation process involves the
following steps: first, the atoms are cooled in a magneto-optical trap (MOT). Then, the cold
atoms are transferred to a dipole trap. Finally, the spin of the atoms is polarised by optical
pumping. The setup for cooling, trapping, and spin pumping is described in detail here. The

resulting atomic cloud is characterised by absorption imaging and rf-spectroscopy.

1.1 Preparation of the Atomic Cloud

In the hybrid experiment, we couple the mechanical membrane to the collective spin of a cold atomic
ensemble using light. To achieve strong coupling between the membrane and the spin, the spin-light-
interaction must be strong. The collective spin is interfaced with light through a dispersive interaction,
more precisely the Faraday interaction. The relevant parameter for the strength of this interaction is the
optical density of the spin ensemble. The dispersive spin-light interaction is described in detail in chapter
This chapter details the experimental setup and sequence that allows us to achieve a well-polarised
spin ensemble with a large optical density.

The starting point for the experiments is the preparation of a cold atomic ensemble in an optical
dipole trap. Once in the trap, the atomic system is initialised by polarising the atomic spins, creating a
collective spin. Such preparation requires a high vacuum, several lasers and magnetic coils, a schematic
of which is shown in figure The setup has been developed over many years and is largely described
in some previous works |66} (67}, 68, 69]. In the course of this work, parts of the experimental setup have

been rebuilt or modified and will be described in the following sections:



1.1. PREPARATION OF THE ATOMIC CLOUD
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Figure 1.1.1: (a) a 3D-render and (b) a schematic of the atomic chamber: The 2D-MOT chamber is
shown on the left. There, the atoms are cooled and confined in two dimension using two beams (which
are retro-reflected on mirrors) and a pair of coils in anti-Helmholtz configuration. From the 2D-MOT
chamber, the atoms are pushed by a beam to the main atom chamber. In the main chamber, the atoms
are manipulated and controlled by different beams. In this figure, the beams propagating along the x-
axis are not shown (i.e. two MOT beams and the beam coming from the X-fibre). The magnetic field is
controlled by several coils and wires shown here.
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The cold atom apparatus consists of two chambers: The science chamber is an octagonal glass celﬂ
with two large side windows. The atoms are loaded from a second cuboidal chamber which is connected
to the science chamber by a small differential pumping tube [66]. A pressure of p < 4 x 10~ !mbar
is maintained by a ion pum}ﬂ and a titanium sublimation pum}ﬂ [66]. For the cooling, detection and
optical pumping of the atoms, diode lasers are used which are specifically locked to atomic transitions
and switched and frequency controlled by acousto-optical modulators (AOM). The laser setup for cool-
ing, detection and optical pumping was completely rebuilt during this work and is described in section
During the hybrid experiment, the atomic spin precesses in a bias magnetic field, which defines
the frequency of the spin-oscillator. Thus, the homogeneity and stability of the magnetic field in our
experiment strongly affect the precision of the final experiments. Therefore, the magnetic field at the
atomic position is actively stabilised as described in [68) |69]. The implementation of the various coils
and wires and the basic idea of the feedback circuit, are discussed in section [1.3] The timed computer
control system is described in section [[.4] In section [[.5] the different laser-cooling and trapping stages
are described. The cooling sequence is very similar and largely inspired by that described in [67]. After
laser cooling, the atoms are transferred into an optical dipole trap. The atoms are trapped at the focus
of a far red-detuned, high-power commercial laser. The original setup of this laser system is described in
|70] and was modified during this work. The modifications and the current atomic cloud geometry are
described in the section As a final preparation step, the dipole-trapped atoms are spin-polarised,
which is described in section

1.2 Setup for Cooling, Pumping and Detection Lasers

In our experiment, we work with Rubidium-87 (8”Rb) atoms. The 8"Rb is an alkali atom with a nuclear
spin ¢ = 3/2. Thus, the 251/2 ground state splits into the F' = 1,2 hyperfine manifolds. In the experi-
ments, we only use beams at the D2-line of Rb, which is the 25} /5 <+ 2P; 5 transition at a wavelength
of 780nm. The D2-line of 8'Rb has a cycling transition which is very convenient for laser cooling and
absorption imaging of the atoms.

Cooling, detecting and spin-pumping rubidium atoms require multiple laser beams at different fre-
quencies. In our experiment, atoms are cooled in a MOT, transferred in a far-detuned dipole trap [70]
and then spin-polarised to the |F' = 2,mp = —2) state. Loading a MOT requires cooling light near the
F =2 + F' = 3 transition and repumping light at the F' = 1 +» F’ = 2 transition. In addition, a laser
at the F' = 2 ++ F’ = 2 transition is required to spin polarise the atoms through optical pumping. In this
section we present the setup that provides all these beams.

As shown in figure[I.1.1] the atomic cloud is prepared in two different vacuum chambers: The 2D-MOT
chamber [71] and the science chamber, where the 3D-MOT and the dipole trap are loaded. Therefore, we
need two beams with cooling and repumping light for both the 2D-MOT and the 3D-MOT. To prepare the
internal state of the atoms once they are in the trap, we also want to have two beams (along two different
axis) containing light for spin polarising the atoms in the F' = 2 manifold to the |F = 2, mpr = —2) state
(called 22-pump) and light to repump the atoms from F' =1 — F = 2 (called repump). Furthermore,
these two beams should contain light at the F' = 2 <» F’ = 3 transition for absorption imaging along two
different axes. An overview of all the fibres and the light in these fibres is given in table and figure

IPresicion Glassblowing: anit-reflection coated mirrors for 0° on both sides
2Varian/Agilent Vaclon Plus 40 starcell
3 Agilent Titanium Sublimation Cartridge



1.2. SETUP FOR COOLING, PUMPING AND DETECTION LASERS
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Figure 1.2.1: Overview of the locking and shifting of laser frequencies: (a) shows the levels of the
Rubidium-87 D2-line (not to scale) and the laser frequencies of the three lasers (BFD F=2, BFD F=1, and
ECDL). The frequency shifts by the AOMs are indicated by arrows. (b) shows again all three lasers and
all AOM with the corresponding frequencies. The 3D-MOT-, 2D-MOT- and Det-AOM are in double-pass
configuration with a frequency which can be changed during the sequence. On the right, it is labelled in
which fibres a certain branch is coupled. A sketch of the full laser setup is shown in figure [1.2.2

1.2.1} The light for these transitions comes from three lasers. In the following, all three lasers and the

setup to control the laser frequencies are introduced.

Butterfly Diode Laser:  The splitting between the different hyperfine states in the 2P /2 excited
state manifold of the Rubidium-87 D2 line is in the range of hundreds of MHz and can be addressed by
a single laser by shifting its frequency with AOMs. The ground state hyperfine splitting on the other
hand is 6.8 GHz. So we use two different butterfly diode (BFD) lasersE| and multiple AOMs to cover the
required frequency range. The BFDs have a linewidth of about 1 MHz, well below the linewidth of the
Rubidium D2 line of yr;, = 27 x 6.1 MHz. Very conveniently, the BFDs have a mode-hop free tuning
range that is larger than the ground state hyperfine splitting of Rubidium, so that they can be scanned
over the full spectrum (without fine-tuning the laser temperature and current). The BFDs are driven
by digital controllersﬂ with two analogue modulation inputs for the current (one for AC and one for DC
modulation).

Both BFD lasers are frequency locked using Doppler-free saturation spectroscopy. Using AOMs, the

4Freespace butterfly laser diodes from Toptica, Fagleyard; central wavelength: 780 nm; Specified line width: 0.6 MHz
(measured linewidth is slightly worse than the specified value for all tested diodes); Mode-hop free tuning range: 25pm;
Maximum optical power: 80 mW

5Digital Laser Controller CTL200-1-B-200 from Koheron with a maximum current of 225 mA
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light is frequency-shifted to the required frequency and can be switched. The different frequencies are
shown in figure[T.2.1](a), a general overview of all beams is shown in figure[I.2.1)(b) and a detailed sketch
of the laser setup in figure [I.2.2]

Laser for F' = 2 Manifold:  The first BFD (labelled as BFD, F' = 2) is locked to the Rubidium
transition between the F' = 2 hyperfine ground state and the crossover between the F’ = 1 and the
F' = 3 hyperfine excited states (at 384.227855 THz). The light from this laser is split into two parts:
approximately half of the light (35 mW) is used for the absorption imaging and the 22-pump beam, while
the remaining half (25 mW) is used to seed a tapered ampliﬁelﬁ (TA) providing the required power for the
cooling beams. The 3 W output from the TA is then divided into the cooling beams of the 3D-MOT and
the 2D-MOT. Each cooling beam passes through a separate double-pass AOM (each pass at 101+23MHz)
to chirp their detuning relative to the F' = 2 «» F’ = 3 transition during the sequence, ranging from
—9.29gp to 5.99rp. These beams are combined with a repump beam and coupled into a fibre, yielding
220mW of cooling light for the 3D-MOT and 300 mW of cooling light for the 2D-MOT. The frequency of
the detection beam is shifted using a double pass AOM (with a tunable range of 101 & 23MHz) allowing
frequency scanning relative to the F' = 2 <» F’/ = 3 transition. The 22-pump light passes through two
different AOMs: First it is shifted by —133 MHz and then by 79 MHz so that the light has the frequency
of the F = 2 <> F’ = 2 transition (at 384.227 838 THz).

Laser for F' = 1 Manifold:  The second BFD laser (labelled in ﬁgureandas BFD, F=1) is
locked to the Rubidium-87 transition between the F' = 1 hyperfine ground state and the crossover between
the F/ = 1 and the F’ = 2 hyperfine excited states (at 384.234 658 THz) by Doppler-free spectroscopy.
The laser is divided into three parts: most of the light is used as a repump laser. For this, the laser is
frequency shifted by 79 MHz to resonance with the F' = 1 +» F/ = 2 transition with an AOM. A small
portion of the light can potentially spin-polarise the atoms in the F' = 1 hyperfine ground state to the
|F = 1,mp = —1) state, although this is not currently utilised in our experimental sequence (this beam
is labelled as 11-pump). For the light to be resonant with the F' = 1 <+ F’ = 1 transition, it is shifted
by —79MHz by an AOM. An additional fraction of the light is employed to lock a second repump laser
with a frequency offset lock at 79 MHz (see below for more details).

The repump beam is further divided into different laser beams: the majority of it is combined with the
cooling light of the 3D-MOT and used during MOT loading. A fraction is combined with the 22-pump,
11-pump, and detection beams, all of which are coupled into two fibres for imaging and spin preparation
along the axes X and Y. The repump, 11-pump, 22-pump and detection beams are combined using three
50:50 beam splitters before being coupled into fibres. The remaining light from the unused ports of two
of the beam splitters is coupled into a third imaging/pumping fibre to probe the atomic cloud along the
7 axis. Currently, the setup allows either the 11-pump and 22-pump beams or the repump and detection

beams to be coupled to this fibre.

Third Laser as Additional Repump: To maximise the number of atoms, we recognised the benefit
of increasing repump power beyond what one butterfly diode can provide. Consequently, we implemented
a home-built external cavity diode laser (ECDL) operating at the frequency of the FF = 1 «+ F/ = 2
transition. This second laser is locked to the second BFD (F = 1) via a frequency offset lock.

6As TA, we use the amplifier stage of a TA pro - 780 from Toptica
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1.2. SETUP FOR COOLING, PUMPING AND DETECTION LASERS

fibre beams transition source AOMs shutters
3DMOT Cool F=2«F =3 | BFD F=2, TA 3DMOT-AOM 3DMOT-Shut
Repump | F=1+ F' =2 BFD F=1 Rep-AOM RepMid-Shut
2DMOT Cool F=2+ F =3 | BFD F=2, TA 2DMOT-AOM 2DMOT-Shut
Repump | F=1« F' =2 ECDL no AOM 2DMOT-Shut
X Detection | F =2+ F' = 3* BFD F=2 Det-AOM Det-Shut, X-Shut
22-pump | F=2+F =2 BFD F=2 22-A0OM1, 22-AOM2 | 22-Shut, X-Shut
Repump | F=1<« F' =2 BFD F=1 Rep-AOM Rep-Shut, X-Shut
1l-pump | F=1+ F' = BFD F=1 11-AOM 11-Shut, X-Shut
Y Detection | F' =2 < F' = 3* BFD F=2 Det-AOM Det-Shut, Y-Shut
22-pump | F=2+F =2 BFD F=2 22-A0OM1, 22-AOM2 | 22-Shut, Y-Shut
Repump | F=1<« F' =2 BFD F=1 Rep-AOM Rep-Shut, Y-Shut
1ll-pump | F=1«F' = BFD F=1 11-AOM 11-Shut, Y-Shut
Z Detection | F' =2« F' = 3* BFD F=2 Det-AOM Det-Shut, Z-Shut
Repump | F=1<« F' =2 BFD F=1 Rep-AOM Rep-Shut, Z-Shut
or
22-pump | F =2+ F/' =3* BFD F=2 22-AOM1, 22-AOM2 | 22-Shut, Z-Shut
1ll-pump | F=1F' =1 BFD F=1 11-AOM 11-Shut, Z-Shut

Table 1.2.1: Which beams are in which fibre. The AOMs for the cooling beams (both, 3D-MOT and 2D-
MOT) and the detection beam are in a double-pass configuration. Therefore, their frequency is adjustable
during the sequence, which is marked with an asterisk (*) in this table.

Phase-Locked Loop:
specification, see appendix [A]), akin to the lock outlined in [72]. The light from both the ECDL and the
BFD F=1 laser is combined using a fibre-coupled beam splitter and detected with a photodiodeﬂ The
AC component of the photodiode signal serves as the input for an evaluation boarcﬂ The ADF4002

The offset lock is implemented as a phase-locked loop (for detailed technical

chip on the evaluation board features a programmable reference divider which can be used to compare
the beat note frequency against a reference frequency. We have modified the evaluation board to output
either 0V or 5V depending on whether the beat note frequency is higher or lower than the reference
frequency. A buffer circuit is used to shift this 0V to 5V modulation to —1V to 1V, which acts as the
error signal for a PI lock implemented on a Red Pitaya using the PyRPL interface detailed in [73]. The
offset lock is set to 79 MHz so that the ECDL operates at the F = 1 <+ F’/ = 2 transition. The ECDL
light is combined with the 2D-MOT cooling light.

1.2.1 Some Considerations for a Next Generation Laser Setup

The laser setup for cooling, pumping and detection currently relies on free-space optics on an optical
table. For the next generation of setups, consideration should be given to construct a predominantly
fibre-based laser system. In this sub-section, a proposal for a largely fibre-based laser setup is outlined:

One laser needs to be stabilized to atomic spectroscopy or a stable reference laser available in-house
[74] to lock all other fibre-coupled BFD lasers via frequency offset locks using phase-locked loops. The
offset frequencies of these locks could be adjusted dynamically during experiments, enabling frequency

ramps without requiring AOMs. For laser power control and on/off switching, semiconductor optical

7 Thorlabs, PDA10A2: bandwidth of f,, = 150 MHz
8 Analog Devices, EVAL-ADF4002
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Figure 1.2.2: Scheme of the laser preparation setup. Details are given in the main text.
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ampliﬁerﬁﬂ (SOAs) could be employed (as utilised for example in [75]). By cutting off the current supply
to the SOA, all light is absorbed in the semiconductor (suppression of > —75dB [76, 77|, which is for an
input power of 200 1W, an output of < 6.3 x 10712W). The SOAs serve as switches with high extinction
ratios [76], and in conjunction with detuning the laser far from resonance, they potentially eliminate the
need for mechanical optical shutters for some beamﬂ SOAs are fully fibre-coupled and can deliver up
to 20mW of optical power. For the cooling beams with higher power requirements, a fibre-coupled TA|E|
could be implemented. Similarly to the SOA, current modulation of the TA can be used to regulate
or switch the output light power [76]. For the output of the TA, mechanical shutters are required to
turn off the light effectively. The output of the fible-coupled TA is free-space and has to be coupled in
a fibre again, preferably using fibres terminated with end-caps because of the high optical pOWGIH The
laser beams could be combined using fibre-based beam splitters (though an alternative solution might
be needed for high-power cooling light, given that the damage thresholds of standard fibre couplers is
about 300 mW). This approach enables generation of light at various frequencies and power levels for
optical cooling, manipulation, and detection, with minimal free-space elements, potentially enhancing the

flexibility of the setup for new experiments.

1.3 Magnetic Fields

The magnetic field at the position of the atoms is controlled using various coils and wires, as depicted
in figure Some of the coils are used during the laser cooling stages, while others compensate for
stray magnetic fields and establish a bias field for spin manipulation during hybrid experiments. In our
experiment, different current sources drive these coils and wires to set the desired magnetic field for
the atoms. The stability and noise characteristics of these current sources are crucial for ensuring the
reliability and reproducibility of our experiments. The characterisation of several of these current sources
is presented here. Additionally, a third subsection introduces the active compensation of magnetic stray

fields in our experiment.

1.3.1 Coils and Wires

2D-MOT Anti-Helmholtz Coils:  Before transferring the Rubidium atoms to the main experimental
chamber, they are loaded and cooled in a 2D-MOT |66, [71]. The 2D-MOT employs a pair of rectangular
coils with dimensions 11.45cm x 4.45cm and a relative distance of 7.8cm. Having N = 112 windings
[66], this configuration induces in a magnetic field gradient of 8.71 G/Acm. Experimental optimisation
of this magnetic field gradient proved to significantly improve the MOT loading rate. At present, we use
a magnetic gradient of 15.8 G/cm (by applying 1.83 A).

3D-MOT Anti-Helmoltz Coils:  For loading the 3D-MOT, we also need to apply a magnetic field

gradient. To generate it, we have again a pair of coils in an anti-Helmholtz configuration. These coils

9For example by Superlum, SOA-332-DBUT-PM-FC/APC, output power of up to 20 mW

0For an input beam at 200 pW and a suppression of —75dB, there are still 2.5 x 108s~! photons in the beam. For a
resonant, circularly polarised beam with a waist of wg = 5 mm this yields a single atom scattering rate of Rsc = 0.043s7 1.
By detuning lasers far from resonance during current switching of the SOA, the likelihood of atoms interacting with light
is reduced further. Detuning the beam by 27 x 1 GHz, the scattering rate is reduced to Rsc = 3.9 x 10~ 7s~1, which is
approximately one photon per second for the entire atomic cloud.

HF¥or example by Eagleyard, EYP-TRA-0780-0300-4006-BTU02-0000, maximal power of 3 W

12 At the moment, we use fibres from Schifter&Kirchhoff, PMC-E-780-5.1-NA012-2-APC.EC-200P.
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have a diameter of 15cm, a relative spacing of 7cm, and N = 65 windings. By applying a current of
I = 15 A, magnetic field gradients of up to 15G/cm can be achieved |66]. The heat dissipation of the
relatively large amount of power leads to heating of the coils and the surrounding area. This is why these
coils are water coolecﬂ to 20°C (in continuous operation, the temperature of the coils stabilises at higher

temperatures, see [66]).

Small Helmholtz Coils: A pair of coils in Helmholtz configuration (with very similar dimensions
to the 3D-MOT anti-Helmholtz coils, see [66]) is mounted on the same frame as the 3D-MOT anti-
Helmholtz coils. These are used to set static magnetic fields along the x-axis. These coils with N = 20
windings, induce magnetic fields of 2.33 G/A [66]. Using a homebuilt current source controller and an
analogue power amplifier (details in the next section and table , currents of up to 1.7 A can be
applied, sufficient for our experiments. However, the small diameter of these coils introduces magnetic
field inhomogeneities across the elongated atomic cloud in the dipole trap. Because the Larmor precession
frequency of the atomic spin is proportional to the magnetic field, any inhomogeneity of the magnetic
field leads to inhomogeneous broadening of the collective spin of the atomic spin. This leads to a faster
de-phasing of the spin-oscillator. Therefore, we want to avoid any inhomogeneity of the magnetic field
across the atomic cloud. The inhomogeneity of the small Helmholtz coils could not be fully compensated
by the gradient compensation wires (see below). Nevertheless, we still need to use these coils to apply
sufficiently large magnetic fields at the position of the atoms, because the magnetic field induced by the

large Helmholtz coils is limited (see next paragraph).

Large Helmholtz Coils: In addition to the small Helmholtz coils, larger square Helmholtz coils are
used for inducing magnetic fields along the x, y, and z-axis. These coils feature side lengths and spacings
of between 64 cm and 83 cm (details are given in [66]). Due to this large size, the coils generate a very
homogeneous magnetic field. However, it is technically difficult to generate large fields with these coils
because much larger currents are needed than for the small Helmholtz coils (here, we have only 0.4 G/A).
At the moment, we are using current sources, which provide up to 3 A or 5 A (Munich source, see below).
This allows us to apply fields of up to 1 G or 1.5 G, which is too low for our experiments, meaning we
have to apply the magnetic field partly with the small Helmholtz coils. In addition, it is hard to switch
the large Helmholtz coils quickly because they have a large inductance of > 6 mH due to their large size
(compared to 0.29mH for the small Helmholtz coils). The large Helmholtz coils are primarily used for

active compensation of the surrounding magnetic field (see section [1.3.3]) and to apply static bias fields.

Fast (Large) Helmholtz Coils: A second set of Helmholtz coils is placed on top of the large
Helmholtz coils. These coils have fewer windings (N = 7 compared to N = 40) and can be used for faster
compensation of the magnetic stray field or for short switching times. Initial tests with low-bandwidth
current sources (Munich current source, see table showed no improvement in field stability. Reeval-
uation with faster current sources could be considered if magnetic field stability becomes a constraint in

future experiments.

Gradient Compensation Wires:  The Larmor precession frequency of the atomic spin is proportional

to the magnetic field. Consequently, any magnetic field gradient across the atomic cloud leads to dephasing

13Chiller: Orion, ETU702 302 201-VW: cooling capacity: 700 W; accuracy: £0.03 °C; pump capacity: 10 Lmin—!; tank
capacity: 2L

14



1.3. MAGNETIC FIELDS
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Figure 1.3.1: Magnetic field compensation wires: (a) A 3D-representation of the setup. In red, the cigar-
shaped dipole trapped atoms are shown (not in scale). The cloud is elongated along the z-axis and has
a very small waist along the x- and y-axis. The gradient compensation wires are shown in orange. The
current flows in all wires along +y. The anti-Helmholtz coils are shown in black for orientation. (b) The
plot shows the calculated magnetic field at the height of the atoms z = 0 induced by a current in the
four compensation wires. It can be seen that in the region of interest around z &~ +10mm, the magnetic
field gradient is constant. The wire configuration is indicated in the graph.

of the collective atomic spin, as individual atoms are exposed to different magnetic fields. The final dipole-
trapped cloud is elongated along the z-axis, while being very thin along the x- and y-axes (aspect ratio
of ~ 400). It was therefore decided that compensation should be made for the magnetic field gradient
of B, along the z-axis. To this end, four wires have been installed in a rectangular configuration (see
figure M(a)7 design inspired by [78]). In the four wires, the current flows in the same direction along
the y-axis. The wires are separated by a distance of d = 4cm in the x-direction and D = 11.4cm in the
z-direction. They are placed so that the atomic cloud is situated in the middle between the wires. Along
the axis of the atomic cloud, the magnetic field gradient is constant over a distance of approximately
4cm with a gradient of AB/I = 0.427mG/(A - mm) (shown in figure [[.3.1](b), deviation from linear of
0.04 mG/A for £10 mm from the centre). The coherence time of the collective atomic spin was increased

by an order of magnitude by correcting the magnetic field gradient (for further details, see [79]).

1.3.2 Current Sources

The frequency of the atomic oscillator in the hybrid experiment is given by the spin Larmor precession
frequency. This frequency is directly dependent on the magnetic field. Therefore, it is necessary to apply
a stable and reproducible magnetic field in order to perform reproducible measurements in which the
spin is not linewidth broadened by drifts of magnetic fields. In order to achieve this, it is essential to use
very stable current sources. In addition to earth’s magnetic field, the different devices of our experiment
induce magnetic stray fields. To obtain reliable magnetic fields at the atomic position, we have to actively
compensate for the stray fields. For this purpose, current sources are required, which drive the coils with
a bandwidth of (ideally) up to 400 Hz.

In the course of this work, we have tested some of the current sources using the large Helmholtz
coils. For each of the current sources, we have measured the bandwidth, the low frequency noise, the
high frequency noise and the long-term drifts. The results are summarised in table [I.3.1] The following

current sources were characterised:
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Current source  Range Bandwidth rms rms rms relative
(< 1.2kHz) (0.2 to 1MHz) (0.2 to 4 MHz) DC-Drift
Munich 3A  +3A 160 Hz 3.3x102mA 317 x 108G 293 x107%G 1.8 x10°°
Workshop analog  +1.7A 1.4kHz 2.8x1072mA 141 x1078G 293 x 107G 1.54x 1076
Workshop digital — +5A 1.1kHz 4.4x107°mA  145x107%G  3.03x107%G  6.73x 107"
HighFinesse 3A  £3A 330 Hz 46 x1072mA  1.60x 107G  3.03x 103G  5.86 x 107°

Table 1.3.1: The characterisation of different current sources: The bandwidth of the current sources
connected to the large Helmholtz coils is measured by analysing the response of the current source on a
oscillating signal. The low frequency RMS noise is measured with a measurement resistor in series with
the large Helmholtz coils. It is integrated from dc to 1.2kHz. The high frequency RMS noise is the
integrated noise for frequencies between 200 kHz and 1 MHz or 4 MHz, respectively. This measurement is
performed with a pick-up coil in close proximity to the atomic position. In order to characterise the dc
drift, the relative rms value is given for a current of 1.6 A over 11 h. Further details of the current sources
and the measurements are provided in the main text.

e Munich 3A is a current source that was homebuilt in Munich [80] and has been used for a consid-

erable period in our experiment.

o Workshop analogue was constructed by the electric workshop of our institute. The system comprises
a controller unit (PCCS Controller (SP 1064a)), which measures the current and compares it with a
control input signal, setting the control voltage for a linear power amplifier unit, which is homebuilt.
The separation of the control and power amplification into two boxes is beneficial for long-term
current stability. Otherwise, the thermal load of the power amplifier affects the measurement of the

current by heating the measurement resistor, limiting long-term stability.

o Workshop digital is a homebuilt current source. Like the Workshop analogue it consists of two
parts, a controller unit (PCCS Controller (SP 1064a)) and a power amplifier. The power amplifier
is a homebuilt switching power amplifier (PCCS Controller (SP 1064b)).

e HighFinesse 34 is a commercial current source. The model employed here is the BCS 3/12.

The bandwidth of the current sources is estimated by sending an oscillating signal to the control input
of the current source. The current is measured by using a 0.1 ) measuring resistor@ (shown in figure
1.3.3|(a)). The RMS amplitude of the oscillating signal (see figure [1.3.3|(b)) and the phase lag between
the control input and the response (see figure [1.3.3](c)) is estimated. In table the bandwidth is
estimated by modelling the system as a low-pass filter, whereby the frequency at which the phase between
control voltage and current lags by 7/2 is identified.

The low frequency noise of the current sources is measured by using a 0.3 ) measuring resistorE in
series with the large Helmholtz coils (shown in figure . For this measurement a dc current of 1.7 A
is applied. The voltage across the resistor is amplified by a battery-powered low noise preampliﬁelﬁ and
measured with a battery-powered oscilloscopﬂ The rms is calculated by integrating over the power
spectral density (PSD) of the measured time trace. The background rms noise (which is dominated by
the noise floor of the preamplifier) is given by 3.4 x 1072mA. We observe that the HighFinesse 3A has a
group of high and large noise peaks at frequencies between 100 Hz and 400 Hz.

14Vishay foil resistor VCS301

15Vishay foil resistor VCS332

16 Standford Research Systems, low-noise preamplifier, model SR560
17Tektronix TPS 2024B; four channel digital oscilloscope
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Figure 1.3.2: Power spectral density (PSD) of the low frequency noise of the various current sources: The
current is measured across a 0.3 A measuring resistor. The resulting voltage is amplified by a battery-
powered low noise amplifier and measured with a battery-powered oscilloscope to avoid ground loops. The
data labelled with "50 Q" is a background measurement for which the input of the amplifier is shortened
with a 50 (2 resistor.

The AC noise is measured by using a pickup coim positioned in close proximity to the position of
the atoms. A current of 1 A is applied to the large Helmholtz coils in the x-direction, resulting in a field
of 0.3 G. Fluctuations of the magnetic field induce a current in the circuit of the pick-up coil, which is
then amplified by a low-noise amplifiel ¥ and measured with a spectrum analyse@ One measurement
is shown in figure [1.3.3|(d)). The rms noise is calculated by integrating the current spectrum density
over a bandwidth of either 0.8 MHz or 3.8 MHz (starting from 200kHz, see an example in figure [1.3.3|(e)
and the results in table . Due to the low noise of the current sources at higher frequencies and the
intrinsic noise of the amplifier, the main contribution to the noise is given by the detection chain. In
particular, for the Munich source, the noise induced by the current source is only a few percent higher
than the background noise. This measurement allows us to compare different current sources, but for all
measurements, the detection is the dominating noise source. Nevertheless, one observations should be
made here: For the current source Workshop digital, we observe the switching frequency of the digital
amplifier at 380 kHz in the measurement of the magnetic field, despite efforts to filter out this particular
frequency. Our objective is to ascertain whether this noise peak could influence the atomic state: To this
end, we tune the Larmor frequency to resonance with the 380 kHz noise peak by changing the magnetic
field. There is no evidence to suggest that this noise peak is driving the spin. If this proves to be a

problem for a particular experiment in the future, the switching frequency can be changed.

The dc drift of the current sources is measured by utilising a stable data logge@ and a stable voltage
source{EI to provide the setpoint for the current source. For a period of 11h every 4s, the current is
measured using a 0.3 {) measuring resistoﬂ The control voltage and the temperature of the resistor are
recorded in order to exclude them as sources of drifts. In table the rms value relative to the applied

current of 1.6 A is shown.

18 Homemade pickup coil with N = 110 windings and an area of A = 9.35cm?

19Rohde&Schwarz, FSV, 7 GHz

20Keysight, DAQ970A

21Homebuild high resolution DAC (SP 927), specification see https://physik.unibas.ch/en/department/
technical-services/electronics-1lab

22Vishay foil resistor VCS331
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Figure 1.3.3: The characterisation measurements of the workshop current source with the digital amplifier:
(a) to (c) show the response of the current source to a signal: An oscillating signal is applied as a control
input ramping the frequency from 10Hz to 4kHz. The output signal is shown in (a). The rms of the
output signal is calculated by integrating the squared signal over 1 ms represented by the blue curve in
(b). By comparing the oscillating output signal with the input control, it is possible to estimate the in-
phase ((b), orange) and out-of-phase ((b), green) components of the oscillation. This allows to calculate
the phase between the control and the output current, shown in (c¢). (d) and (e) show the result of the
ac noise measurement with a pick-up coil: The noise peak at 380kHz is the dominant feature, exceeding
the measurement noise. This is the switching frequency of the digital power amplifier. (e) shows the
integral of the spectrum starting at 200 kHz. Here, the noise peaks at about 1.9 MHz comes from the

pre-amplifier. At low frequencies, the detection is constrained by the response function of the pick-up
coil.
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Current Sources in the Experiment: The various wires and coils are driven by different current
sources and in different configurations: For the experiments described in this work, the gradient com-
pensation wires and the small Helmholtz coils are powered by a Workshop analogue current source. The
large Helmholtz wires are powered by Munich 3A current sources (the z-axis by a Munich 5A [80], which
is not characterised here). The anti-Helmholtz coils are powered by commercial current sourceﬁ In
future experiments, it would be beneficial to replace the existing Munich 3A current sources with the
new Workshop digital current sources. This would enhance the bandwidth of the active compensation
of magnetic stray fields from 160 Hz to 1.1kHz allowing for a much faster feedback, particularly of the

dominant noise frequency in our laboratory at 150 Hz.

1.3.3 Active Stabilisation of the Magnetic Field

The devices, cables and power lines in the laboratory induce stray magnetic fields. The most prominent
frequency contributions are observed at 150 Hz, at 50 Hz (frequency of the main power lines) and higher

harmonics.

To characterise the noise at the position of the atoms, we measure the Larmor frequency (which
depends linearly on the magnetic field) of the atomic spin to determine the local magnetic field. For this
purpose, the atoms are loaded into the dipole trap and spin-polarised in the direction of a bias magnetic
field along the x-axis. The spin is tilted slightly (7/10) away from the bias magnetic field, such that it
precesses around the magnetic field axis. This is achieved by applying a short rf pulse which is described
in detail in section The z-component of the spin is read out by the Faraday interaction (further
details can be found in the following chapter). The z-component of the spin and therefore the resulting
Faraday signal oscillates at the Larmor frequency due to the precession of the spin around the x-axis. This
oscillation signal can be used to calculate the magnetic field at the position of the spin. If the sequence is
not triggered on the 50 Hz of the main line, each repetition of the experiment starts at a different phase
in the 50 Hz and 150 Hz noise environment. Consequently, by taking many successive repetitions, it is

possible to characterise the magnetic field noise.

Without active stabilisation of the magnetic field, an rms noise of 1.12mG is observed (measured
at a bias field of 2.28 G). To actively stabilise the magnetic field at the position of the atoms, a 3D
fluxgate senso@ is placed 9 cm above (x-axis) the atoms, on top of the small Helmholtz coils (i.e. these
coils cannot be used in closed loop). Therefore the large Helmholtz coils are employed for feedback.
A calibrated value is added to the setpoint to account for the magnetic field produced by the small
Helmholtz coils. The feedback loop comprises the fluxgate sensor, which measures the magnetic field in
all three dimensions, three homebuilt PID boxe@ with calibrated setpoints, and the large Helmholtz
coils inducing fields along the x, y and z axes. Active stabilisation is employed to reduce the rms noise to
60 nG at the position of the atoms (at a bias field of 2.28 G. This is a shot-by-shot measurement using the
atoms as magnetic field sensor. Because of integration of the signal, the bandwidth is limited to 300 Hz).
Furthermore, the experimental sequence is locked to the phase of the main power line, thereby improving

the shot-to-shot reproducibility further.

233D-MOT: Delta Elektronika SM 15-100; 2D-MOT: EA-PS 2016-050

24Bartington Mag-03MCTP: range: £2.5G; bandwidth: 3 kHz

25Magnetic  Field Stabilisation (SP  962), specification  see  https://physik.unibas.ch/en/department/
technical-services/electronics-1lab
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Considering a Magnetoresistive Sensor:  Fluxgate sensors have a low noise floor and high sensi-
tivity, however this comes at the cost of a relatively narrow bandwidth, the emission of high frequency
magnetic field noise and a relatively large size. While we do not observe any effect of the high frequency
magnetic field noise emitted by the fluxgate sensor, a smaller sensor would allow us to place the sensor
closer to the atoms, which could further improve the stability. A magnetoresistive sensor@ was therefore
tested, but we encountered some difficulties. Magnetoresistive sensors have the advantage of not inducing
magnetic fields and being much smaller (and cheaper) than fluxgate sensors. They also have a very high
bandwidth (in our case 5 MHz).

The magnetic field sensor (both fluxgate and magnetoresistive) is saturated during the MOT loading.
Once saturated, the magnetoresistive sensor must be reset by a short current pulse. This was implemented
by loading a pair of capacitors and discharging them after the anti-Helmholtz coils are ramped down.
However, the magnetoresistive sensor has a non-negligible temperature dependence which introduces a
non-deterministic hysteresis after heating its environment. We suspect that this is the reason why the
dc reading of the magnetoresistive sensor was not consistent in successive measurements. When using it
to stabilise the magnetic field, the atomic spin shot-by-shot variations is measured to be of the order of
0.85mG. In order to utilise the magnetoresistive sensor in our experiment (e.g. to take advantage of the
large bandwidth), the DC setpoint of the magnetoresistive sensor would have to be recalibrated for each
experimental shot using the fluxgate sensor. We decided not to implement this due to the considerably

higher complexity and the sufficiently long spin coherence achieved with the fluxgate sensor alone.

1.4 Experiment Control System

The loading, trapping and spin-pumping of the atoms necessitates the implementation of a time-controlled
sequence. The various stages of the sequence have different timescales, spanning from microseconds to
seconds. Consequently, it is necessary to control a sequence of a few seconds in duration with microsecond
time resolution. In order to achieve this, the software package labscript suite |81] is employed. Labscript
is a software package written in Python (currently we are utilising the version in Python 2, however, there
is a Python 3 version of Labscript available). The software enables the user to control the experimental
hardware from a Windows computer. This can be done either manually via a graphical interface or in a
pre-programmed, timed sequence.

In a typical sequence, the majority of devices, including function generators, lock-in amplifiers, spec-
trum analysers and oscilloscopes, are initialised by Labscript prior to the start of the sequence and read
out after it has finished. Precise timing during the sequence is provided by the National Instrument
10 cards{i]7 which are timed by a pseudo clock@ The National Instrument 10 cards provide digital
trigger signals (5 V) for various devices and timed analogue voltages (£10V) for direct control of current
sources, AOM drivers and a range of other devices. The sampling rate of the sequence is constrained by
the National Instrument 10 card to 100kHz. The response time is very different for the analogue and
digital outputs. While the digital outputs have a rise time of 0.5 ps, the analogue outputs have a rise time
of 5.3 ps for the same programmed pulse (reaching 90 % of the target value). The pseudo clock has the
functionality of awaiting the next instruction in response to a trigger input. This option is employed to

trigger the sequence at the 50 Hz mains frequency thereby ensuring greater reproducibility of experiments.

26Honeywell HMC1001
27N1 6535, 2x NI 6733, NI6723
28Implemented with a 32-bit microcontroller: Digilent chipKIT Maz32

20
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Figure 1.5.1: Summary of the MOT loading sequence with the most important parameters which are
scanned during the loading sequence.

In the current state of the experiment, all National Instrument IO cards are plugged directly into
the computer. This has two major disadvantages. Firstly, the number of National Instrument 10 cards
is limited by the number of slots in the computer and cannot be easily expanded. As the complexity
of the experimental setup increases, with two quantum systems and various locks to control and couple
them, this becomes limiting. Secondly, and more importantly, the National Instrument IO cards are
not galvanically isolated from the computer and from each other. In the future, it may be beneficial to
upgrade the experimental control system to the Python 3 version of Labscript and utilise a PXI chassis
for the National Instrument IO cards connected to the computer through an optical thunderbolt cable,

rather than of plugging them directly into the computer.

1.5 From MOT Loading to Dipole Trap Loading

Having introduced the relevant lasers, coils and power sources, this section provides an overview of the
loading sequence. The loading of the atomic cloud comprises five stages, which are presented below. An

overview of the sequence is shown in figure [1.5.1

MOT Loading: The first stage is to load as many atoms as possible into the 3D-MOT. This is achieved
by pre-cooling the atoms in a 2D-MOT and then pushing them towards the main atomic chamber using
radiation pressure, as described in . For the 2D-MOT, we use a total cooling beam power of
300mW and a total repump power of 15mW. This corresponds to a maximum cooling beam intensity of
Ipcax = 181ar. The detuning of the 2D-MOT cooling beams has been experimentally optimised to Asp =
—2.5vgp. For the 3D-MOT, a total cooling light power of 220mW (peak intensity of Ieax = 40.515a¢)
and a total repump power of 10mW is employed. For the MOT loading, the cooling beam detuning
is set to Agp = —3.5rp, and the magnetic field gradient is set to Bgraa = 25G/cm. The number of
atoms in the cloud can be estimated by absorption imaging, as detailed in section [I.6.4f The loading
curve of the 3D-MOT is shown in figure m(a): A simple model, assuming a constant loading rate and
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one-body losses, is fitted to the number of atoms versus the loading time. This yielded a loading rate of
R =5.04 x 107! and a saturation atomic number of 3.3 x 10°. In the experiment, the duration of the
MOT loading is used to control the number of atoms. At the end of the MOT loading stage, the atomic
motion temperature is 3 mK, which is too high to efficiently transfer them into a dipole trap with a trap

depth of approximately 200 pK.

Dark MOT: During the first loading stage, the density of the MOT is limited by the reabsorption
process of already scattered photons |67, 82, [83]. In a subsequent stage, the density of the atomic cloud is
increased and the temperature is lowered. This is accomplished by reducing the repump power to 60 pW.
By reducing the repump laser power, the atoms spend more time in the F' = 1 manifold, resulting
in a reduction in light scattering. At the same time, the detuning of the cooling laser is increased to
Asp = —4vrp and the gradient field is ramped down to Bgraqa = 19G/cm. The parameters at the end
of the dark MOT are optimised so that the repump power is just below the critical power at which the
depumping by the cooling light is faster than the repump rate by the repump laser. Upon reaching this
critical point, the temperature decreases and the density increases abruptly (see figure [1.5.2)(b) and (c)).
During this 100 ms stage, the loss of atoms is minimal, yet the cloud diameter is reduced from about

4mm to about 2.5 mm and the temperature is lowered to 1 mK.

Weak MOT: The third loading stage represents a transition from the dark MOT stage to the sub-
sequent stage, designated as molasses. During the 47 ms of the weak MOT stage, the magnetic field
gradient is gradually decreased and the detuning of the cooling light is increased to Asp = —8ygp. Both
processes result in a reduction in cloud density as the atoms are laser cooled. This further reduces the
temperature to 150 pK (see figure [1.5.2|(e)). At the end of this stage, there are still 2.3 x 10° atoms

trapped (see figure [1.5.2](f)).

Molasses: In the final stage the magnetic field gradient is turned off. Here, the atoms are cooled by
polarisation gradient cooling, using the circularly polarised MOT-cooling beams [84] with a detuning of
Asp = —8~rp (and a repump beam at 65 pW). The atoms are cooled further to a temperature of 40 pK
(see figure [1.5.2(e)). During this process, a significant loss of atoms is observed (see figure [L.5.2](f)).
Therefore, it is necessary to make a trade-off between temperature and the number of atoms. In order to
maximise the number of atoms loaded into the dipole trap, the duration of the molasses is set to 16 ms,
after which the temperature of the cloud is 40 uK. Figure [L.5.2](d) shows a second loading curve for the

number of atoms at the end of the molasses stage as a function of the first stage MOT loading time.

Transfer to the Dipole Trap:  During the molasses stage, the dipole trap laser is switched on. After
16 ms of molasses stage, the cooling and the repump beams are turned off. The atoms which are not
trapped in the dipole trap beam fall under gravity. After 200 ms of hold time, the spin state of the atoms
is initialised (see section .

1.6 Dipole Trap

In our experiment, we want to interface the atomic spin with a mechanical oscillator using light. In order

to achieve quantum coherent interactions between the two systems, we must engineer a quantum limited
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Figure 1.5.2: (a) and (d) show the loading curve of atoms (i.e. the number of atoms as a function of the
MOT loading duration) with the number of atoms N, measured (a) after the first MOT and (d) after
the molasses, respectively. The red line represents a fit with the saturation function N, (t) = Ngat(1 —
exp(t/7)). The loading rate is defined as R = Ny, /7. We yield a loading rate of (a) R = 4.32 x 10951
after the first stage and a saturation atom number of (a) 3.3 x 109 after the first stage and of (d) 2.38 x 10°
after the molasses stage. (b) and (c) show the width and the temperature of the atomic cloud during
the dark MOT. The time in (b) and (c) is defined as commencing at the start of the dark MOT stage.
(e) and (f) show the number of the atoms and the temperature during the weak MOT and the molasses
stage. The time is defined as commencing at the start of the weak MOT stage. For this experiment, the
MOT loading duration was set to 1s.
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CHAPTER 1. DIPOLE-TRAPPED COLD ATOMS WITH HIGH OPTICAL DENSITY

spin-light interface. Employing a dipole trap to hold the atoms, offers several advantages to achieve this
goal. Firstly, the trap’s lack of magnetic properties allows to apply a homogeneous magnetic field across
the atomic cloud. Secondly, the decoherence due to photon scattering can be kept to a minimum, thus
extending the lifetime of the atoms in the trap far beyond the coherence time of the atomic spin. In
the following section, we provide a brief overview of the principles underlying optical dipole traps, after

which we present the characterisation of our dipole trap.

1.6.1 Shape of Atomic Cloud

As part of this work, the dipole trap laser was replaced. Apart from some minor technical changes, this
presented an opportunity to reconsider the shape of the trapping potential. The dipole trap potential
must fulfil several requirements: In the final experiment, the atomic cloud is trapped by the trapping
laser at a wavelength of Ayap = 1064 nm and then interfaced with a probe/coupling laser at a wavelength
of Apr = 780nm. As will be demonstrated in greater detail in chapter [2} the coupling strength between
the atomic spin and the coupling laser is dependent on the number of atoms that scatter light into
the mode of the coupling laser [85]. To optimise this coupling strength, it is necessary to consider two
factors: Firstly, it is desirable to have as many atoms as possible interfaced with the coupling beam. To
achieve this, an atomic cloud with a high optical density must be generated by loading as many atoms as
possible into the trap. To do this, we need to use the available optical power to achieve a deep trapping
potential. Secondly, the collectively enhanced scattering from the atomic cloud should be overlapped
with the coupling beam |85, 86]. In the final experiment, only the light which is scattered into the mode
of the incoming coupling beam interacts with the membrane or can be detected in a homodyne detection.
Therefore, it is crucial to ensure good mode matching between the incident and scattered light. This can
be achieved by shaping the atomic cloud correctly. The necessary equations that guided our choice are

summarised below.

The radially-symmetric potential created by the far-off resonant, Gaussian trapping laser can be
approximated by a harmonic potential of frequencies w, , and w, . in the radial and axial direction,

respectively [87]

1 1
Ulr) = Uy + 5mwa2,rr2 + 5mwaZ,2z2 (1.6.1)

where mpgy, is the mass of a Rubidium atom and the trap depth Uy < 0 is negative for our parameters.
The trap depth is given by

Up =

WCQ’YRb (2 + Pgrmp n 1-— PgFmF) 2Pirap (1.6.2)

3 2
2wy Agp Ay TWY trap

where c is the speed of light, wy is the frequency of the trap laser, gr &~ 1/2 is the Landé factor, P
characterises the laser polarisation, Pi,p, is the power of the trapping beam, and wp trap is the 1/e?
waist (radius) of the trap beam at the focus, Ao p = wy — wo is the detuning on the D2 line and
A1 r = wyo — wiF is the detuning on the D1 line, i.e. these are the detunings with respect to the
transition between a particular hyperfine ground state F' and the centre of the excited hyperfine manifold

+

2Ps /2 and 2P /2, respectively. In our case, the laser is linearly polarised, i.e. P = 0. For o= cicularly

24



1.6. DIPOLE TRAP

polarised light, we get P = +1. The trap frequencies are given by

—Ay, —2U,
War = 4| ———5— and Waz = 4| —ao—. (1.6.3)
mwaO,trap mRbZR,trap

where 2R trap = Ww(z),trap /Atrap 1s the Rayleigh length of the trap beam. A thermal ensemble of atoms will
have a steady state temperature that is lower than Uy/kp due to the evaporation of the most energetic
atoms from the trap and the subsequent equilibration of the remaining atoms at a lower steady state
temperature. The shape of the atomic cloud can be calculated from the temperature and the trap laser
parameter. In a harmonic potential, a thermal atomic ensemble will form a three dimensional Gaussian

cloud of density profile [87]

1 r? 22
TL(T', Z) = Na m exp —wT exp —wT y (164)

where N, is the total number of atoms in the cloud and the waists of the atomic cloud are given by

1 [2kgT
W = — ) —2—. (1.6.5)
Wa,i MRb

Here, we define the 1/e waist of the atomic cloud, which differs from its standard deviation by the factor
Wa,i = \/50'1'.

The atomic cloud must be designed in such a way that the interaction between the atomic spin and

the probe light is maximised while decoherence is minimised. In our simplified model, all light which is
scattered into the same mode as the probe laser participates in the coherent light-spin interaction while
we trace over the light which is scattered into different modes, thus this leads to decoherence. The spin-
light interface will be introduced in detail in a later chapter [2} For this chapter, it is sufficient to make
some very basic geometrical considerations: In order to optimise the spin-light interface, it is necessary
to maximise the scattering into the spatial mode of the probe laser, while minimising the scattering into
any other mode. To minimise scattering into all unwanted modes, a very short and radially large cloud
is optimal [85]. However, the optical density of such a cloud is very low, resulting in small spin-light
coupling. To optimise both the axial optical density and the decoherence due to coupling into unwanted
modes, cigar-shaped clouds have been demonstrated to be an effective choice [85] |86]. The size of the
atomic cloud must then be chosen to ensure that the scattering cone of the atoms matches the probe
beam [86)].

In a simplified picture, this can be achieved by matching the divergence angle of the probe beam (which
is focused onto the atoms) 6, to the divergence angle of the scattering cone 6y, as shown in figure m
Thereby, the divergence (full) angle of the probe beam is given by 6, = 2\, /(TwWpr0) = 2Wpr,0/Zpr. R,
where wpy o is the waist of the probe beam and zp, r = ngr,o /Apr its Rayleigh length, and the divergence

(full) angle of the scattering cone is given by |86}, |8§]

Apr

TWq, 2

O = 2 (1.6.6)

Rewriting this condition, we get that the length of the cloud should match the Rayleigh length of the

probe beam w, ., = zpr. Miller et al. [86] present in their work a correction to this simplified model
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Figure 1.6.1: Mode matching of the probe beam (red solid line) and the scattering cone (red dashed line).
The relations for the scattering cone given in this thesis are only valid in the far field, so the scattering
cone shown here is not the correct intensity close to the atomic cloud but only gives an intuition for the
far field. The Gaussian atomic cloud is shown in blue, with the solid line representing the 1/e radius
and the dashed line representing the 1/e? radius of the cloud. (a) shows the scattering of a short cloud
(i.e. wq,» = zpr,r/2). The definitions of the cloud and beam parameters are labelled here. (b) shows the
scattering of a long cloud (i.e. wy , = 22py,r). The divergence angle of the scattering cone is smaller than
the divergence angle of the probe laser. (c) shows a well mode matched atomic cloud (i.e. wy , = 2pr R)-

which takes into account that for long atomic clouds there is a phase missmatch along the propagation

direction of the light. They obtain a corrected criterion for the mode match of the scattering of a long

w 0 2 ?

2 1+(wirﬁ7-> -1

wa,z o (wpr,O) . ’
- 2

Za,R Waq, Wopr,

a a,r 1+<w;;‘ro)

where z, R = ng,r /Apr is the characteristic length of the atomic ensemble . The correction, given by

cloud to a probe beam

; (1.6.7)

the second term on the right-hand side of the equation, is of order unity for wy, o =~ 2wq,», which is the

case in our experiment.

1.6.2 Dipole Trap Laser Setup

The atoms are trapped by a single laser beam with a wavelength of A\iap = 1064 nm (Mephisto MOPA
Pro, 55 W from Coherent) (see figure . The laser can be switched on and off by a Pockels cel@
The Pockels cell is mounted on a 5-axis translation stage to optimise alignment with the laser. In order
to ensure the reproducibility of the operation, the Pockels cell must be temperature stabilised. This
is achieved by placing a Peltier element (controller: Meerstetter, TEC-1091) between the Pockels cell
housing and the 5-axis translation stage. The heat sink of the Peltier element is thus provided by the
moving part of the 5-axis translation stage and is therefore very poorly connected to the optical table

29Pockels cell with anti-reflection coating from Qubig: Bandwidth up to 100 MHz, Vi ~ 1200V at 1064 nm, crystal size
of 3 x 3mm?. The Pockels cell is operated by a high voltage switch from Qubig: pulse length down to 20 ns, rise/fall time:
5ns
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Figure 1.6.2: Optical path of the dipole trap laser. The laser can be switched on and off using a Pockels
cell and a PBS.

or any other large heat sink. Consequently, the Peltier element is unsuitable for removing heat from the

Pockels cell, but only for stabilising its temperature around a steady state temperature.

Despite the laser being weakly focused on the Pockels cell (waist w = 700 um), there was stray light
from the laser that hit the metal capacitors glued to the crystals of the Pockels cell, causing the cell to
heat up considerably. To avoid this heating, an iris with an aperture of 3mm is placed in front of the
Pockels cell. This approach is not sufficient to stabilise the temperature, therefore a metal radiator and
a fan is mounted on the box of the Pockels cell to dampen the heat generated by the residual absorption
of approximately 5 % of the laser light. After the PBS, the laser is directed towards the atomic chamber
(not shown in figure [1.6.2).

In order to match the scattering cone of the atomic cloud with the divergence of the probe beam,
it is necessary to shape the atomic cloud by suitably adjusting the potential created by the dipole trap
beam. For shaping the atomic cloud a number of lenses were tested which focused the trap beam. For
each lens, the length and waist of the cloud was characterised. From these two parameters the deviation
of the expected scattering cone from the probe laser was calculated (see equation ) Finally, a lens

with a focal length of f =200 mm was chosen to focus the dipole trap beam.

From geometrical calculations, the beam waist is found to be between wo trap = 90.3 pm and wo trap =
117.3 pm, depending on whether the optimal value for M? = 1 or the upper limit in the laser specification
of M? = 1.3 is used. With a laser power of Py, = 31 W (measured in front of the chamber), we evaluated
a trap depth between Uy/kp = —369pK (M? = 1) and Uy /kp = —219pK (M? = 1.3).

1.6.3 Loading of the Diople Trap

The parameters of the molasses stage have been optimised so that the final temperature of the atoms
matches the expected temperature of the atoms in the dipole trap. This temperature is about a factor
of seven or eight lower than Uy/kg. The dipole trap laser is switched on during the molasses phase. The
position of the dipole trap beam is optimised in order to maximise the number of atoms in the dipole
trap. Subsequently, the atoms are held in the trap for a period of 200ms. During this time, the atoms
that have not been transferred to the dipole trap fall under the influence of gravity out of the detection

region, while the atoms within the dipole trap undergo a process of thermalisation (see figure [1.6.3)).
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Figure 1.6.3: Number of atoms in the dipole trap versus the hold time in the dipole trap. The data
was fitted with a double exponential decay. In the first 200 ms there is natural evaporation of the most
energetic atoms from the trap during which a lot of atoms are lost. The decay time of this process is
Titherm = 46.9ms. The remaining atoms have a much longer lifetime of 7 = 7.0s. They are lost by
collisions with the residual background gas and by scattering photons from the dipole trap laser. For the
slow decay, the fitted pre-factor yields a initial number of atoms of Ny = 17 x 10°.

During this process, a significant number of atoms are lost. Following the initial rapid loss of atoms, the

number of remaining atoms is approximately Nu = 17 x 106.

1.6.4 Characterisation of the Atomic Cloud

The atomic cloud was primarily characterised by absorption imaging. For absorption imaging, the atoms
are prepared in the |F = 2, mp = 2)-state. For the majority of measurements, the dipole trap laser is
switched off after preparing the atoms. After a time of flight (TOF) ranging from Oms to 10ms, the
atomic cloud is probed with a detection pulse of duration between 50 pus and 300 ps. The beam is resonant
with the |[F' = 2,mp = 2) +— |F = 3,mp = 3) cycling transition (in this case the quantisation axis is
chosen to be the propagation axis of the imaging beam). The beam is directed to a CCD camerﬂ In
each sequence, a reference image without atoms is captured in order to calculate the optical density (OD)
of the atoms. Given the resonant absorption cross-section of the atoms o, the 2D-density of the cloud
can be calculated directly from the Lamber-Beer law [89] for probe intensities well below the saturation

intensity

OoD 1 TIim
nop = — = ——— ln ( g) (168)
g0 g0 Iref

where Iiyg is the image with the atoms and I..r is the reference image without the atoms. Integration

over this 2D density yields the number of atoms in the detected region. Some OD images for different

TOF are shown in figure (a).

Radial Dipole Trap Images: The main technique for characterising the dipole trap is to image the
atomic cloud from the side. It would be very convenient to measure the size of the atomic cloud from
the radial dipole trap image. However, we are currently limited by the size of the imaging beam and
the resolution of the camera. The atomic cloud is longer than the imaging field of view of the camera,

which means that it is impossible to directly measure the exact number of atoms or the length of the

30For radial images: Allied Vision; Manta G-145B NIR: 15.0 frames per second, pixel size of 6.45 pm X 6.45 pm
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Figure 1.6.4: (a) Radial dipole trap images with a resonant imaging beam for different TOF (labelled
on the left). Here the directly measured OD is shown. (b) Axial dipole trap image at a large detuning.
Here the directly measured OD is shown, i.e. ODgpt = —In(fimg/Iref) Where Iin,g is the image of the
atomic cloud and I, is the reference image without the atoms. The image is taken at a detuning of
approximately Aimge ~ —107Rp.

atomic cloud. Nevertheless, we employ radial imaging to measure the number of atoms, assuming that
we are capturing the majority of the atomic cloud. With a comparable degree of confidence, we can fit
the atomic density in the axial direction and get a cloud length of w, . = 6.5 mm. In the radial direction,
the resolution of the image is on the order of the waist of the trapped atomic cloud. It is therefore
impossible to measure the waist of the cloud directly. A linear extrapolation from a number of different
TOFs gives an atomic waist of w,,,, = 20 & 3um. This result is not accurate, as it is obtained from a
linear extrapolation. However, the expansion of an atomic cloud is given by

w(t)? = 28T (1 4 (w, 177 (169)

2
mwg ,.

which is linear for large enough times. But for short times the expansion is no longer linear and the
image resolution is too low to resolve w, ., so this extrapolation only gives a lower limit on the atomic
waist. Nevertheless, the radial dipole trap image is a crucial measurement for checking and optimising

the atomic loading process.

Axial Dipole Trap Images: In contrast to radial imaging, the on-axis imaging employs an imaging
system that is capable of resolving the atomic radial waist (using an enlarging lens and a CCD cameralﬂ).
The z-fibre is employed to send the detection and repump beam to the atoms. This beam is then focused
onto the atomic cloud by a 200 mm lens and collimated after the atomic cloud by another 200 mm lens
(not shown in the figure[1.1.1)). For detection, the collimated beam is again focused onto a camera using

a 500 mm lens. This magnifies the image by a factor of 2.5. The numerical aperture of the imaging

31For axial images: Allied Vision; Guppy F-146: 17.0 frames per second, 1.4 MP resolution, pixel size of 4.65 pm x 4.65 pm
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Figure 1.6.5: Temperature of the atomic cloud measured with a time of flight sequence. Here, the hold
time in the dipole trap was scanned. Initially, many (hot) atoms are trapped (compare with figure|1.6.3)).
The hottest atoms evaporate from the trap in the first tens of milli-seconds. After that, the temperature
is stable.

system is NA = 0.063, limiting the image resolution to 3.8 pm, which is about the pixel size of the camera
(considering the magnification). Because the OD of the cloud in the axial direction is very large, the
imaging is performed with a large detuning of about Ajng ~ —10~grp. Although we have the spatial
resolution to measure the diameter of the cloud, we were not able to make a successful measurement of
the atomic waist. From the axial image of the cloud shown in figure [1.6.4](b), we do not get a conclusive
result: In some regions of the image, the OD is consistently negative. This results from the limited depth
of field of the imaging of DOF = 194 ym which is much smaller than the cloud length. Most of the cloud
is not in the focus of the imaging and thus diffracts the beam. Lensing by dense, cold rubidium cloud
has been previously reported [90, 91|, even for perfectly mode-matched clouds [88|. Further investigation
are required in order to gain a deeper understanding of the current images and to interpret the data, for

example, for calculating a cloud waist from this image.

Temperature: The temperature of the atoms is measured by imaging the atomic cloud radially after
a varying TOF (raw data shown in figure m(a)) The TOF is set to be significantly larger than an
oscillation period in the trap trop > 1/w,,. This ensures that the expansion is independent of the
trap frequency (see equation (|1.6.9)). A linear fit to the atomic waist as a function of the TOF allows
the temperature to be directly inferred (see figure . The steady-state temperature is reached after
a hold time of about 700ms. Prior to this, the cloud is at a higher temperature, consistent with the

evaporation observed in figure [I.6.3] At the end, the atoms equilibrate at a temperature of 38 pK.

Radial Trap Frequency: The trap frequency can be measured by exciting the motion of the atoms
in the trap and then measuring the collective oscillation of the atoms. In the radial direction, the motion
can be excited by turning off the dipole trap for a duration of 1 ms and then turning it back on again. The
centre of mass motion of the atomic cloud cannot be resolved by our (radial) imaging system. However,
the first vibrational breathing mode can be detected after a short TOF of 10 pis. Figure(a) shows the
waist of the atomic cloud as a function of the waiting time after excitation. The breathing mode oscillates
at twice the frequency of the trapping mode. A trap frequency of w,, = 27 x 539 Hz is measured for

this trap. Using the trap frequency and the optical power a dipole trap laser waist of wg trap = 99.5 pm
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Figure 1.6.6: Measurement of the (a) radial and (b) axial trap frequencies of the dipole trap. (a) For
measuring the radial trap frequency, the breathing mode of the atoms is excited. After that, the atoms
are held for a variable time (given here as x-axis). The cloud is imaged after a short TOF. To the width,
a decaying cosine is fitted, which gives a breathing mode frequency of f = 1078 Hz. (b) For measuring
the axial trap frequency, the position of the fitted maximum of the atomic cloud in z-direction is shown
after loading the atoms not to the potential minimum. The atoms start to oscillate in the trap. The data
is fitted with a sine function. This experiment was performed with a different trap configuration than all
the other experiments (see main text for details).

is calculated using equations and . This gives a trap potential of Uy/kg = —297 pK, which
is consistent with the geometrical considerations for the dipole trap beam and with the temperature
measurement. From the temperature of the cloud and the trap frequency, the waist of the atomic cloud
can be calculated. We obtain an atomic waist of w,, = 25.2 um, which is consistent with the lower bound
set by the radial dipole trap images.

We used an alternative method to measure the trap frequency and confirm the above results: For this,
the amplitude of the dipole trap laser is modulated. If the modulation frequency is precisely twice the
trap frequency, the atoms are heated, which reduces the number of atoms in the trap [92|. By scanning
the modulation frequency and imaging the atomic cloud, the trap frequency can be evaluated. This

method yields the same trap frequency but with less sensitivity than the method used above.

Axial Trap Frequency: The axial trap frequency is determined by misaligning the lens that focuses
the dipole trap so that the focus of the dipole trap laser does not overlap perfectly with the MOT.
Consequently, the atoms are not loaded at the lowest potential position. This results in the atomic
cloud oscillating in the axial direction around the centre of the trap. By scanning the hold time in the
dipole trap, we are able to image the cloud at different positions and fit a sine to the fitted centre of
the cloud (shown in figure [[.6.6/(b)). This experiment was carried out for a dipole trap that was more
tightly focused than in the final configuration. Here, a 150 mm lens was used to focus the dipole trap
laser (in the final configuration we used a 200 mm lens). The sinusoidal fit yields a trap frequency of
Wq,z = 27 % 3.26 Hz. Assuming that the axial temperature of the atoms is the same as the radial one, we
obtain an atomic cloud length of w, , = 6.48 mm (taking into account the higher atomic temperature of
92 uK and the smaller beam waist of 73.9 pm of this configuration). This shorter cloud configuration is in
agreement with calculations that can be made using the Rayleigh length of the beam (estimated from the
radial trap frequency) and the temperature of the atoms. The estimation of the scattering cone for the

atomic cloud in this configuration reveals that a longer trap is advantageous for matching the scattering
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Trap laser beam waist Wo 99.5 nm
Trap laser Rayleigh length ZR 29.2mm
Trap laser power P 31W
Trapping potential depth —Up/kp 297 pK
Radial trap frequency Wa,r 21 x 539 Hz
Axial trap frequency Wa,z 27 x 1.30 Hz
Atomic temperature T 38 nK
Number of atoms N 1.7 x 107
Lifetime in the trap Ttrap 7.0s

Radial atomic cloud waist Wa,r 25.21m
Axial atomic cloud waist Wa,z 10.5 mm
Peak axial optical density ODpeak, 2500

Waist of probe beam Wpr,0 50 pm
Characteristic length of atomic ensemble Za,R 2.55 mm
Ratio between axial atomic waist and characteristic length  w, /24 r 4.10

Squared ratio between probe waist and radial atomic waist  (wpy0/wa,r)?  3.95

Table 1.6.1: Parameters of the dipole trap and the atomic cloud in the dipole trap. The values are calcu-
lated from measurement of the trap frequency, atomic temperature and laser power. The characteristic
length z, R is calculated for a probe laser at A\,, = 780 nm with a waist of wp, o = 50 pm.

cone with the probe laser. Consequently, we now use the 200 mm lens to focus the dipole trap laser,
resulting in a longer atomic cloud. However, for this longer trap we could not repeat the measurement
of the axial trap frequency. Fitting the atomic distributions did not work properly, most likely because
the length of the atomic cloud is similar to the imaging field of view. Extrapolating the result from the
150 mm lens to the 200 mm lens configuration yields a significantly longer atomic cloud with a length of

Wq,, = 10.4 mm.

Conclusion for the Characterisation:  The temperature of the atoms and the radial frequency of
the dipole trap can be used to calculate the parameters that characterise the atomic cloud. The final
results of the atomic cloud characterisation are summarised in table [[.6.1l Given that the cloud contains
N.; = 1.7x 107 atoms in the cloud and has a waist of w, , = 25.2 um (calculated from the trap frequency
wq,r and the temperature T'), the peak optical density is calculated to be ODpeak,. = 2500. From the
cloud parameters, it can be seen that the condition in equation is very nearly satisfied (see the
last two rows of table . A more detailed analysis of the corresponding spin-light coupling and

decoherence rates is given in chapter [2}

Influence of the Probe Beam on the Trap Potential

In the atom-membrane coupling experiment, the atomic cloud is coupled to a probe beam at a wavelength
of 780nm. This probe beam is much weaker than the trap beam, but is much closer to resonance.
Therefore, the probe beam also exerts a spatially dependent potential Upyone(r) on the atoms. Due to
the large frequency difference between the trap beam and the probe beam, the interference between the
two beams can be neglected and the total trap potential can be written as Usot(r) = U(r) + Uprobe(T).

Assuming that both potentials can be approximated as harmonic potentials, the resulting potential is
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Figure 1.6.7: Trap frequency in presence of the dipole trap beam and the coupling beam. Here, the
detuning is +40 GHz. Negative powers correspond to measurements at negative detuning. The theory
for the measured powers and detunings is plotted as a blue line; a fit to the data is plotted in red.

again harmonic and the expected trap frequency is given by

_ 2
Wa,rtot = \/Wa . + W7 1 probe (1.6.10)

The radial trap frequency is measured in the presence of the dipole trap beam and the probe beam at a
detuning of £40 GHz and different powers (see figure . The effect of the probe beam on the trap
frequency is on the order of what would be expected from a simple theoretical model. Comparing the fit
and the theory, we observe smaller trap frequencies for both the dipole trap beam and the probe beam
than expected. This is not yet understood and is not fully consistent with other experiments presented
here.

In the following chapter we consider the dynamics of the collective spin of the atomic cloud. It is
assumed that the atoms do not move in space during the probe time of up to 20 ms. However, switching
on the coupling beam abruptly changes the trap potential, which could excite a breathing mode of the
atomic cloud. The time scale of this oscillation is similar to that of the longest probe duration. It would

be beneficial to investigate the influence of this motion on the light-spin interface in future experiments.

1.7 Optical Spin Pumping

Once the atoms have been loaded into the dipole trap, the internal state of the atomic cloud is prepared
in a single Zeeman state, specifically |F = 2, mp = —2) (quantisation along the x-axis). This is achieved
through a process known as optical spin pumping. In our experiment, we apply two circularly polarised
laser beams propagating parallel to a static magnetic field along the x-axis. One of the beams is tuned
to resonance with the F' = 2 <» F’ = 2 transition (22-pump), while the other is tuned to resonance with
the F =1 + F’ = 2 transition (repump). Each scattered photon of either beam changes the mp of an
atom on average by —1. The stretched state |F' = 2, mp = —2) is the sole dark state of both laser beams,
resulting in the accumulation of atoms in this state.

The 22-pump light and the repump light are coupled into the X-fibre (see figure . After the
X-fibre, the polarisation of the light is cleaned by a PBS. A cylindrical lens is employed to shape the
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beam profile to match with the extreme aspect ratio of the dipole trap. Subsequently, a QWP is used to
set the circular polarisation (Stokes vector (S,)/Sy > 0.99, see definition in section .

The degeneracy of the Zeeman states is lifted by the presence of a magnetic field. The magnetic
Hamiltonian can be expanded in a linear and a quadratic term (provided that the magnetic interaction
is small compared to the hyperfine splitting). While the linear Zeeman effect leads to equidistant split-
ting between the Zeeman levels, the quadratic Zeeman splitting leads to different transition energies of
successive Zeeman states (a detailed discussion is given in section . A bias field of 2.8 G along the
x-axis is used to induce a quadratic splitting of approximately §€s/2 = 27 x 1.3kHz. The precession
frequency of the spin around the bias magnetic field is determined by the energy difference between two
successive Zeeman levels, which is different for each transition because of the quadratic splitting. Spin
spectroscopy is performed to resolve the different transitions between Zeeman levels.

In the experiment, the spin is prepared by optical pumping along the x-axis and then driven with a
weak rf field. The rf field is applied to drive a single transition between two Zeeman states (the other
transitions are not resonant due to the quadratic splitting). The frequency of the rf field is scanned
over the different transition energies. The driven spin is continuously probed by measuring the Faraday
rotation of a probe beam along the z-axis (power of 100 pW at a detuning of —20 GHz). Due to the
Faraday effect, the z-component of the spin is mapped on the polarisation state of light, which can be
read out by polarisation homodyne measurement. Thus, by measuring the polarisation state of the probe
light we have direct access to the spin precession. For further details on the experimental procedure, the
reader is referred to the chapter

The results of two such spectroscopy experiments are presented in ﬁgurem(a) for a not yet pumped
atomic ensemble and in figure [l.7.1](b) for an atomic ensemble after 500 ps of pumping. By comparing
the areas of the fitted peaks, the occupancy in each Zeeman level can be calculated. For the purpose
of this calculation, it is assumed that the |F' = 2, mp = 2) state is not occupied at all. This is not a
good assumption for the unpumped ensemble. However, once we add some pumping, the peak of the
|FF'=2,mp = 2) & |F = 2,mp = 1) transition cannot be resolved spectroscopically, indicating that
neglecting the population of the |F = 2, mpr = 2) state is a good approximation.

After spin pumping, the atoms are found to be in the |F = 2, mp = —2) state with a probability of
87% (see figure [[.7.1](c) for different pump durations). The occupation of the different Zeeman levels

allows us to calculate the polarisation of the atoms [93], which is given by

1
p= fzmemF' (1.7.1)

In our spin ensemble, the polarisation is p = —0.92 (see figure [[.7.1](d)). It is unclear what limits the
polarisation of the atoms. One possibility is that it is the spin-pumping. However, it is also possible that
this measurement is limited by the probe itself, which adds decoherence to the spin: We observe that the
probe beam depolarises the spin for a probe of 100 pW at —20 GHz and a probe duration of ¢prope > 3 ms.
In order to resolve the different transition energies for successive Zeeman levels, we need to probe for
more than tpohe > 47/080s = 0.8 ms. The integration time for the analysis is set to 5ms which allows
the analysis to be not Fourier limited and enables the fitting of individual peaks. Instead of shortening
the integration time, one could decrease the probe power to reduce the spin decoherence. However, a
reduction in the probe power results in a decrease in signal to noise. As such, this measurement serves

as a lower bound on the spin polarisation of the atomic ensemble.
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Figure 1.7.1: Characterisation of the spin pumping sequence: Spectroscopy of the atomic spin (a) without
spin pumping and (b) after 500 ps of spin pumping. For the amplitude, the Faraday signal was demodu-
lated at the applied rf-frequency, integrated over 5 ms and then normalised to Faraday angle units. The
phase corresponds to the phase difference between the rf-drive and the detected signal. The solid red
line is a fit to the data using the fit function given in equation From the fit, the occupation of
different Zeeman levels is obtained, which is shown in (c) for different durations of optical pumping. (d)
shows the resulting spin polarisation as function of the pump time. The errorbar shows only the statistic
error and neglects the systematic error of the measurement due to depumping during the probe.
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Chapter 2

Spin-Light Quantum Interface

In this chapter, the quantum interface between the light and the spin is introduced. The po-
larisation state of the light and the collective spin of a dipole-trapped atomic ensemble are
coupled via the Faraday interaction. Here, the theory and the experimental implementation
of the Faraday interface is presented. The interaction of the spin with the probe light is
simulated and characterised experimentally. In a first part, we use a single atom descrip-
tion to understand the spin dynamics in presence of the optical field. In a second part, the
three-dimensional coupling of the atomic cloud to multiple optical modes is introduced. This
leads to an inhomogeneity of the coupling across the cloud which can be modelled by using
effective spin operators. These effective spin operators are used to model the experimental
results of the spin-light interface. Measurements show that the spin-light interface can indeed

be operated in the quantum regime.

2.1 Introduction

In our hybrid experiment, we couple two different systems over a macroscopic distance of 2 m using light
as a carrier of the quantum signals [29]. In order to perform remote hybrid coupling experiments, we
require that all individual systems are interfaced with the light with high quantum cooperativities |37].
The spin of cold atoms is a suitable quantum system, because the collective spin of cold atomic ensembles
is a well-established platform in quantum optics. Not only because there is a large toolbox available to
initialise and manipulate the collective spin |13} [52], but also because it can interact strongly with the
optical field.

Reaching large cooperativities with atoms presents two major challenges: First, the coherent coupling
of a single atom to the light scales with the atom-light interaction cross-section og ~ A? divided by the
cross-section of the optical mode A where A is the wavelength of a resonant laser |94]. Usually, 0¢/A is a
small number. Second, the overlap between the scattered light of a single atom and the desired Gaussian
optical mode is small. Placing atoms in high-finesse optical cavities addresses both challenges but goes
along with an increase of experimental complexity |13]. In our experiment a different approach is pursued.

It has been shown that the forward scattering of a large, dilute and disordered atomic ensemble interferes
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constructively while the decay into other modes interferes destructively [95]. For large atom numbers,
the atoms can be interfaced with a far detuned laser beam and a large signal is still obtained [96, 97} |98].
We use a quantum non-demolition interaction to interface the atomic ensemble with the light [13]. This
interaction is based on the Faraday effect, which causes a rotation of the polarisation of the light even in

a dilute atomic ensemble [53].

The cooperativity Cs of the Faraday interface is defined as the ratio between the coherent scattering
rate Sqba = I's into the Gaussian mode of the probe beam and the rate Sqec = 7s/2 of the incoherent
coupling to other optical modes (environment), Cs = Sqba/Sdec = 2I's/7s (the definition contains a
factor 1/2 because ns; ~ 0 and only the quantum noise is relevant. The definition of Cy is consistent
with the definition given in chapter [3| for a mechanical oscillator). In order to get a large cooperativity
for our Faraday-interface, we have to understand the coherent and the dissipative interactions of the
atoms with the light: The coherent, collective forward scattering of the atomic cloud is usually described
in a 1D-picture [99]. It is assumed that all atoms are independent scatterers, which is valid for an
atomic density n < A=3 [100]. In this limit, the total forward scattering depends on the interaction of a
single atom with the light times the total number of atoms. The decoherence of the atomic spin arises
from photon scattering into any mode but the one of the incoming laser beam. Because the atoms are
randomly distributed in the cloud, the scattering into 47 is not fully cancelled, not even for a perfectly
mode-matched cloud. The resulting scattering rate into modes except for the one of the probe laser
corresponds exactly to the spontaneous emission rate of a single atom |101]. So the spin decoherence rate
only depends on the interaction strength of a single atom with the light. Thus, for an atomic ensemble,

the cooperativity scales with the number of atoms in the atomic cloud Cy o< N,.

A large quantum cooperativity of the Faraday interface means that the shot noise of the light is the
primary noise source driving the atomic spin, and that the spin signal is mostly mapped onto the mode of
the incoming beam (rather than scattered into other optical modes). These two conditions can be tested
experimentally by measuring the quantum noise of the light after the interaction with the atoms. In
the quantum-noise limited scenario, the noise of the outgoing light has three contributions [97]: the shot
noise of the incoming light, the spin noise resulting from the intrinsic quantum uncertainty of the atomic
spin (projection noise), and the fluctuations of the spin caused by driving the spin with the shot noise of
the light (backaction noise). Each of these contributions exhibits a unique scaling with probe power and
number of atoms. In order to claim a large quantum cooperativity, it is necessary to demonstrate that
the noise of the spin-light interface is predominantly governed by the backaction noise of the Faraday

interaction, as opposed to technical noise, higher-order coupling effects or collective atomic interactions.

In this chapter, the coherent and dissipative dynamics of the atom-light interface is introduced theoret-
ically and experimentally: In a first section, the interaction between the atoms and the light is described
theoretically. First, the simpler models of a spin-1/2 atom and a spin-1 atom are considered before
showing the interaction for the Rubidium-87 D2-line. In section the experimental implementation of
the spin-light interface is shown. The dynamics of a spin in a bias magnetic field is introduced and some
measurements are presented to give a first intuition on the spin-light interaction. Section [2.4] discusses
the effect of inhomogeneous coupling between the Gaussian optical beam and the Gaussian atomic cloud.
The limitation of the 1D-picture and the quantum noise for a 3D-cloud are discussed. In chapter the
dynamics of a classically driven spin is discussed, which is used in many experiments for spin initiation

or spin characterisation. Finally in chapter 2.6] the characterisation of the spin-light interface is shown.
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2.2 Far Detuned Atom-Light Interaction

In this section, the interaction of an atom with a far-detuned electromagnetic field is derived. For this,
we follow the lecture notes of Steck [102] and use the sign conventions which are introduced there. We
consider an atom with one valence electron. In our model, an optical field couples the ground state
manifold with a total electron angular momentum j to a single excited state fine structure manifold with
total electron angular momentum j’. Both the ground state manifold and the excited state manifold are

split into different hyperfine states f. The atomic Hamiltonian is given by

I:IO =h Z Aflfamf><f7mf‘ +h Z (WO +A,f’)|fl7m}><f/7m;‘|7 (2'2'1)

fimyg f’,m’f

where Ay and Ay are the frequency shifts of the hyperfine levels due to the coupling of the total electron
angular momentum j and j’ to the total nuclear angular momentum ¢ (the hyperfine structure), hwq is
the transition energy from the ground state manifold to the excited state manifold (when neglecting the
hyperfine structure) and m; and m’f are the total atomic angular momentum projections. The atom
is interfaced with a paraxial mode of the electromagnetic field which is described by the unitless mode
function u(r) (normalised to max(u(r)) = 1, see appendix for details). Applying the slowly varying

envelope approximation, the electric field is given by
BE(r,t) = &lan(z, t)ey + ay(z,t)ey )u(r)elFoz—wrt) L h ¢ (2.2.2)

where & = \/hwr,/(2¢9cA) is the vacuum electric field density (per s~!/2 bandwidth), A = w32 /2 is the
cross-section area of the (Gaussian) optical mode, ag (Gyv) the annihilation operators of the horizontally
(vertically) polarised field (units of s~/2), ey (ey) the unit-vector for horizontal (vertical) polarisation,
ko = 27/ the wave vector of the field, wy, the angular frequency of the field, ¢ the speed of light and ¢
the vacuum permittivity. In this description, the intensity of the field (averaged over one optical period)

is given by [103]

I(x) = ceo([B(r,)[2); = 2eeo(BC) (x, 1) - B (x, ) (2.2.3)
FLCUL 2 - P 2
= L fu(r) o = () (22.4)

where the positive and negative frequency components of the electric field are given by E(i)(r,t)7 the
mean photon flux by &, = (&;I&H + &J{,dv) and the optical power in the mode u(r) by P (in W). Here,
the time dependency on the slowly varying envelope function is omitted (i.e. for I(r), ®r,, P).

The interaction between the atom and the field is given by the well-known electric dipole Hamiltonian,
Hip = —d- E(r, t), where d is the atomic dipole operator and r is the position of the nucleus [104]. The

dipole operator can be expressed in terms of the electron position operator ., which results in

Hint = _6f'e : E(I‘, t), (225)

where e is the elementary charge and r is the classical position of the nucleus of the atom [104]. The
position operator r. couples the atomic ground state manifold to the excited state manifold (but not
states within the ground state or the excited state manifolds) and can therefore be decomposed into

féﬂ = ngelf’e which de-excites the atom and oscillates at a positive frequency wg and #7) = Pt P,

38
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which excites the atom and oscillates at a negative frequency —wq. Here, P, (P.) is the projector into
the atomic ground (excited) state manifold. For simplifying the interaction Hamiltonian, we assume that
the optical frequency wy, is on the order of the atomic transition frequency wy, so the fast rotating terms

in the dipole Hamiltonian are neglected using the rotating wave approximation (for details, see appendix
B3).

It is also useful to express the Hamiltonian in one particular basis. Due to the symmetry of the problem
given by the optical beam, the spherical basis is a natural choice, as defined in [102]. The resulting
Hamiltonian in the spherical basis is explicitly shown in appendix [Bl By choosing the quantisation axis

along the propagation of the electromagnetic field, we obtain
Fine = 19,5 (a,f;{ a6 1) u(r) expli(koz — At)] + hec., (2.2.6)

where € = —&{jl|ete||5')/h is the transition strength between two fine-structure manifolds j and j’
(units of s71/2), 44+ = F(ay + iay)/V/2 are the annihilation operators for circularly polarised photons
(units of s71/2), 67 are the atomic raising operators (definition see below) and the doubled bars (-|| - ||-)
indicate that the matrix element is reduced. In this expression, the different detunings of the hyperfine
levels are neglected and the detuning between the probe field and the atomic resonance is given by
A = wy, — wp. The spherical basis is defined in such a way that U}L couples the states of the so-called
o~ -transition, where m} =my — 1, while 011 couples the states of the ot -transition with m} =my+1.

In the hyperfine basis, the atomic lowering operators are defined as

- /
b= S MLl fompl g (227
5 Gl
where we sum over all ground state hyperfine levels |f,my) and all relevant excited state hyperfine
levels [f’,m/;) (in our case only the D2 line is considered). Here, ¢ is the spherical coordinate and
(f' ,m’f; 1,q|f,mys) is a Clebsch-Gordan coefficient. From the Clebsch-Gordan coefficient we see that
q = 0 couples states with the same Zeeman number m} = my (m-transition). The &S raising operator
does not appear in the Hamiltonian given in equation , because these states are only coupled by
light which is linearly polarised along the z-axis, which is not described here. The lowering operator 611
couples states with a quantum number m; differing by one, namely m'f = my F 1. This corresponds
to a change in angular momentum by one quantum. The uncommon sign convention results from the
particular spherical basis used in this derivation [102]|. Note that in the interaction Hamiltonian given by
equation , the angular momentum is conserved, e.g. by absorbing a ¢ circularly polarised photon
(i.e. by a4 ), the angular momentum of the photon is transferred to the atom by 611 which excites the
atom along the o-transition. The derivation and a more useful (but more evolved) analytic expression
for lowering operators 6, are given in appendix @ For future calculations, it is useful to write the
transition strength between two fine-structure manifolds in terms of the natural population decay rate

Ry of the excited state which is known from literature. It is given by [105]

2j' +1 o9
2j + 1 44 'R

Q501> = (2.2.8)

The light-atom interaction strength depends on the ratio of the atomic cross-section o9 = 3A?/(2n) (here,
of the cycling transition of Rubidium |f = 2,m; = =2) — |f' = 3,m); = —3) [105]) and the area of the
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light beam A = mw?/2 (here for a Gaussian beam, see appendix for details). This ratio determines

how many photons are scattered by a single atom.

For a good understanding of the atomic dynamic, we have to consider the decoherence mechanism
of the atoms in presence of the optical field. In this work, we consider a cold, dipole trapped atomic
ensemble. For cold atoms, we can assume that the ground state is stable and that the decoherence arises
mainly from the radiative decay of the excited state manifold. The excited states decay to the ground
state at the natural decay rate yry,. To calculate the full dynamics of the atom, this decay can be modelled

with the following jump operators |102]

Jj 27"+ 1, j
= G- = .
ot TRb Gy 01 TRb S

2" + 1. . 2" +1.
J T 5o, S PV M i S (2.2.9)

where the indices of the jump operator denote the polarisation of the emitted photon (and do not give
the coordinate ¢). The decay of the atom creates a photon with a k-vector in a random direction and
a polarisation which conserves the angular momentum in the process (e.g. j,,+ —al ). Now we have
the Hamiltonian and the decoherence processes governing the light-matter interaction of a general alkali
atom. Before moving on directly to the Rubidium atoms, two much simpler systems will be considered.

These simpler level-structures can be used to introduce most of the important concepts.

2.2.1 Model of an Atom with a spin-1/2 ground state

We begin by examining the simplest atom which exhibits some dynamics within the ground state manifold.
In this section, we consider a model atom with no nuclear spin, ¢ = 0, a ground state of j = 1/2 which
is optically coupled to an excited-state with j* = 3/2. This elementary atom allows us to introduce the
majority of the dynamics that characterise our system [106) [107]. In the case of the spin-1/2 atom, the

matrix representation of the atomic lowering operator ¢, are given by

61 ="g+1/2)(e—12] + 17 |g-1/2){e—3/2], (2:2.10)
60 =1" (|9+1/2){e1/2] + |9-1/2)(e_1/2]) , (2.2.11)
01 = pr|gr1/2){eqsy2| + v g-1/2) (€412, (2.2.12)

with p = 1/\@, v = 1/\/6, and n = 1/\/§ Here, we see again that the operator ;1 couples the o~ -
transition, the operator 6 the m-transition, and the operator &_; the o' -transition. For an atom at the

focus of the optical field (assuming that u(r) = 1, z = 0), the interaction Hamiltonian reads as

Hine = hQfa_ (Vle—1/2)(g+1/2| + ple—z/2)(g-1/2)
+ at(plets/a)(gr1/2] + vler1/2)(9-1/2])] exp(—iAt) + h.c. (2.2.13)

where the transition strength is given by = 91/273/2 = /Yrboo/(2A4). The level diagram of the spin-
1/2 atom and the driven transitions are shown in figure In the following, we treat the atom in a
rotating frame with respect to the optical field. We assume that the Zeeman levels of the ground state are
degenerate. The detuning of the optical field with respect to the atomic transition is A,, = wr, — wWom,

where wy , is the resonance frequency with respect to the excited state level |e,,) . Thus, the Hamiltonian
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(a)

adiabatic elimination
of the excited states

~

(b) effective interaction

712 — Y,

m =-3/2 m = -1/2 m=1/2 m = 3/2 m =-1/2 m = 1/2

Figure 2.2.1: Level diagram of the considered spin-1/2 atom (a) without and (b) with the adiabatic
elimination of the excited state. The orange and red arrows indicate the coherent interaction, while the
green arrows show the decoherent process due to the spontaneous decay of the excited-state. Applying
the adiabatic elimination, light effectively shifts the ground state levels by E. /5 which depends on the
polarisation of the light. Furthermore, it results in an effective decoherence channel between the two
ground states (green arrow).

of the atom in the absence of the interaction is given by

Hy=—1Y  Aplem)(em|. (2.2.14)

Energy Shift of the Ground State: From the total Hamiltonian ﬁtot = ﬁo + ﬁim, it is possible
to calculate the eigenenergy of the atomic states. Assuming that the excited states are degenerate (i.e.
A,, = A) and that the detuning of the field is much larger than the energy shift due to the light, the

interaction shifts the atomic ground-state levels by

e}

By |2( 2(at 4 24t 4 2.2.15

e = (Inatan) + wPalan), (22.15)
h|Q2 o o

Bij = 'A' (IPalar) +v2ala ). (2.2.16)

For linearly polarised light (i.e. (&1d+> = (a' a_)), this light-shift is a common energy shift for both

levels. However, if the input light is circularly polarised, the two Zeeman levels are shifted differently.
Consequently, the circular polarisation of the light acts on the spin like a fictitious magnetic field [108|
(compare with section . In order to gain a deeper understanding of the dynamics of the spin in
the presence of a far detuned electromagnetic field, it is beneficial to adiabatically eliminate the excited

states.

Adiabatic Elimination of the Excited States: If the optical field is far detuned, it is reasonable to
assume that the excited-state manifold is not occupied. Thus, the dynamics of the atom can be reduced

to the ground state manifold. This dynamics is obtained by adiabatically eliminating the excited states
(explained in detail in [13] and explicitly shown in appendix [B.2.2). In order to eliminate the excited-
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state manifold, it is necessary to re-express all transition matrix elements |e,,)(gm/| of the interaction
Hamiltonian in terms of ground state matrix elements |g,,){gm/|. For this to be the case, we assume that
the coherences are in a steady state, i.e. % |gm)(em/| =0, and that the excited states are not occupied,
lem){em| = 0. From this, we get steady state values for the coherences |g.,){€n|. These steady state
values of the coherences can be introduced into the expression of the interaction Hamiltonian given by
equation . For simplicity, we assume that all detunings A,, = A are equal and obtain

< 2B[QP [ ot ot ot s
B =2 (@t o2 4l Pl o) oyl + @l + alaslvDlosjolorjel] . (2217

The atomic Hamiltonian can be rewritten in terms of the ground state by writing the excited-state
populations as |e;)(e;| = |e;)(gjlg;)(ei] [13]. We get Hy = —Hine/2 and thus yield an effective ground
state Hamiltonian

Hegp = Hin/2. (2.2.18)

To further simplify this expression, it is useful to define spin operators for the atomic state and the light

field, which is done in the next paragraphs.

Stokes Vector

The state of the light can be expressed as a four-dimensional vector, known as the Stokes vector. The first
entry of the Stokes vector Sy is proportional to the total photon flux ®,. Its mean value is given by the
laser power (Sp) = P/(2hw) = ®1,/2. The polarisation state of the light is represented by a point on the
Poincaré sphere in a space spanned by SL%Z. The radius of the Poincaré sphere is given by p<§0> where
p is the degree of polarisation. Each coordinate axis gives the flux difference between two orthogonal
polarisation states of the light. S, denotes the flux difference between horizontal and vertical polarised
light, .§'y between +45° polarised and —45° polarised light and S. between ot and o~ polarised light.
The quantum mechanical Stokes vector can be defined in terms of the creation and annihilation operators
[109] as

50(€) =5 (1 (€)a4 (6) + L ()i (©)), (22.19)
5.(6) =5} (©a_(€) +al (©)a (), (2220)
5,(€) =4 (1 (€ (€) — al (€)a4(©)) (2.221)
5.(6) =3 @, (94 (€) - ol (©)a_(©)). (2.222)

where £ is a generalised position coordinate along the propagation direction of the light. The position
coordinate is given by the position on the optical path and the time § — zop — ct. Knowing the
commutation relations of the photon creation and annihilation operators (given explicitly in equations
to ), it can be seen that the Stokes vector components satisfy spin commutation relations
[110]
[55(€), Sk(€)] = iejmed(€ = €)51(8),  [95(6),8(¢")*T =0 and [8;(€), 5(&)] =0 (2.2.23)
for {4,k 1} ={z,y,z},
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where € is the Levi-Civita symbol. Thus, the light can be modelled as a spin with the spin length given
by the photon flux. Note, that the Stokes vectors are given in units of s~!. In this chapter, we mostly

consider one position in the optical path and therefore write only the time-dependency of the operators.

Atomic Spin

The atomic spin for a single hyperfine manifold f can be written as
A 1 /4 A ~ 1 A A A
fomg (Be+f) A=z (f-F).  E=Xmlrmdimgd. (2220
mf

where the ladder operators are given by

f-1
Fr=">" cf,m)f,m+1)(f,m, =1l (2.2.25)

m=—f

where C(f,m) = \/f(f +1) — m(m + 1). The raising operator f4+ increases the angular momentum by
one quantum, my — mys + 1, while the lowering operator f_ lowers the angular momentum by one
quantum, my — my — 1. But both ladder operators act within a given ground state manifold. For a
spin-1/2 system, this is a complete description of the internal state (as long as the electron remains in
this specific manifold). However, for atoms with larger spins, tensor components need to be considered
(which are introduced in section [2.2.3).

Faraday Interaction Hamiltonian of the Spin-1/2 Atom

Having defined the spin operators and the Stokes vector, the effective ground state Hamiltonian of a
spin-1/2 atom in a far detuned field given in equation (2.2.18) can be written as

Hoi = haolySo + hay f.5.., (2.2.26)
where the atomic scalar and vector polarisability constants ag and «; are defined as

12 Ox YRL _ 00 TRb

_ 2 2y_ 9x kb _ 00 TRb 2.2.2
_2‘Q|2 2 2y _ Ox TRb
oy == (= ) = S5 (2:2.28)

where o, = A2/ is the atomic cross-section for linearly polarised light and A = 7w3/2 is the cross-
section of the optical mode. The first term of the Hamiltonian Hy = haoilggo is a scalar component
that generates a global energy shift. It leads to a general attraction or repulsion force, depending on the
detuning A of the light. Much more relevant to this work is the vector component H, = hoy fZS'Z It
couples the polarisation state of the light to the atomic spin. Using the spin-1/2 system as an example,
we will discuss the dynamics of this so-called Faraday interaction. After that, larger spin systems will be
discussed. But even for larger spins the general dynamics of the Faraday interaction remains the same,
only the polarisability constants have to be adjusted and a higher-order coupling term has to be added

to the interaction Hamiltonian.
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Collective Spin

In our experiment, rather than a single atom, a large cloud of atoms is coupled to the light. In order
to model a realistic experiment, the coupling constant for each individual atom scales with the local
electromagnetic field amplitude u(r;) and thus, the collective scattering of the atomic cloud has to be
summed over all the atoms. This rigorous description of the spin-light interface is given in section
Here, we assume that the spin-light interaction can be well approximated by a 1D model, which is a good
approximation for large Fresnel numbers F' = w2 /(AL) where wy is the laser waist, L the length of the
atomic cloud and A the laser wavelength [13|. In this 1D desciption, the collective atomic spin can be

written as the sum over all the individual spins,

F=> {0, (2.2.29)

where N, is the total number of the atoms. The collective Faraday Hamiltonian can be written simply

by replacing the single spin operator with the collective spin operator,

H = ha, F.S,. (2.2.30)

Here, an adjusted polarisability constant &; is used in the Hamiltonian (see below). So far we have
assumed that there is a single atom in the focus of the laser beam, so the peak intensity of the laser is
considered for the interaction. If all atoms are at the focus of the laser beam, we get &3 = a;. In a
more realistic model, not all atoms are in the laser focus. Commonly, for a well mode-matched atomic
ensemble, it is assumed that the atoms interact with the mean intensity of the laser I = I/2 (detailed
in section . In previous works in our project, this was taken into account by adapting the definition
of the laser mode area A = 7w3 /2 — w3 |68, 69] which then leads to an adapted polarisability constant
a1 — &1 = a1/2. This redefinition works if the mean spin is considered; however, a more advanced
analysis is necessary for spin noise, which is discussed in section [2.4] For the remainder of this theory

subchapter, we will neglect the inhomogeneous coupling and leave the careful discussion to section

Input-Output Relations of the Light

As light passes through the atomic ensemble, its polarisation state is changed. To evaluate the effect of the
atomic spin on the light, we integrate the spin-light interaction over the full interaction region. Assuming
that we have a strong, coherent input field and the interaction is weak, we can neglect propagation effects
within the cloud (i.e. all atoms are exposed to the same input polarisation). The effect of the spin to the
light can be expressed to first order in the interaction by the following input-output relation of the light
[106]

Sv;out) _ Svéin) _ oqggn)ﬁz, (2231)
Sv?(Jout) _ Svéin) + alsv:(cin)ﬁvz’ (2232)
Slout) — g(in). (2.2.33)

The interaction between the atomic spin and the light results in a rotation of the linear polarisation,

while the circular component remains unaffected. This interaction can be employed to map the spin state
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onto the light, either for interacting with the membrane in the hybrid experiment or for measuring the
spin state. Assuming that the input light is sufficiently strong and polarised along the horizontal axis,
ie. (S.) = Sp and Sy > (S,),(S.), the z-projection of the spin state can be read out by measuring
Sy ~ a15 fz. The S’U component of the Stokes vector of the light can be measured by a polarisation
homodyne measurement (see section for details).

It is often useful to normalise the measured homodyne signal with respect to the total flux. For this
purpose, the so-called Faraday angle can be defined as the angle by which the interaction with the atoms

rotates the linear polarisation of the light [96]. Here, we assume that the incoming light is strong and
O

polarised along S, so that gg(c ut) o Sg(cin) ~ Sy and define the Faraday angle as

R S,?E/out) S,?E/out)

(2.2.34)

For small angles, the Faraday angle can be approximated by 6 = Sgsout)/ (25'§;°m)). For a horizontally
polarised input field, the Faraday angle is given by 6 = ayF, /2 (shot noise is neglected here) and

therefore depends only on the atomic state and the vector polarisability constant.

Light Induced Spin Rotations

The spin state is not only mapped onto the light; the light also acts on the spin state. First, we consider the
coherent dynamics of the spin induced by the interaction Hamiltonian. Using the effective Hamiltonian
given in equation ([2.2.26)), we can calculate the equations of motion of the spin,

d - .
3l =—fSe, (2.2.35)
d - .

&fy = alfchza (2236)
%ﬂ:a (2.2.37)

When the light is circularly polarised, it induces a spin rotation around the z-axis. This is consistent with
the above result that circularly polarised light acts like a fictitious magnetic field along the propagation
axis of the light. It should also be noted that the light in this state does not modify the fz component
of the spin. However, this component is mapped onto the polarisation state of the light (shown in
equation ) Therefore, the Faraday interaction can be considered as a quantum non-demolition
measurement of the spin-1/2 [95].

Decay of the Spin-1/2 System

In order to obtain a complete understanding of the light-induced spin dynamics, the spin decoherence must
be taken into account. The effective decoherence of the spin can be calculated from the jump operators
defined in equation . For here, we assume that the input light is in a coherent state linearly
polarised at an angle ¢ with respect to the horizontal axis (i.e. light along ey, = cos(p)eq + sin(¢)ey)
and neglect the (quantum) fluctuations of the light. We solve the Master equation in the Heisenberg
picture, considering the interaction Hamiltonian (equation ) and the jump operators (equation
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(2.2.9)) and obtain

_ YRb cos(2¢)\ ;  sin(2¢) ;
7f:c YN apSi [( 3 ) - fy} , (2.2.38)
f,, aoSo [( Coséw ) - Sin(;‘p) fm} , (2.2.39)

The spin dynamics shown here is purely incoherent because we assumed that Séin) = 0. As a consequence
of spontaneous emission, the degree of spin polarisation decays. The decoherence rate of spin components
that are orthogonal to the propagation axis of the light depends on the polarisation angle of the light
(assuming linearly polarised light). This can be understood from a geometrical perspective: In the case
of ¢ = 0, the electric field component of the light is aligned with the fw spin while it is orthogonal to the
fy spin. For a more quantitative consideration of the decoherence rates, recall that the photon scattering
rate of a two-level atom in the limit of large detuning is given by (see [105] or the derivation in appendix
B.2.1))

_ 00 (7mp\? g _ 3IRb o
e = 2 (QA) @1 = Sxa0So. (2.2.41)

The decoherence of the f. spin component (which is independent of the polarisation angle) is not directly
given by the spontaneous scattering rate: Starting from the state [g; /2)(g1/2| = 1, the evolution of the
expectation value of fz is given by ( fz () = { fz (0)) exp(—7decont) with a decoherence rate of Vgecon =
27s¢/9. In previous works of our group, it was assumed that the spin decoherence rate is simply given by
the spontaneous scattering rate |68, [69]. While the spin decoherence is caused by spontaneous emission,
the spin decoherence rate is not directly given by scattering rate of a two-level atom, because some

scattering events do not change the ground state of the atom.

Quantum Limited Spin-Light Interface

In the hybrid coupling experiment, we aim to couple two quantum systems. The spin-light interface
must therefore be operated in a quantum-limited regime. For the atomic spin, the common uncertainty
relations of a quantum mechanical spin are valid, which can be derived from the commutation relations of
a spin given by [fj, fk] = iejklﬁ. Here, we assume that the spin is well polarised along the x-axis, so that
the collective spin along the x-axis can be classically approximated by F, = fN, where f is the hyperfine
quantum number. The uncertainty relation for the transverse axes is then given by [F’y, F‘z] =ifN,.
During the interaction with the light, the quantum noise of the spin is mapped onto the light. This
signal then can either be measured or be used for the interaction with the membrane in the hybrid
setup. During the interaction, the quantum noise of the light (shot noise) also drives the spin. This
adds additional noise to the spin dynamics, which increases the effective variance of the collective spin.
In order to quantify the variance of the spin and of the outgoing light, we assume that the incoming
light is linearly polarised along the horizontal axis. We can then approximate S, by its classical mean
value S, = ®1,/2. By doing this approximation we can write the uncertainty relation of the transverse
components as [S,(t), . (t')] = iS,8(t — t'). Here, we assumed a fixed position z of the interaction but
a varying time ¢ (compare with equations [2.2.23). These approximations (for the spin and the light)

lead to the description of the atomic spin and the polarisation of the light as harmonic oscillators (called
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Holstein-Primakov approximation), which is discussed in detail in section The evolution of the

shot-noise-driven spin in a bias magnetic field along the B, axis is given by

%Fy(t) = —OF.(t) — 75 2, (8) + hy(t) + a1 F, 8. (1), (2.2.42)
CE1) = Oy ()~ ZE(0) + ha(0), (2.2.43)

where the first term is the Larmor precession in the magnetic field with the Larmor precession frequency
Qs = ppgrBy/h (see section for details), the second term describes the spin decay, where the decay
constant s results from the interaction with the light and from incoherent processes such as magnetic
field inhomogeneities. The spin decay gives rise to Langevin force terms fALZ(t) which are necessary to
preserve the commutation relations according to the fluctuation dissipation theorem [111]. The last term
of the equation comes from the circular polarisation component of the light driving the atomic
spin via the Faraday interaction. The different noise contributions encoded in the spin signal are easiest to
assess in the frequency domain, so it is worth Fourier transforming the equations of motion (see definition
given in equation ) and then use the input-output relations for the light variables (see equation
(2.2.32)), which yields

Vo/2 — iw) by (w) + Qulhy (W) + a1 Fp 8™ (w)] .

G(out) — &(in) q . ( 2.92.44

Sy (@) = 5y wW) + oS (% — w)(Qs T w) + (36/2)% — Iysw (2.2.44)
The power spectral density (PSD) of S’g(,out) is given by

Ss,s, (W) = / (ST (—w) SEem) (w'))dw' = / (S () S8 (') ) dw!. (2.2.45)

The definition of the PSD is given in appendix [C|] In order to evaluate the PSD, the noise statistics of
the operators have to be considered. For the incoming light, we assume a coherent state, such that the

uncertainties are equally distributed, i.e.

(84984 (W) = (509880 @) = sl + ) . (2240

For the Langevin force operators, we obtain [111]
(hy(w)hy (@) = (ha(w)he (W) = 6(w + w’)%lﬁzl, (2.2.47)
(hy(W)ho (W) = = (b (W)hy (W) = 6(w + w’)i%ﬁm. (2.2.48)

Performing the narrow band approximation s, |Q2s — w| < g, the resulting PSD can be written as

(215./2) (ale)2§w)
5 :

(Qs —w)? + (15/2)?

_ S, _

Ss,5,(W) = 5 + : (WSIFII + (2.2.49)
The spectrum of the outgoing light is given by a Lorentzian spin signal on top of a white noise background
due to the shot noise of the light. It is illustrative, to normalise this expression by the input flux of light.
For this we go from the Stokes vector component to the so-called Faraday angle § = (§). The PSD of

the Faraday angle is given by Spg(w) = Ss, s, (w)/(25;)%. The variance of the signal can be calculated
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from the PSD by integrating over the Lorentzian peak (Parseval’s theorem) [112], see equation (C.3.7]).
In practice, the PSD of the Faraday angle is integrated over the bandwidth Apw > 75, we get

Qst+Apw/2 dw Apw 1 o2 _ (a F. )25
0) =2 S — = T B 1515 N IS SV 2.2.50

The first term in this expression is due to the quantum shot-noise of the light. Increasing the power
of the light reduces the relative imprecision of the measurement, that is why this term scales with the
inverse of the flux. The second term scales with the number of atoms (or the spin length of the collective
spin), but not with the photon flux. It is the projection noise of the spin mapped onto the light, which
comes from the quantum uncertainty of the atomic spin. The third term is due to the backaction noise of
the light driving the spin, which is then read out by the light. This interaction therefore is proportional
to the square of the spin length. The backaction term is inversely proportional to the linewidth of the
spin, which depends on the interaction with the light v5 oc S,. Thus, in the limit where scattering is the
dominant decoherence channel, the dependence of the backaction term on the photon flux 2S5, cancels

out.

Summary

Considering a spin-1/2 system, we have seen that circularly polarised light acts like an effective magnetic
field along the propagation axis of the light. Assuming a large detuning, an effective interaction Hamilto-
nian was derived that couples the fz spin component to the S. Stokes-vector component. Furthermore,
the different noise contributions driving a well-polarised spin were analysed and the power spectral den-
sity of the outgoing light was derived. In the following, this interface is used to engineer the spin-light
interface for the hybrid experiment.

Moreover, we have seen that the spin decoherence in this simple model depends on the linear polari-
sation of the light. The spin dynamics become even more developed when considering an atom with two

hyperfine ground state manifolds, as will be shown in the next section.

2.2.2 Model of an Atom with a Spin-1 Ground State

The next step is to make the atomic model slightly more complicated to get an even better intuition for
the interaction of a Rubidium atom with far detuned light. The simplest model that has two hyperfine
ground state manifolds is an atom with nuclear spin ¢ = 1/2. For this atom, we consider a ground state
manifold with j = 1/2 and an excited-state manifold with j* = 1/2. In the ground state manifold we
have a total of four levels, one with f = 0 and three with f = 1. We assume that the hyperfine splitting
of the ground state is Aps while we neglect the hyperfine splitting of the excited state.

The interaction Hamiltonian is rather developed and is represented schematically in figure and
given explicitly in appendix [B:2.5] As before, the coupling of the atoms to far-detuned light is considered
and therefore the excited states can be adiabatically eliminated. The adiabatic elimination of the excited
states can be done as described for the spin-1/2 model, but there are simpler ways to obtain the effective
ground-state dynamics. Reiter et al. |113| provided a general approach to calculate the effective Hamil-
tonian and effective jump operators by adiabatic elimination of the excited state. For this, we assume

that the dynamics of the full system is described by a master equation with coupling to a Markovian
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(a) full D1-line

i=1,1=01

A 1 adiabatic elimination
L B of the excited states

(b) effective interaction

m = -1 m = 0 m = 1

Figure 2.2.2: Level diagram of the considered spin-1 atom (a) without and (b) with the adiabatic
elimination of the excited state. By the light, the levels of the ground state get effectively shifted
by o0 = —2|2;/1S0/(38Af=0), 61,1 = 2[Q;;|(So + S2)/(BAs=1), d10 = 2|Q;;/|S0/(3Af=1), and
01,1 :_2|Qj,j/|(SO — 5.)/(3Af=1). Additionally, there is an exchange term between the levels I'ny =
1€0,j7152(Af=0 + Ay=1)/(BA=0Af=1).

bath. This approach, summarised in appendix [B:2.4] is used to calculate the effective dynamic of the
atom both analytically and numerically.

Effective Dynamics of the Spin-1 System

Applying the adiabatic elimination of the excited states for the spin-1 system, we end up with a Hamil-
tonian that couples the two hyperfine ground-state manifolds (explicitly shown in appendix and
schematically shown in figure|2.2.2f). The coherences between the two ground-state manifolds oscillate at
the hyperfine splitting Ay and can be neglected. Besides the coherent coupling between the two hyper-
fine ground-state manifolds, there are incoherent decay channels between the two hyperfine ground-state
manifolds in the effective dynamics of the system. Although we are mainly interested in the dynamics
within one particular hyperfine state manifold, it is necessary to consider the other hyperfine state man-
ifold in order to understand the decoherence mechanism of the system. In many simple calculations we
assume that the decoherence of a state depends only on the detuning of the light for this particular state,
but it turns out that the incoherent coupling between the two hyperfine state manifolds depends on the
detuning of the light with respect to the transition from both ground state hyperfine state manifolds to

the excited state manifold.

Simulation of the Spin Dynamics:  Explicit analytical expressions for the spin-1 systems can be
obtained but they are too complicated to gain any intuitive understanding. Therefore, the dynamics of
the spin-1 atom is simulated numerically. In a first set of simulations, the dynamics for the full D1-
line of the spin-1 atom is simulated. However, for a light-field detuned by several gigahertz, time steps
of nanoseconds are required to follow the dynamics. Therefore, a numerical version of the adiabatic

elimination of the excited state was implemented, using the formalism presented in [113]. In addition,
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the simulations are performed in a frame rotating at the hyperfine splitting between the two hyperfine
ground-state manifolds Ap¢. We are interested in the dynamics at megahertz frequencies, such that the
terms oscillating at Aps ~ GHz can be neglected. Applying the adiabatic elimination and neglecting the
terms oscillating at Apg, the simulation time can be reduced by more than an order of magnitude.

The result of one simulation is shown in figure 2.2.3|(a). For this simulation, we assume that the
initial spin is aligned with a magnetic field in the z-direction (i.e. initial state |f = 1,my = 1)). Due
to the incoherent scattering of the light, the population in the |f = 1,m; = 1) decays to the other
levels. The decay rate depends on the detuning and the intensity of the applied optical field. It turns
out that the steady state population is significantly changed by reversing the sign of the detuning (but
it does not depend on the laser intensity), as shown in figure (c). Nevertheless, the dynamics of the
expectation value of f, does not depend on the sign of the detuning (see figure (b)) The simulation
was repeated for different powers and detunings and the decoherence rate of the expectation value of fz
is consistently found to be Ydecon = 7Ysc/9. This is half the rate of the spin-1/2 atom, which is consistent

with the difference in the scalar polarisability constant.

2.2.3 Model of the D2-line of Rubidium-87

In our experiment, we operate on the D2-line of the Rubidium-87 atom. For Rb-87, the nuclear spin
is i = 3/2, so the ground state 251/2 is split into two hyperfine state manifolds f = 1,2 and the 2P3/2
excited-state manifold is split into four hyperfine state manifolds f' = 0,1,2,3. As for the simpler atom
models, the excited state can be eliminated if the probe light has a large detuning and the excited
state is not effectively populated. The coherent coupling terms between the two hyperfine manifolds
oscillate at gigahertz frequencies and do not contribute to the dynamics at megahertz frequencies, as
we have seen in the spin-1 model. Therefore these terms are neglected in the following. Here, only the
effective Hamiltonian of one hyperfine state is shown. The jump operators are included in the numerical
simulations of the system but are not explicitly written here.
The effective Hamiltonian can be decomposed into three different parts, a scalar, a vector and a tensor
component [106} 110} 114]
Hy=Hyy+ Hyy+ Hoy, (2.2.51)

where the scalar and the vector Hamiltonians are the same as for the spin-1/2 model (with just a modified
polarisability constant, see below) but the tensor component is new and comes from the finite detuning

between the different excited-state hyperfine levels. We have

Ho 5 = hay 0145, (2.2.52)
Hy j = hayaf.S., (2.2.53)
. A A A 1 - R ~
Hy ;= hafﬁz(sztxz,yz + Sytay + gSO [3tzz —fl(f+ 1)]|f]), (2.2.54)
where the spin alignment tensors are given by
tor_ye = f2 - f2, (2.2.55)
t2 = f2. (2.2.57)
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Figure 2.2.3: Simulation of the dynamics of a spin-1 atom at the focus of the laser for a probe power of
200 uW and a beam waist of 50 um. (a) The population in the different Zeeman states for a probe with
a detuning of Ay_; = £27 x 7GHz. The top row shows the f = 1 manifold, the bottom row the f =0
hyperfine state. In addition, the unphysical situation is shown in dashed orange, where the depumping
to f = 0 is manually switched off. Changing the sign of the detuning alters the light-induced dynamics
and the final steady state of the atom. However, the dynamics of the expectation value of f, is the same
for both detuning signs, as shown in (b). (c) shows the steady state occupation of the |f = 0,m; = 0)
state. The dashed lines show the resonance conditions for the f = 1 manifold and the f = 0 manifold,
for which in the steady state the atom is fully pumped into only one of the hyperfine manifolds.
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For the alignment tensors, the commutation relations are given by [f,2_,z, f] = —i2i,y, [tey, f] =
iQfmz_yz. The exact expressions for the polarisability constants oy, ay1 and ay o are given in appendix
B:2:6] For this work, mostly the limit for detunings much larger than the hyperfine splitting of the

excited-state manifold is sufficient, which is given by

On TRb

Or TRb
oy = T )1, (2.2.59)

for the scalar and the vector polarisability constants. Two observations can be made here: (1) the vector
polarisability constant is smaller for the real Rubidium atom than for the spin-1/2 model. This is due
to the fact that the Rubidium total spin contains contributions from the nuclear spin, which does not
couple to the light. (2) The vector polarisability constant has a different sign for the two ground-state
hyperfine manifolds.

The tensor polarisability constants have a slightly different form for the two ground-state hyperfine

manifolds

Or YRb _45f’:0 + 5(5f/:1 — Af’:2

af=12 = 8714? 45 y (2260)
o 0'771—’)/& _(5f':1 + 55f/:2 — 45f/:3
Of=22 = A 20A ) (2.2.61)

where 64/ is the frequency offset of a given excited hyperfine manifold with respect to the centre of
the 2Py /2 manifold (for more details, see appendix . While the scalar and vector polarisability
constants scale with 1/A, the tensor polarisability constant scales with 1/A? for large detunings. Thus,
large detunings A > ¢ allow us to neglect the effect of the tensor interaction for most of the experiments
[115]. An experimental study of the effect of the tensor Hamiltonian is given in section m

The dynamics of the Rubidium atom has been simulated using the same approximations and procedure

as for the spin-1 atom. The simulation results are presented in combination with measurement results in

the next section (e.g. in figure and [2.3.4)).

2.3 Experimental Implementation of the Spin-Light Interface

In the last section, the theory for spin-light interaction has been presented. This section introduces the
experimental implementation of such a Faraday interface. The experimental setup, the spin in a bias
magnetic field and the polarisation homodyne measurement are discussed. After that, some standard

experiments are shown, which are useful in gaining a better understanding of the spin-light interaction.

2.3.1 Experimental Setup

In our experiment, the Faraday interface is implemented using a cold, dipole-trapped atomic ensemble.
The loading and characterisation of the atomic cloud are presented in chapter The atomic cloud is
interfaced with a detuned laser beam derived from a commercial titanium-sapphire laseIE| (Ti:Saph). An
AOM is used to switch the laser and control its intensity. The light is then coupled into a single-mode

optical fibre. After the fibre, the polarisation of the coupling beam is cleaned by a Glan-Thompson

IMSqured SolsTiS 5000 PSX XF laser system
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Figure 2.3.1: Scheme of the experimental setup of the Faraday interface. Details are given in the text.

polariselﬂ (setup shown in figure . A free space EOME| is used to modulate the polarisation of the
light. This can be used to drive the atomic spin, which is detailed in section 2.5] The half waveplate
(HWP) after the EOM is used to adjust the angle of the linear polarisation. After the HWP, there is
a mirror on a translation stage, which is used to displace the beam, followed by a 95 : 5 beam splitter.
Both, the mirror on the translation stage and the beam splitter, are used to allow the light to interact
twice with the atomic cloud in the hybrid experiment and are discussed in chapter §] A 200 mm lens
focuses the coupling beam onto the atomic cloud. The coupling beam is overlapped with the counter-
propagating dipole trap beam on a dichroic mirror. After the atomic chamber, the beam is recollimated
by a second 200 mm lens. For the hybrid experiment, the laser is then sent to the membrane setup.
For the experiments described in this chapter, the beam is directly detected in a polarisation homodyne
detection, which is detailed in section [2.3.3] However, before giving details of the detection, the spin

interaction with the bias magnetic field will be introduced.

2.3.2 Spin in a Magnetic Field

The Faraday experiments are performed in the presence of a bias magnetic field. The magnetic fields
are applied and actively stabilised by the small and the large Helmholtz coils, described in section (1.3
The external magnetic field B couples individually to the electron and nuclear spins of the atoms. Our
experiments are carried out in the limit of small magnetic fields, where the energy shifts due to the
magnetic field are small compared to the hyperfine coupling upg;B < hAy¢, where pp is the Bohr
magneton and g; is the Landé g-factor of the electron. In this limit, the coupling between the hyperfine
spin and the magnetic field can be treated as a perturbation and f,my are still good quantum numbers.
Thus, a hyperfine Landé g-factor can be defined, which for the f = 2 manifold of the Rubidium ground
state is given by gy = gs/4 + 3g¢;/4, where g, ~ 2 is the electron spin Landé g-factor and g; ~ —1073

is the nuclear Landé g-factor [105]. In most experiments, the magnetic field is applied along the x-axis,

2Custom made Glan-Thompson polariser from B-Halle with an extinction ratio of < 10~8, an anti-reflection coating
and a wavefront distortion of < A/10
3PCA4R-NIR from Qubig: bandwidth up to 150 MHz, anti-reflective coating

93



CHAPTER 2. SPIN-LIGHT QUANTUM INTERFACE

resulting in the magnetic Hamiltonian
Hp = hQfo + Qs f2, (2.3.1)

where the Larmor precession frequency is given by Qg = upB.(gs + 39:)/(4h) = psgsBz/h with the
hyperfine state Landé g-factor g; and the prefactor of the quadratic Zeeman term given by {)s =
—(upBy(9s—gi)/(4/h))?/Apt [105}|[116]. The first term in this Hamiltonian is the linear Zeeman effect and
leads to a spin precession around the magnetic field. The second term is called the quadratic Zeeman effect
and is the second order perturbation contribution of the full interaction Hamiltonian with the magnetic
field. It leads to different transition energies for adjacent Zeeman states, i.e. Qp, my1 = Qs+0Q5(2m+1),
and thus leads to a splitting of the spin spectrum into four (two) peaks for f = 2 (f = 1). The relative
strength between the two terms can be simplified by assuming that g, > ¢; and yields Qs /6Q ~ —Ape/Qs.
In our experiments, this is a large number > 10%. Assuming again that the magnetic field is applied along

B, it is useful to write the time evolution of the spin operators as

fy(t) = fy(t) COS(Qst) - fz(t) Sil’l(Qst>, (2.3.2)
f2(t) = f2(t) cos(st) + fy(t) sin(§2st), (2.3.3)

where fy7z(t) are the operators in the rotating frame at 25. The dynamics of their expectation value
depends on the quadratic Zeeman effect and on other interactions of the spin as for example the spin-

light interaction.

2.3.3 Polarisation Homodyne Measurement

The spin is read out by measuring the polarisation state of the light after the Faraday interaction. The
Faraday interaction maps the F, component of the collective spin onto the S’y polarisation of the light
(assuming the input light is polarised along S, see equation ) The Sy polarisation component of
the Stokes vector can be measured in a polarisation homodyne measurement. The implementation of the
polarisation homodyne measurement in our setup first includes a quarter waveplate (QWP). This QWP
is used to rotate the local oscillator from S, to the circular polarisation quadrature of the light, i.e. it
performs a rotation S, — S;, gy — 5”;, S, — —5“; Then a half waveplate (HWP) at an angle of 6nomo
and a polarising beam splitter (PSB) are placed (see figure [2.3.1). The intensity difference between the
two output ports of the PBS is given by

did, — didy = 2 cos(40home) Sy + 25 (40h0mo ) S-, (2.3.4)

where d; denotes the field in the two output ports of the PBS. The intensity in both ports is measured
and electronically subtracted from each other by a homebuilt balanced photodetectOIﬂ Depending on
the angle of the half waveplate, any superposition of S’y and S, can be measured. The ability to mea-
sure superpositions between S’y and S. turns out to be a useful feature for characterising the spin-light
interaction strength and will be used in sections [2.6.3] and [2.6.4] For most measurements, the angle of
the half waveplate is set to Opomo = 0 such that the S‘y component of the light is measured.

4Balanced photodetector SP 1’023 with an amplification of 10%.
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Magnetic Field along the Propagation Axis of the Light

The collective spin length of the atomic cloud can be measured by applying a magnetic field along the
propagation axis of the light and polarising the atoms along the same axis. The E, component of the
spin is then static and can be approximated by F, = fN,. The measurement yields S'y = oS, F,. By
calibrating the photon flux S, this gives direct access to the spin length F.

During the spin initialisation, the spin is always polarised along the x-axis. In order to obtain a spin
along the z-axis, the magnetic field is slowly rotated from B, to B, after spin-pumping (represented in
figure 2.3.2)(a) and (b)). The mean spin follows the magnetic field adiabatically. The signal from the
balanced detector is measured with an oscilloscopeEI with a high impedance input. Some measurement

traces are shown in figure 2.3.3]

Oscillating Spin Signal

In order to implement a spin-oscillator as required for the hybrid experiment, a bias magnetic field is
applied along the x-axis orthogonal to the k-vector of the light along the z-axis. The spin is polarised along
the magnetic field. An rf pulse can be employed to tilt the spin with respect to the x-axis, as detailed
in section The FZ component of the precessing spin is mapped onto the 31, polarisation. Thus, the
measured Faraday signal oscillates at the Larmor frequency. The detected signal is then demodulated
by a lock-in ampliﬁeﬂ or a spectrum analyselﬂ In the demodulation process, the homodyne signal
D(t) = (did, — dld,)/2 is mixed with a reference signal V,(t) = v/2exp(—iQt) at the demodulation
frequency €. The signal is then low-pass filtered in order to obtain the in-phase I(¢) and the quadrature
Q(t) components

DIV, (): = Z(t) = I(t) +iQ(1). (2.3.5)

In order to get an intuition for the demodulation process, it is useful to consider a spin initially polarised
along the z-axis in a magnetic field aligned with the x-axis. The equation of motion of the spin can be
expressed in terms of the rotating frame variables (see equation ), whereby the detection is given
by

D(t) = (8,) = 015, (f.) = a1 8, (< £.) cos(Qut) + fy>sin(Qst)> : (2.3.6)

where the quantum fluctuations were neglected and the homodyne angle is set to fnomo = 0. The

demodulation of the signal results in the following traces

() = %a@. (172 cos(t) + (7, sin(a1)) (2.3.7)
Q(t) = %algw (~(7,) cos(dt) + (£2) sin(st)) (2.3.8)

where 0 = Qg — Qg is the detuning between the Larmor frequency and the demodulation frequency.
Reconstruction of the slowly rotating spin components can be achieved from the detected quadrature
signals. Care has to be taken, because the detection efficiency is not included in these equations. Moreover,
the lock-in amplifier and the spectrum analyser have an input impedance of 50 €2, which makes it necessary

to consider an additional factor of two. The rms-signal is defined as the geometrical mean of the in-phase

5Keysight, InfiniiVision DSOX2004A: bandwidth: 70 MHz; sampling rate: 2 GSa/s
6Zurich instrument HF2LI
"Rohde & Schwarz, FSV, 7 GHz
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Figure 2.3.2: (a) Experimental sequence for the on-axis Faraday experiments. (b) Schematic represen-
tation of the spin preparation in the F, state by slowly rotating the magnetic field. (c) Faraday angle
for different detunings. The Faraday angle is normalised by the number of atoms in the cloud which is
obtained from absorption imaging. The Faraday angle is smaller than what is expected for N, atoms in
the focus of the laser (yellow line). The fit (red line) overlaps nearly perfectly with the model of an atom
interfaced by the average intensity of the Gaussian laser (blue line).

and the quadrature components. In case of the example given, this can be expressed as

R(t) = VI + QE = %als*ﬂ/<fy>2 (e (2.3.9)

From the in-phase and quadrature components, the PSD is calculated using a python-code. This is

presented in appendix [C.4]

2.3.4 Faraday Interaction with an On-Axis Spin

The Faraday effect predicts that the linear polarisation of the light is rotated proportionally to the
collective spin component along the propagation axis of the light. A first experiment demonstrates this
effect in its simplest form: The collective atomic spin is polarised along the z-axis and then probed with
a far-detuned laser beam. This experiment is used to calibrate the strength of the spin-light interaction.
Assuming that the laser is polarised along S, = Sp, for small rotation angles the outgoing polarisation is
given by S’éom) = S’éin) + 1S, F,. In the experiment, the input power is calibrated so that the measured
Faraday signal can be normalised to obtain the Faraday angle
a(out)

(0) = % = %a1<Fz>- (2.3.10)
If the atoms are well polarised, the total spin length is given by (F.) = 2N,, where the number of atoms
in the cloud N, can be measured by absorption imaging, as described in the previous chapter.

In the experiment, the atoms are first polarised along the z-axis parallel to a bias magnetic field
(sequence schematically shown in figure 2.3.2](a) and (b)). The magnetic field is then slowly rotated by
90° from the x-axis to the z-axis so that the mean spin follows adiabatically. After the spin rotation,
the atoms are interfaced with far-detuned light. Atom counting by absorption imaging is performed in a
separate measurement.

The Faraday angle is measured for different optical powers and numbers of atoms (varied by changing
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Figure 2.3.3: Data (in colours) and simulation (dashed black line) of the atoms prepared in the f =
2,my; = —2 state and then probed with light for different detunings and different powers. In all plots,
the x-axis is rescaled by the probe power to point out the scaling of the decay with power. Changing the
power for the simulation only changes the time scale of the dynamics. So if the x-axis is rescaled by the
power, the simulated dynamics is independent of the probe power.

the duration of the MOT loading time). The measured signal is divided by the number of atoms in the
cloud and is shown in figure (c) If all the atoms were in the laser focus, the Faraday angle would
be (A) = a1 N,, shown as the yellow line in figure [2.3.2)(c). However, because the atomic cloud waist is
about the same size as the waist of the laser beam, the average spin-light coupling is at a lower intensity
and the Faraday signal is reduced. The fitted reduction factor for this experiment is (n) = 0.52 (red line)
and depends on the geometry of the laser and the atomic cloud. Here, we see that this effective coupling
factor is relevant for characterising the spin-light interface. Therefore a more formal introduction is given
in section [2.4] However, before considering the effective collective scattering of a realistic atomic cloud,

this measurement will be analysed in more detail.

2.3.5 Spin Decay for an On-Axis Spin

As in the last section, we consider an atomic ensemble polarised parallel to a magnetic field along the axis
of propagation of the light (z-axis). In this section, we consider the spin dynamics during the probe. As
mentioned before, the resulting Faraday signal is then given by S?Sout) = a1 S, F,. Probing the spin with
light leads to the spontaneous scattering of photons, depolarising the spin. If the atoms are modelled as

a spin-1/2 system, we expect an exponential decay of the (F,) component of the collective spin (shown
in equation (2.2.40)). Furthermore, for the spin-1/2 atom, the decay rate scales with P/A?, where P
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is the optical power. Even for the more complicated spin-1 model, the (Fz> decays exponentially with
a rate v, o< P/A%. However, the measurement results from the cold Rubidium-87 ensemble are more
complex: The decay of the expectation value of F. looks more like a double-exponential decay than a
single exponential decay, as shown in figure The measurement traces scale with the optical power,
but show a qualitatively different dynamics for different detunings.

In order to understand the spin dynamics for this measurement, a simulation of a single Rubidium
atom in the presence of a bias magnetic field and a linearly polarised laser was performed, similar to
the simulation described in section 2:2.2] and shown in figure for the spin-1 model. The simulation
overlaps well with the measured data for sufficiently large detunings, shown in figure [2.3.3] There is a
discrepancy in the decay rate between experiment and theory for a detuning of A = 27 x 10 GHz which
is not understood so far. But for the other detunings, the theory reproduces the data quite well.

Since the simulation reproduces the measurement data quite well, we can use the simulation to gain
understanding of the dynamics of the atoms (e.g. the occupation in each Zeeman state), which cannot be
directly accessed by a Faraday measurement. In figure m(a) the occupation in the different Zeeman
states is shown for the detunings A = 427 x 10 GHz. It seems that for a detuning of A = 27 x 10 GHz, the
incoherent spin-light interaction mainly redistributes the occupation within the f = 2 hyperfine manifold,
whereas for a detuning of A = —27 x 10 GHz the atom decays with a higher probability into the f =1
hyperfine manifold. For a better understanding of this dynamics, the steady state occupation of the
f = 2 hyperfine state manifold is shown in figure 2.3.4)(b) as a function of the detuning. If the light is
resonant with f = 2, the population accumulates in the f = 1 manifold and vice versa. For a detuning
of A = 27 x 10 GHz the final expectation value of the projector on the f = 2 hyperfine state manifold
P, is indeed much larger than for a detuning of A = —27 x 10 GHz.

In order to understand the double-exponential decay of (F.), the expectation values of (F,) and (Py)
are plotted in figure (c) as a function of time. The initial decay of the expectation value of both
operators is approximately the same for both simulated detunings A = £27 x 10 GHz (as can be seen
in the inset). This indicates that the initial decay is caused by a decay to the f = 1 manifold and not
by a redistribution within the f = 2 hyperfine manifold. This initial decay continues for much longer
for a detuning of A = —27 x 10 GHz than for a detuning of A = 27 x 10 GHz. For a detuning of
A = 27 x 10 GHz, the f = 1 manifold is coupled by the light with a smaller detuning, therefore its
hyperfine relax-rate is much faster and the steady state is reached faster. This may be the reason why
the traces for a detuning of A = —27 x 10 GHz have a very clear double-exponential shape while the
traces for a detuning of A = 27 x 10 GHz seem to decay much more exponentially (while it is still a
double-exponential with a very fast first decay rate). The slower decay is then caused by a redistribution
within the f = 2 manifold. Interestingly this rate seems to be larger for a positive detuning than for a
negative detuning.

In summary, the decoherence dynamics of Rubidium is more complex than the spin-1/2 model. Similar
to the spin-1 model, both hyperfine manifolds are relevant in the decay process. But, unlike the simplified
spin-1 model, in Rubidium even the decay of (F.) changes when the sign of the detuning is reversed
(compare to section [2.2.2)).

2.3.6 Faraday Interaction of a Precessing Spin

In the last two sections, experiments with the magnetic field and the spin aligned with the propagation

axis of the light were discussed. In these experiments, the spin is static (except for the decay). For the
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Figure 2.3.4: Simulation of the atoms prepared in the f =2,m; = 2 state and then probed with light
for different detunings of A = +27 x 10 GHz. The x-axis is rescaled by the probe power to point out
the scaling of the decay with power. (a) shows the occupation in different Zeeman levels. In (b) the
steady state occupation of the f = 2 hyperfine manifold is shown for different detunings. The dashed
lines mark the resonance conditions for the f = 2 and f = 1 hyperfine states. (c¢) depicts the dynamics
of the expectation values of fz (in the f = 2 hyperfine manifold) and of the projector into the f = 2
manifold f:’g.
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hybrid coupling experiment, a precessing spin-oscillator is needed. This spin-oscillator is realised by
placing the atoms in a magnetic field which is orthogonal to the direction of propagation of the light. In
our experiment, this bias magnetic field is applied along the z-coordinate, as described in section [2.3.2]
In this section, the spin precession around the magnetic field is discussed.

For the spin precession experiments, the spin is polarised along the z-axis (sequence is shown schemat-
ically in figure 2.3.5|(a) and (b)). In order to tilt the spin macroscopically, a rf drive is applied after the
optical spin pumping. With two rf coils (shown in figure , the spin can be tilted by any angle. The
duration of the rf drive is set to t,f = 30 ps < 1/, so that its bandwidth is higher than the quadratic
splitting of the Zeeman levels and addresses all transitions between the Zeeman states. The rotation
angle is controlled by adjusting the amplitude of the rf drive. When the coupling laser is switched on,
the F, component of the spin is mapped onto the polarisation of the light. Due to the precession of the
spin around the magnetic field, the projection of the spin along the z-axis (and thus the Faraday signal)
oscillates. The Faraday signal is measured and demodulated at the precession frequency of the spin. Two
typical measurement traces are shown in figure (c) and (d). The in-phase component is shown in
red, the quadrature component in blue and the rms-amplitude in black. For a weak rf-drive (as shown in
figure (c)), only the first two Zeeman states are occupied. Therefore, there is only one Lorentzian
peak. If a strong rf-drive is applied, (e.g. for ¥,y = w/2 as shown in figure (d)), all Zeeman levels
are occupied. Due to the quadratic Zeeman component, this leads to a dephasing and rephasing of the
individual Zeeman states. In the time-trace this is shown as a decay and revival of the spin signal (see
figure[2.3.5/(d)). In the spectrum, there are four Lorentzian peaks which correspond to the four different

transition energies between the Zeeman levels.

2.3.7 Tensor Interaction

In our experiment, the Faraday interaction is used to couple the collective spin to the light. But in addition
to the Faraday interaction, which can be modelled with the spin-1/2 atom, the light-atom interaction has
a higher-order term for the more complex Rubidium atom. The so-called tensor interaction arises from
the hyperfine splitting of the excited state manifold [110]. It is given by the Hamiltonian in equation
(2.2.54)), which is rewritten here for clarity

. A n A 1. ...
Hy; = ﬁaz(smtxz_yz + Sytey + gSO[Stzz —f(f+ l)ﬂf}) (2.3.11)

The terms in the tensor Hamiltonian depend on higher order spin operators as fwz_ya = fg — fi, tAIy =
fz fy + fy fz and t,» = ff In general, this leads to non-trivial dynamics of the atomic spin. However,
assuming that there is a bias magnetic field along the x-axis, the tensor components can be re-expressed

in terms of the operators in the rotating frame

72 72 F2 _ f£2 ror
foo_yo = f2 — Iy ;fz Ay 5 E cos(20t) — Msin@ﬂst), (2.3.12)
toy = (fofy + fyfo) cos(Qut) + (fof- + f-fu) sin(Qt), (2.3.13)
2 F2 2 £2 ror ;o7
t,2 = Iy ;fz Ay 5 E cos(20t) — Msin(mst). (2.3.14)

We are interested in the dynamics of the quantities co-rotating in the rotating frame. Therefore, the

terms rotating at 2Q)5 are neglected for the further calculations. Furthermore, the terms can be simplified
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Figure 2.3.5: A typical spin precession measurement: (a) shows the sequence, which is illustrated on a
spin-sphere in (b). The rf-angle ¥,¢ is controlled by setting the power of the rf drive. (c¢) and (d) show
the measurement for a weak (c) and a strong (d) rf pulse. The time trace shows the demodulated signal
with the in-phase (red), the quadrature (blue) and the rms (black) of the Faraday signal. The power
spectral density of the signal is calculated.
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by using that fa% + fy2 + ff = f(f+1) and assuming that the spin is well polarised parallel or anti-parallel
to the magnetic field. We yield

By = S (32~ £ + D), (2:3.15)
oy = sen((F) S — Dy, (2:3.16)
o = —5 (72— F(F + 1)) (2:3.17)

These simplifications will help to understand the dynamics of the tensor interaction. But before the tensor
Hamiltonian is rewritten in the approximate form, the polarisation state of the light is also re-written: In
the experiments, the atoms are interfaced with linearly polarised light. For the Faraday interaction, the
angle of the linear polarisation with respect to the spin and the magnetic field is irrelevant, as long as the
correct quadrature is detected. In the case of the tensor interaction, the dynamics strongly depend on the
angle of polarisation. Therefore, a HWP is placed after the polariser (see figure , which rotates the
polarisation angle by ¢. Here, we define the polarisation angle so that ¢ = 0 corresponds to horizontally

polarised light and ¢ = 7 corresponds to vertically polarised light. The Stokes vector after the HWP is

given by
S/ = S, cos(2¢) — Sy sin(2¢), (2.3.18)
5‘; =5, cos(2¢) + S, sin(2¢), (2.3.19)
S, =-5.. (2.3.20)

Inserting this into the tensor Hamiltonian and using the simplified expressions for the tensor spin opera-

tors, the tensor Hamiltonian can be re-expressed as

N = (14 14 1, .
Hs g =hayso | f(f+ 1)1 (650 — 55; cos(2¢p) — 55’; sm(2<,0))

+ dysen((f(2f 1) (55, cos20) - g8Lsin(ze) ) (23.21)
+ f2 <z§; cos(2¢p) + ;S’; cos(2¢p) — ;5’0) ] .

In this Hamiltonian, the first term is just a global energy shift that depends on the local intensity of the
laser. This adds to the scalar Hamiltonian of the light-atom interaction and can be modified by changing
the polarisation of the input light. The second term is already much more sophisticated: It couples the
y-component of the atomic spin to the linear polarisation of the light. Thus, the tensor interaction couples
different components of the atomic spin and the polarisation of the light than the Faraday interaction.
This interaction can become important if the outgoing light is coupled to the spin a second time. In this
scenario, the spin can interact with itself (for more details, consider [68]). So far, we have not observed
this self-interaction, so we focus on the third term. The third term is a quadratic interaction with the
x-component of the spin. As such, it is similar to the quadratic Zeeman splitting. Assuming that the
mean polarisation before the half waveplate is given by S, = Sy, the quadratic term can be written as

_ 3cos(2¢) — 1

ﬁé?fad) = hay25 5 2 = 16Quen f7, (2.3.22)

62



2.3. EXPERIMENTAL IMPLEMENTATION OF THE SPIN-LIGHT INTERFACE

where the shot noise of the light is neglected. The quadratic splitting 62, depends on the polarisation
angle of the light, on the tensor polarisability constant (which depends on the detuning) and the probe

power.

In the experiment, this quadratic splitting is most easily observed by scanning the optical power at
a given polarisation angle. For this experiment, the atomic spin is again pumped along the magnetic
field B,. Before probing with the light, the spin is rotated by 7/2 using a rf-drive so that it begins
precessing around the magnetic field. The oscillating F, component of the spin is observed via the
Faraday interaction. In figure (a) to (c) the time traces and the spectra of the Faraday signal are
shown for different powers and polarisation angles. At low optical power, the quadratic splitting by the
tensor interaction is negligible and the atomic levels are split mainly due to the quadratic Zeeman effect.
This leads to decay and revival in the time traces and to a splitting into four distinct Lorentzian peaks in
the spectrum. With increasing optical power, the quadratic level splitting is increased (for Opo1,in = 7/2)
or decreased (for ¢ = 0) by the contributions of the tensor Hamiltonian. At the magic angle 6p01in ~ 35°,
the light does not change the quadratic splitting of the different Zeeman levels.

In figure (d) a more systematic analysis of the quadratic splitting is shown for three different
probe powers. A cosine is fitted to the quadratic splitting of the Zeeman levels. From the offset of the
cosine, the splitting due to the quadratic Zeeman effect can be calculated (dashed line), which corresponds
to the expected value for the applied bias field. From the amplitude of the fitted cosine, the prefactor
@3Sy can be evaluated, as shown in figure M(e) A theoretical line for the prefactor is plotted in
yellow, assuming that all the atoms are in the focus of the laser beam. If the atoms are exposed to the
average intensity, the coupling is reduced by a factor of two which is shown in blue. In this experiment,
the fitted coupling strength (red) is somewhere in between. From this experiment, an effective coupling
strength can be calculated that does not depend on the length of the atomic spin. This experiment has
been performed with the old dipole trap geometry and is therefore not comparable with the calibrations

shown in section 2.6} For more details on the effective coupling strength, the reader is referred to section

24

The frequency splitting due to the tensor interaction could in principle be used to compensate for
the quadratic Zeeman splitting [116] (as can be seen in figure [2.3.6](a)) so that the atomic levels have
equal precession frequencies. In the experiment, this is not done for two reasons: (1) by setting the input
polarisation, the experiment is restricted to a specific combination of detuning and power for which the
tensor splitting exactly counteracts the quadratic Zeeman effect. Thus, we could not scan the parameters
as easily as before. (2) In the real cloud, the atoms are at different positions in the Gaussian beam,
so that the levels of each atom are split differently, depending on the local intensity at the position of
the atom. Using the light to shift the atomic lines therefore leads to dephasing of the atoms relative to
each other. For the experiments, the polarisation angle is set so that §Q¢, = 0 to minimise the effect of
the tensor Hamiltonian. The decay of the spin signal has been analysed for different polarisation angles,
as shown in figure (f) For an input polarisation that shifts the light only minimally, the decay is
minimised. Therefore, the polarisation angle was set to ¢ = 35°, so that the tensor Hamiltonian does not

produce a quadratic energy splitting of the Zeeman states.
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Figure 2.3.6: Measurement of the effect of the tensor Hamiltonian on the atoms at a detuning of —40 GHz:
(a) to (c) show data of three different polarisation angles ¢ for different probe powers. (d) shows the
quadratic splitting of the atoms as function of the polarisation angle for three probe powers. The dashed
line denotes the quadratic Zeeman splitting. In (e), the fitted pre-factor is plotted and in (f) the fitted
decay rate of the signal.
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2.4 Collective Scattering of an Atomic Cloud

So far, we have only considered the dynamics of a single atom in the presence of light which scatters all
light into the same mode as the input mode (see for example equation ) In order to obtain a
collective spin operator, the spin operator of a single atom was multiplied by the total number of atoms.
But both assumptions are not straightforward to make and it turns out that they are not fully valid in
our case. In this section we will discuss the more realistic scattering of an ensemble of atoms. Having a
realistic model for the light-spin interaction enables us to calculate the projection noise and the backaction
noise of the full atomic cloud [98].

But before we move on to an ensemble of atoms, let us look at the scattering of a single atom: For a
single atom only a small fraction of the scattered light overlaps with the mode of the incoming probe light
[94] (shown in appendix . In our implementation, only the light that is scattered into the same mode
as the probe light is detected or used in later experiments for the coupling to the membrane. All the rest
of the scattered light is not detected or used and therefore contributes to the decoherence of the system.
To get a more quantitative understanding of the system, one can perform a calculation, simplifying the
atom as a classical oscillator and the light as a classical drive [94]. In the following, we assume that
the mode of the incoming light is the Gaussian ugp mode (explicitly defined in equation ) The

fraction of light which is scattered into the incoming Gaussian mode is given by the overlap integral

between the radiation mode uizi;gle) and the Gaussian mode ugg
gOO _ l /oo /27r i u(Single)d¢TdT (2 4 1)
grad A 0 0 00 *rad ’

where &y is the amplitude of the radiated field into the incoming Gaussian mode and &;,4 is the amplitude
of the total scattering. The ratio between the total scattering of the atom and the scattering into the ugg
mode can be defined as the single atom cooperativity. The (forward scattering) cooperativity of a single
atom is then found to be given by the ratio of the atomic cross-section and the area of the Gaussian
beam Ciingle = Poo/Praa = 00/(2A4) [94] (see appendix . In order to obtain a large single-atom
cooperativity, one would have to focus the laser to a waist smaller than the wavelength of the light
Csingle > 1 = wo < A, which is not feasible, or use a cavity. In our experiment we take a different

approach and work with an ensemble of atoms.

2.4.1 Collective Hamiltonian

As soon as there is more than one atom, the scattered photons from individual atoms interfere. This
interference changes the mode of the scattered light u,,q. In the optimal case, the atoms are placed so
that the scattering interferes destructively in all modes except the Gaussian ugg mode. The geometry of
the atomic cloud can be engineered so that its scattering cone is perfectly mode-matched to the incoming
light. In a thermal gas, however, the position of the atoms is random. Sgrensen and Sgrensen have
shown that the mean position of the atoms gives the refractive index of the atomic gas while the random
position of the atoms gives rise to quantum fluctuations equivalent to decoherence by local spontaneous
emission [101]. Expressed in other words this means that a perfectly homogeneous cloud could be shaped
in such a way that there is only scattering into the Gaussian ugy mode and the scattering into all other
modes interferes destructively. But in a thermal atomic ensemble, the discrete position of the atoms is

random, which leads to an imperfect destructive interference of scattering into transverse modes and thus
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to a remaining scattering into 47. It turns out that this incoherent scattering corresponds exactly to the

spontaneous emission of a single atom times the number of atoms in the cloud.

For the calculations, the atomic scattering can be partitioned into scattering into paraxial modes
with a small opening angle and scattering into non-paraxial, diffusive modes [117]. First, we focus on
the scattering into the paraxial modes. Here, we decompose the paraxial modes into Laguerre-Gaussian
modes u,; (given in equation ) The collective Faraday Hamiltonian is then given by the sum over
all atoms j and over all paraxial modes p, [

QIF > Bz, 8) = Bu(x;)ak (2, 1) 7, (2.4.2)

Jpil

Hl,parax = —ih

where the local amplitude for scattering from the fundamental mode ugg into the mode u,; is given by
Bpi(rj) = upy(r;)uoo(r;) [85]. There is collective scattering of the atomic cloud into all modes wuy. For this
work, the scattering of the atomic cloud into paraxial modes is partitioned in two parts: the scattering
into the incoming Gaussian mode ugg and the scattering into all other paraxial modes upi£00. In order
to get the dynamics of the system, all modes except for the fundamental Gaussian mode are traced out
(i.e. only the atoms and the fundamental Gaussian mode are considered as system, all other modes are
part of the environment). So not only the scattering into the non-paraxial modes, but also the scattering
into the modes up£00 leads to decoherence. But before we look at decoherence, the coherent part of the

interaction will be considered in the next sections.

2.4.2 Collective Faraday Interaction

The coherent interaction in our system is given by the scattering of photons into the fundamental Gaussian
mode ugg. Thus, scattering in all other modes cause decoherence and is not considered in this section.
We consider only the ugp mode of the interaction Hamiltonian given in equation . For this mode
Boo(r;j) = |ugo(r;)|? is real. Therefore, we can simplify —iy/®r,(Ggo — d;r)o)/Q ~ S, (detailed in section
and get
Na
A% = 10, 8, Z”éj)fz(j)' (2.4.3)
j=1
where the effective coupling of the jth atom to the light is given by the local intensity of the laser
n) = Boo(r;). In the definition for a; used in this work (using the mode area A = mw3/2), the effective
coupling is ngj) =1 for an atom at the focus of the laser r; = (0,0,0). Effective spin operators can be
defined in order to write the Hamiltonian in a simpler form. In order to obtain effective spin operators

which still satisfy spin commutation relations, the first order collective spin is defined as [118§]

No ()
FO =S 50)

j=1 Ns,eff

(2.4.4)

7

where the effective coupling strength is given by nseg = (n2)/(ns) with (n?) = Z;V:al 77£JA)2/Na and
(ns) = Z;V:"‘l 77§j)/NSL [118]. By defining an effective polarisability constant &3 = 7 e, the coupling
Hamiltonian can be written as

Hy = ha, S.FW. (2.4.5)
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o N, [(n Na néj) " AG
P =y f0) F0) =3 (ns)eﬁ) fO
_ D g
, Mg ets

o = 8/7\714 ng oy = Tls eff(o)él
. _>al? k)
with 7s.cg = So@ ()
= hay S, F, Hy, = hay S, Ziva ﬂéz)fg)

= ha S, E

Holstein-Primakov approximation, assume identical spins fl = f

% P FZ & —_— <175> v
X =Uw X = Vam e
P = *Sng(F ) TN s — <7<]:7>2>Ps
OL2 _7: _:1: ~
s = 14'S Ty = (n2)T

Table 2.4.1: Collective spin variables for homogeneous and inhomogeneous coupling to the light consid-
ering a 8"Rb atom.

Due to the effective coupling of the atoms to the light, two quantities are re-normalised, the spin length and
the polarisability constant (see table for all definitions). This is done to preserve the commutation
relations of the collective spin. However, it comes at the cost that a single measurement is not sufficient

to characterise both renormalised quantities.

Input-Output Relations:  Assuming that the light is polarised along the S, = Sy axis, the output

field after the interaction with the atomic cloud can be written as

sz(/out) _ Aém) + & EW (2.4.6)
— 1(/m) + (ns)on F.. (2.4.7)

So the interaction with the light is rescaled by the average light intensity at the atomic positions ().

Quantum Limited Spin-Light Interface: = The mean spin-light interaction scales with (n,). But it
cannot be assumed that this scaling is the same for the projection noise and the backaction noise. In order
to obtain the scaling of the quantum noise contributions, the equations of motion of each individual spin

(similar to equations (2.2.42) and (2.2.43)), except that the Faraday term has to be scaled by 775")) have

to be included in the input-output relation of the polarisation quadratures of the light (the derivation is

explicitly shown in appendix [D.3)). The resulting spectrum is given by

S _ 5 (015:/2)* 02| (i) 2, (12,,()2 F0) )
S5,5,) = 5+ @ ot (2R szns s |+;;a s FOFDS 2|, (24.8)

where the decay rate of the spins 7 is assumed to be the same for all spins. While the contribution from

shot noise of the light has not changed, the second and third terms depend on the sum over the individual

()2 ()

spins times the intensity squared Zl ) To simplify this expression, it is useful to generalise the
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definition of the effective spin operator to higher orders [118]

) Moo/ D\
FO =3 (= £, (2.4.9)

=1 Ns,eff

With this definition, the PSD of the 31, Stokes-vector component can be written as

- S, 4155 /2)? _ A2F%5,
Ss,s, (W) ~ 5 + (615:/2) <75|F3§2>+O‘1' . (2.4.10)

(Qs—w)2+12/4 2

which is the same as equation (2.2.49) but with a scaled polarisability constant and a second order effec-
tive spin operator F(2). Note that the spin noise scales differently with the coupling efficiency than the
mean spin. However, if all spins are assumed to be initialised in the same state, the first and the second

order spin operators are the same FO = ]?‘(2), which simplifies the problem.

In order to calibrate the spin signal, often an on-axis measurement of the spin is performed. The
measured Faraday signal is compared with the number of atoms calculated from an absorption image,
as shown in section m This measurement gives only the first order (n;) effective coupling. It cannot
be used to calibrate the quantum noise without making any assumptions about the geometry. For a full
characterisation of the collective spin, a measurement of 1, .g has to be performed. This can be done by

measuring the spin noise rather than the mean spin.

Overlap Integral

In order to calculate (1s), (n2) and 7, o for a specific geometry, the atomic cloud is approximated by a
homogeneous cloud with atomic density n(r) (i.e. given in equation for a Gaussian cloud). The
effective coupling of individual atoms to the light can be written for a homogeneous cloud as continuous
variable ns(j ) ns(r) = Boo(r). Furthermore, it is assumed that all atoms are in an identical internal
state so that we can write f) — f. The sum over all atoms can then be approximated by an integral

over the atomic density, i.e.
N,
> = /an(r) (2.4.11)
j=1

where the density of the atomic cloud is normalised so that the integral over the total volume gives the
total number of atoms [ n(r)dV = N,. In the following, values for (n,), (n?) and 7, . are estimated for

given geometries. For this, the atomic cloud is approximated by a 3D-Gaussian distribution

1 72 22
TL(T, Z) = Na m exp 7wT exp 7wT s (2412)

as derived in section [I.6.1] for a dipole-trapped cloud. The full analytical expressions for the overlap

integrals are given in appendix [D.4]

Analytical Integration: Only for a few special cases do the integrals have analytical and readable
solutions: The integrals can be simplified by setting the atomic waist to wq , = wo/ V2 where wy is the

beam waist of the optical mode. Going to the limit of large Rayleigh lengths much longer than the atomic
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Our Experiment Large Fresnel Number, Vapour Cell
mode-matched waist with atomic density n

Cloud waist W, r 25.2 pm Wa,r = Wo/ V2 homogeneous distribution
Cloud length Wa, 10.5mm Wq,» K ZR cell length [
Mean coupling (1) 0.53 1/2 "N—Aal =1

: 2 nAz l
Mean coupling (nZ) 0.33 1/3 A arctan (E)
squared =7/8~0.39

Table 2.4.2: Calculation of the overlap integrals for the atomic cloud in our experiment and some limit
cases. For the vapour cell the case for an atomic density of n = N,/V and a cell length of | = 2zp is
calculated explicitly.

cloud length (i.e. the limit of large Fresnel number F = w2/(Aw,..)), we get F() = F(?) = 3F/4 and
&1 = 21 /3. In theory, this limit is described as the limit where the 1D- approximation is still valid |13].
Here, the mean spin coupling rate is reduced by a factor of (ns) = 1/2. In a previous work [68], this
factor of two was taken into account by rescaling the mode area of the light to A = mw? which results in
rescaling cr; but not the collective spin operators. This approach does work for mean values but not for
the variances, which must be rescaled by a factor of (n2) =1/3.

Another special case, where the analytical integration provides intuitively understandable results, is
a hot atomic ensemble in a vapour cell. Assuming that the cell is in radial direction much larger than the
probe beam, the effective coupling amplitude is given by (ns) = nAl/N, where n is the uniform atomic
density in the cell and [ is the cell length. In this example N, does not have a physical meaning and only
results from the definition of (ns) which is motivated by a cold atomic cloud. Calculating the equations
of motions for the spin or the input-output relations for the light, the factor N, cancels. For here, we
define the number of atoms N, = nV by taking the "volume" of the optical beam in the cell V' =1[A and
get (ns) = 1. Then, the variance has to be rescaled by a factor of (n?) = arctan(l/(2zr))(zr/l). This

approaches (n?) = 1/2 for small [ < 2 and gets smaller for longer cells.

Numerical Integration: For most geometries, no analytical expression for the integral is obtained.
Therefore, the integration is performed numerically. The mean (square) intensities are shown for different
parameters in figure The overlap of the Gaussian mode and the atomic cloud is best for a short
cloud with a minimal width. This makes sense because for this cloud all atoms are in the focus of the
laser. But in the next section we will see that this configuration leads to a faster decoherence of the spin
due to the coupling to higher order modes of the light.

The cloud parameters of the atomic cloud in our experiments are given in table The radial
waist is given by w,, = 25.2pm while the length of the cloud is estimated to be w, . = 10.5 mm. The
probe beam is at a wavelength of A = 780 nm, has a waist of wy = 50 pm and thus a Rayleigh length of
zr = 10.1mm. All calculated values are listed in table 2.4.2]

2.4.3 Decay due to Collective Scattering into Higher Order Modes

The next step is to consider the scattering into paraxial modes with p,l % 0,0. As explained above, only
the fundamental mode is measured in our experiment. Thus, we define that the spin and the scattered

ugp mode are part of the system while all other scattered modes are part of the environment and trace
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Figure 2.4.1: Calculations of the overlap integrals for different geometries and different optical modes:
In (a) and (b) the first order and the second order overlap integrals are plotted. In (c¢) and (d) the
cloud overlap with different scattering amplitudes (8p1—0(ri))i = >_; Bp,i=0(ri)/Na are plotted against
the cloud length (c¢) and the cloud width (d) (consider that (Bgo(r;)); = (ns)). In all plots, a probe laser
with a wavelength of A = 780 nm and a waist of wy = 50 pm is considered. In (a) and (c), the waist of
the atomic cloud is chosen to be w,, = 25.2m (solid line) and w, , = wo/v/2 (dashed line). In (b) and
(d), the length of the atomic cloud is set to w, . = 10.5mm (solid line) and w, , = 0.1 mm (dashed line).
The black lines (dashed and solid) in (c¢) and (d) show the fraction of the scattering into the fundamental

mode, i.e. 32, foo(r)/ (oo i Bpori) )
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Figure 2.4.2: The cross-section of the first few Laguerre-Gauss modes at the focus of the laser. The
mode for p = 0 corresponds to the input beam. The black line shows the mode of the scattered photons,
which is calculated by summing the plotted Laguerre-Gauss modes weighted with the coupling efficiency

(Bpa(ri))i =D Bpi(ri)/Na

over the environment. Assuming a memoryless environment, this yields the following Master equation

d 1 0 . Q20 ol o\
G0 = S B 5+ == 3 DY B | b (2.4.13)
p,17#0,0 J

This is a complicated Master equation and it is beyond the scope of this thesis to solve it. However, some
intuition can be gained: The pre-factor of the jump operators is given (in the continuum approximation,
see above) by the overlap integral between (,; and the atomic cloud. In order to estimate the relevance of
this decoherence process, this overlap integral can be calculated and compared with the overlap integral
with the fundamental mode (Byy. For a symmetric coupling between a Gaussian cloud and a Gaussian
input beam, all overlap integrals with [ > 0 are zero. In figure 2.4.1|(c) and (d) some of the overlap
integrals are plotted for different cloud geometries.

From the numerical calculation shown in figure [2:4.1] some trends can be seen: The shorter the cloud
and the smaller its waist, the stronger is the coupling not only to the fundamental mode but also to higher
order modes. As the cloud becomes longer and wider, the overlap becomes smaller. Thus, a trade-off
must be made between effectively coupling the cloud to the fundamental Gaussian mode and not coupling
it too strongly to higher order modes. It is also worth noting that for higher optical order p, the coupling
becomes smaller. For an intuitive understanding, the fraction between the coupling to the fundamental
mode and the coupling to all modes p < 5 is shown in figure (c) and (d). This fraction may provide
some intuition but it has a major shortcoming: The different optical modes couple to different spin waves,
given by the overlap of the atomic cloud with a particular optical mode F(1P) = $° i Bpi(r))f (). The
spin wave for the fundamental Gaussian mode is given in equation the spin waves for higher order
optical modes have fp;(r;) as weighting factor (instead of ngj ) = Boo(r;)). In general, the spin waves for
different optical modes are not orthogonal, so the decoherence of one spin wave affects the dynamics of
the others.

As a final geometrical estimation, the shape of the scattered mode is evaluated. For this, the scattering
into different modes has to be summed. If all atoms are initialised in the same state, the scattering of

photons into a given Laguerre-Gauss mode is determined by the overlap factor ), 5,(r;). In this case,
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Figure 2.4.3: Spatially resolved Faraday rotation by the spin-polarised atomic ensemble. Using a camera,
the beams from the two ports of the PBS in the polarisation homodyne setup are imaged. By subtracting

the two images, S, is obtained (a), by adding the images, S, is obtained, shown in (b) for the actual
experiment and in (c) for a reference image without atoms. The black contour lines show the 1/e and
1/€? lines of a 2D-Gaussian fit.

the beam shape of the scattered photons (into a paraxial mode) can be estimated by summing the modes
up weighted by the coupling efficiency (B,(r;))i = >, Bpi(ri)/Na. For the geometry of our experiment,
the resulting mode is again Gaussian (see figure [2.4.2]) with a waist of wi® = 39 pm, somewhat smaller

than the waist wg = 50 pm of the probe beam.

2.4.4 Measurement of the Scattering Cone

The scattering cone of the atoms can be imaged and compared with the theoretical estimates above. For
this, the atoms are polarised along the propagation axis of the probe light. The probe light is detuned by
—10 GHz. The Faraday effect rotates the linear polarisation of the input light. Normally, this polarisation
rotation is detected by a homodyne detection (as for example in the experiment described in section.
Here, instead of measuring the polarisation with a photodiode, a camera is used. The two beams from
the PBS output ports are focused onto the camera so that the focal plane of the beam is imaged. In the
data processing, the two images from both beams can be added or subtracted from each other. Adding
the two images from the PBS ports gives the spatially resolved Sg(fut). By subtracting the two images,

S’g(,out) is measured. As such, a spatially resolved polarisation homodyne measurement is performed.

The result of one experiment is shown in figure m The input beam is polarised along S,. The
mode of the S, polarisation is shown in (b) for the experiment with atoms and in (c) for a reference
measurement without atoms. The two images are very similar, so the atoms do not significantly change
the mean polarisation. However, the atoms scatter some photons into the orthogonal Sy polarisation. The
mode of the scattering cone is shown in figure [2.4.3|(a). The beam images are fitted with a 2D-Gaussian
to obtain the beam waist. The waist of the scattered beam is w® = 38 £ 2 pm. This agrees well with the

theoretical expectations.
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2.4.5 Summary and Conclusion

The interaction between a dipole-trapped ensemble of atoms and light is frequently represented by a 1D-
model [98, 106} |110} 114}, 115]. This provides a good first-order description of our experiment. In order to
provide an accurate 3D-description, it is necessary to consider that the atomic cloud and the light exhibit
an inhomogeneous distribution in space. Still, the Faraday interaction can be treated in a 1D-description
by defining an effective polarisability constant and effective spin operators. The measurement outcomes
of different measurements scale differently with the intensity distribution over the cloud: If the mean
spin is observed, the effective coupling scales with the mean local intensity at the position of the atoms.
However, the spin variance scales with the intensity squared. For the geometry in our experiment, we get
(ns) = 0.53 and (n?) = 0.33, respectively.

In addition to the coherent interaction with the Gaussian ugg mode, the atomic cloud also scatters
photons into other modes. These other modes are considered as an environment, the coupling to which
leads to decoherence. Such coupling to the environment has two different contributions: The random
position of the atoms in the thermal cloud leads to scattering of light into non-paraxial modes [101]. This
incoherent scattering occurs at the spontaneous emission rate of a single atom and is therefore covered by
the single atom description. In addition, there is coherent, collective scattering of the atoms into paraxial
modes p,! # 0,0 which are not measured due to imperfect mode-matching between the scattering cone of
the atoms and the incoming ugg laser beam. The decoherence rate of this process has not been calculated
in this work but some estimates can be made: Assuming that all spins are in an identical state, only
about 65 % of the forward scattered photons are scattered into the mode of the incoming beam. The
expected total decoherence is therefore significantly larger than the decoherence of a single atom. We
speculate that the additional decoherence rate will be about 35%/65% of the desired coherent coupling,
i.e. Yaaa = (0.35/0.65)Ts. But to confirm this, one has to solve equation rigorously.

2.5 Classically Driven Spin System

For manipulating the atomic spin there is a large toolbox available. In previous sections (see e.g. section
7 the initialisation of the spin system in a given state via optical pumping is presented. In our sequence,
this initial polarisation is along the bias magnetic field B,. Once all the spins have been initialised to
the same state, the collective spin can be driven using radiofrequency (rf) fields. This is an important
technique for both initialisation and characterisation of the spin. In the spin initialisation, the rf drive
can be used to rotate the mean spin with respect to the magnetic field before a probe field is applied. For
characterising the spin system, the rf field is applied during the probe. The spin response to the rf field
is then measured by the Faraday interaction. This section provides an overview of the ways in which rf
fields can be applied and of the resulting state or dynamics of the driven spin.

Experimentally, the rf fields can be applied by using coils. An analogous effect can be achieved by

modulating the polarisation of the light at radio frequencies:

Radiofrequency Coils: The atomic spin is typically manipulated by the direct application of rf
magnetic fields using coils. In the experiment, two coils are installed, one along the y-axis and one along
the z-axis (shown in figure [2.3.1)). Driving one of the coils with an rf modulation creates an oscillating

magnetic field along B, or By, depending on the rf coil. In the following, we consider the rf coil along
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the z-axis. The interaction Hamiltonian for the total magnetic field with a single spin is extended to
Hp = hQf, + hoQ f2 + h2QR cos(Qust) £ (2.5.1)

where Q¢ is the rf frequency and Qg is the Rabi frequency proportional to the rf amplitude. The Rabi
frequency (lg depends on the driving voltage, the coil parameters and the distance between the coil and

the atoms.

Radiofrequency Modulation of the Polarisation: An alternative approach is to utilise the Fara-
day effect to drive the atomic spin. An EOMﬁ can be employed to modulate the polarisation of the
light (shown in figure [2.3.1)). The polarisation is set such that the circularly polarised component of the
light is modulated. As a result of the Faraday interaction, a fictitious magnetic field is induced along
the propagation axis of the light. The resulting Hamiltonian for a circular polarisation modulation at a

frequency €2,¢ can be written as
H = hQ fr + h0Q% f2 + hay S0 cos(Quet) f- (2.5.2)

where gim(’d) is the modulation amplitude of the circularly polarised light. In this section, the shot-noise
contribution of the light is neglected, as it is only a discussion of the mean spin dynamics. By setting
2R = als’ngd), the same result as for the driving with the rf-coils is obtained. Therefore, in the

following, a general atomic drive is considered, which describes both possible driving mechanisms.

2.5.1 Two Level System

It is convenient to look at the spin dynamics in the model of a spin-1/2 atom first, before moving on to the
more evolved case of the Rubidium f = 2 ground state with five levels. Writing the Hamiltonian in the
x-basis instead of the z-basis (denoted by an index) allows us to obtain the Hamiltonian of a classically

driven two-level system in the form commonly used in quantum optics

. Q. 2005 cos(Qugt
a="( 2R cos(urt) ) (2.5.3)
2 \i20Qg cos(¢t) Q. N

Using the rotating wave approximation and defining the detuning between the Larmor frequency and the

ri-drive as § = Q¢ — 25, the Hamiltonian can be approximated in the rotating frame to

goif o Fim) (2.5.4)
2 \iQr =6 .

The dynamics of the driven spin is described by the well-known optical Bloch equations. But before

writing the dynamics of the system explicitly, the decay is modelled. In this section, the decay is given

8PCA4R-NIR from Qubig: bandwidth up to 150 MHz, anti-reflective coating
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by the following three jump operators

L= \A=f-r = va=(fy —ifo), (2.5.5)

Ly = it = v (fy +if2), (2.5.6)
Ly = /o fo- (2.5.7)

where L_ corresponds to lowering the m , state by one, f/+ increases the mp , by one and ﬁ¢ is a pure
dephasing of the precession around the x-axis. Given the Hamiltonian and the decoherence processes,

the equations of motion for the mean spin operators can be derived. They are given by

G =othy—a- () +3) - (B -3). (258)

2 2
%(fm = —On{fs) +6(f.) — w&), (2.5.9)
d =z _ 2 y + Y- + Yo 2

gy =—0(fy) - ——5—=(Fa). (2.5.10)

Here, the equations of motion are written in a frame rotating at ¢ (which is different from the definition
in equations and ) These equations of motion are the starting point for further discussion.
Note that in the experiment the spin can be optically pumped along the x-axis, which corresponds to
optically increasing the decoherence rate v_ or v;, depending on the helicity of the circular polarisation
of the pump laser. The optical pumping into the maximally polarised states with ( fm) = 41/2 can be

directly seen in these equations of motion by setting an imbalance between v_ and ...

Rf Pulse for Spin Initialisation

For many experiments (e.g. those described in sections and , a short rf pulse is applied to
the spin before it interacts with the probe light. For this, the rf coils are preferred over the EOM to
avoid the decoherence associated with the probe light. Assuming that the spin decay during the short
puls? can be I}eglected aI}d the rf—pu}se is resonant, the equations of motion for the spin are given by
%(fﬁ = QR<fy> and %(fy) = —Qr(f.). This corresponds to a rotation of the spin in the xy-plane. By
setting the duration of the pulse and the amplitude Qg, the angle of rotation can be set. In this way
a spin with a mean polarisation along the y-axis can be initialised while the magnetic field still points

along the x-axis.

Continuous Rf Drive during Probe

Alternatively, the rf drive can be applied during the probe. In order to simplify the equations of motion, it
is assumed that the decay of the system is symmetric (which is not generally true as shown in the equations
(2.2.38) to (2.2.40)), i.e. the spin decoherence is defined as v/4 = 74 = v- = 74/2. The equations of

motion of the spin can be solved most easily in the frequency domain. A Laplace transformation is

performed, assuming that the spin is initially polarised along the x-axis ( fx(t = 0)) = f,. In the
frequency domain, the system of equations is solved and transformed back. In the measurement, the
detected light is demodulated at the rf frequency Q.¢. To analyse these spectroscopy experiments, the in-

phase and quadrature signals are integrated separately over the measurement duration. This corresponds
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to an integration of the slowly rotating spin components, namely

_onSe (% kg oS f2 R0

fo =27 [ O = = e e (251
_Oélgx 2 - Ollgx foR

Que =22 [ ar = e e o (2.5.12)

From this result we can ascertain certain characteristics of the measurement outcome directly. Upon
scanning the rf frequency over the spin resonance (i.e., changing 9), I exhibits a dispersive shape
whereas Qi displays a Lorentzian shape. In case of strong driving Q0 > ~, the dispersive shape
dominates. Conversely, in the weak driving regime, the Lorentzian peak is larger by a factor 2 than the
dispersive signal. More quantitative, the fraction between the peaks of the Lorentzian and the dispersive
signal is given by Inax/Qmax = /1 + (2Qr/7)2/2. For the dispersive signal, the frequency difference
between the maximal and minimal in-phase signal is given by 7 .~ = #+/(7/2)? + Q% and thus
directly depends on the drive amplitude. In the case of a two level atom this could be employed as a
means of calibrating the drive amplitude without the necessity for any further calibration. Often, the
rms of the signal is of interest, which is given by
1S, foQr\/(7/2)? + 62

Rine = £/ I? 2 = . 2.5.13
CEV et G = T (/27 + 9+ ) (2519

The shape of the integrated rms of the system depends strongly on the drive amplitude. At large drive
amplitudes the eigenvalues of the spin are dressed and there are two resonance peaks (Autler-Townes
splitting). This dressing signature is related to the dominant dispersive signal in the I;,; quadrature. For

a weak drive Qp < v, the integrated rms is reduced to a single Lorentzian

algw waR

VRPN

Rine ~ (2.5.14)

Signal Interference with the Classical Drive: Measuring the response to a drive can be used
to calibrate the spin system. However, this requires the drive amplitude Qg to be known. In order to
make a calibration independent of the drive amplitude, the interference between the drive and the spin
signal can be measured [119]. This is done by driving the spin with a polarisation modulation of S’;in).
The atomic signal is imprinted onto the S’y polarisation, while the S, component remains unchanged by
the Faraday interaction. In the detection, the spin signal and the drive can be interfered by choosing a

homodyne angle 0y0mo # nr.

In the last paragraph, we assumed that the spin decay is symmetric, i.e. that ( fmyz> all have the
same decay rate v. But in the epreriments we observed that the dephasing rate v, is often much larger
than the decay of the mean spin ( fg;) For simplicity, we assume here that v, = y_ = 0 and set v4 = 2.
Furthermore, we assume that the Rabi drive is weak and therefore the mean spin is not changed, i.e.
(f+(t)) = f. (these are the implicit assumptions by doing the Holstein-Primakov approximation in [119)]).

We integrate the signal over a time tiny > 1/v (tiny < 1/Qg, else our assumptions are not valid any
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more). For an arbitrary homodyne angle 0yomo, the measurement record is given by

1 ting S _
P (mod) 3
=5 | {qux( (1)) c08(Bhomeo) + 5D sin(Bomo)| dt (2.5.15)
algx f_:DQR(Stint g,ngd)tint .
= - 0 omo - = 0 omo /s 2.5.1
V2 (7/2)2 + 82 €08 (fhomo) + NG sin(Ghomo) (2.5.16)
a1 S, [hm 2 15y foQrtiney/2
Qint = ! (fy(t)) cos(Bnomo)dt = 155 JoSlrtinny/ (fromo)- (2.5.17)

V2 V2 (202 "

Again, only the classical mean values are considered and the quantum noise is neglected. The in-phase
component of the measurement includes the drive and the dispersive part of the atomic response, while
the quadrature component is given by the Lorentzian response. If the drive is weak, the resulting rms

signal reads

int)> [ . 4r .

Ri2nt = 5 51n2(0h0m0) + m (5 Sln(ehomo) COS(Hhomo) + I‘s COSQ (Ghomo)) ) (2518)
where I'y = o2 f, S, /4 is the spin measurement rate. The modulation amplitude appears only as a prefac-
tor. Scanning the homodyne angle 0},om, allows the spin measurement rate to be measured independently

of the drive amplitude. The experimental implementation of this calibration is presented in section [2.6.2

2.5.2 Five Level System

Analytically solving the equations of motion for a five level system, requires a lot of computation. Due to
the quadratic Zeeman effect, all levels have different spacings. This complicates the general solution of a
driven spin-2 atom so that no useful intuition can be gained from it. Therefore, the equations of motion
for the spin-2 hyperfine manifold are not solved in general, but only in the limits where either the drive
is weak or the problem can be approximated by a spin-1/2 model. The solutions are compared with a

numerical simulation to check their validity.

Pulsed Regime: To prepare the spin, a short, resonant rf pulse is applied. The duration of the pulse
T is chosen so that its bandwidth is much larger than the spin damping rate and the quadratic Zeeman
splitting, i.e. 1/7 > ~,, 8. For such a pulse, the Rabi drive is the same for all transitions between
Zeeman levels, so the atom behaves like a spin-1/2 system and a perfect spin rotation can be performed.

As such, the spin can be tilted by any angle using short pulses.

Continuous Regime for Weak Driving: For continuous weak driving of the spin, the different
transitions between the Zeeman levels can be resolved. In order to derive the result for the weak driving
regime, it is convenient to choose the quantisation axis along the bias magnetic field B,. For weak Rabi
drive, the populations in the Zeeman levels do not change and one can approximate P, m,» =~ 0. Following
the derivation presented in [93], in this limit the coherences are given by

Qg C(f,m)(nt1,0 — i e)

B —iQrft_’Yst/2
mm+1l,x — T 5 i ¢ 7 o
Pm,m+1, 2 75/2 - l(Qrf - Qm,7n+1) ( )
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where C(f, m \/f f+1)—=m(m+1), I, s = pm,me are the populations and Q,, 41 are the tran-
sition frequency between two levels including the quadratic Zeeman effect. The expectation value of the

spin projection along the propagation axis of the light is given by

f—1
<fz(t)> = % Z C(fa m) (pm,m+17:v - pm+1,m,w) (2.5.20)
m=2

f-1 —iQupt—yst/2
Q ret—s
R ¢ > (2.5.21)

= — C 5 2 Hm m_Hml’ R ( 3
(f m) ( +1, ’ ) ¢ WS/Q—I(Qrf—Qm,m-H)

m=2

Again we use the Faraday interaction to monitor the system. The expectation value ( f- (t)) is mapped
onto the polarisation state of the light, which is measured with a homodyne measurement. Demodulating

the signal yields the quadratures

g — m+1.7: 7Hm 'r) QR(Qm m-1 7Qrf) )2
’ ’ ’ . 2.5.22
\[ 7;:2 2 (75/2)% + (s — Qm,de)?e ’ (2:5.22)
= f-1
0115 (f7 ) ( m—+1,z _Hm a:) QR’YS/Q _mt)2
t) = : : oW/, 2.5.23
Q( ) \/g = 2 (’7@/2)2 + (Qrf - Qm,,m+1)2 ( )

The results again show a dispersive signal for I(¢) and a Lorentzian shape for Q(¢). Unlike the spin-
1/2 model, here the signal is the sum of four resonances, one at each transition frequency Q, m+1-
The amplitude of these peaks depends on the population difference in the levels. This can be used to
evaluate the population in the different levels, as described in section Thus, rf-spectroscopy is a
good tool for spin characterisation. In the limit of small quadratic splitting (e.g. for Qs < ), all
transition frequencies can be assumed to be equal and a global detuning can be written § ~ Qp, 41 —
Q¢. In this regime the Lorentzian function does not depend on m and the sum can be simplified to
Zf —LC(f, m)? (1,0 — Wina) /2 = ( fx> Integrating this approximate expression over time gives the
result of the spin-1/2 atom (see equations ([2.5.11)) and ( m

Continuous Regime for Strong Driving: In the presence of a strong, continuous drive, the ap-

proximations in the last section no longer hold. However, if the Rabi drive Qg is large, the Lorentzian

peak is broadened, as can be seen in the equations (2.5.11)) and (2.5.12). In the literature this effect is

called power broadening |102|. In the limit of strong driving, the broadening due to the driving exceeds
the quadratic splitting of the levels Qg > §{). Again, the spin-1/2 model describes well the dynamics
of the system.

Continuous Driving of the Spin with Different Rabi Frequencies

To illustrate the theory above, a series of experiments with continuous drive are discussed here. For the
different experiments, the drive amplitude and the detuning of the drive are scanned: for weak drives, the
four transitions between Zeeman levels can be resolved. If the system is strongly driven, the transitions are
power-broadened and the states are dressed, as discussed theoretically above. This series of experiments
can be used to calibrate the drive amplitude.

In the experimental sequence, the spin is polarised along the x-axis parallel to a bias magnetic field.

After preparing the atomic spin, the atoms are probed with —10 GHz detuned light with a power of
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100 uW. The linearly polarised light is modulated by the EOM to produce a circularly polarised com-
ponent of the light oscillating at rf that drives the atomic spin. The spin state of the atoms is mapped
onto the light by the Faraday interaction. The Faraday signal is measured with a balanced detector and
demodulated at the drive frequency. The demodulated signal is integrated over an interaction time #,¢.
Results for two different integration times are shown in figure [2.5.1

For a short integration time, the spin remains well polarised over the entire integration time. Thus,
by applying a weak drive, the transition between my¢, = —2 and mys, = —1 is mainly observed, resulting
in a single Lorentzian peak. However, if the spin is probed for longer, there is light-induced depumping
to other levels. Therefore, by integrating over longer times, the spectrum shows all four transitions in
the f = 2 manifold. The spin also decays into the f = 1 hyperfine manifold. The splitting between the
Zeeman levels in the f = 1 manifold is larger by a factor ~ 1.004 than the level splitting in the f = 2
manifold due to a different g—factorEI so the two transition energies of the f = 1 manifold can be observed
at slightly higher frequencies (at about 1.993 MHz instead of 1.985 MHz).

As the drive becomes stronger, the levels are power-broadened and dressed. The transition between
weak and strong driving is nicely seen in the integral of I(¢). For long integration times, there are multiple
dispersive signals in the weak-driving regime, one for each transition. As the Rabi drive exceeds the
quadratic splitting, only two peaks are distinguishable, corresponding to the dressed states. Integrating
over longer durations, we can see that there are two sets of dressed states, one for each hyperfine manifold.

To calibrate the EOM drive, two different quantities can be calculated from the data. The ratio
of the maxima of the in-phase and quadrature signals, I'max/@Qmax = \/W/’y, is plotted in
figure m(a) To the data a linear regression is fitted. It follows the expected trend. We obtain
A =5.66 V! (defined as Qr/vs = AUgom where Ugon is the control voltage for the EOM). With a spin
linewidth of v, = 27 x 500 Hz, this gives a Rabi frequency of Qr = 27 x 5.6kHz V~! x Ugon. For the
dispersive signal, the frequency splitting between the maximum and minimum in-phase signal is given
by Ad; = 2/(v/2)? + Q%, which is plotted in (b) For large Rabi drives, the splitting does
not follow the expected relation. The Rabi coupling of the light to the spins is inhomogeneous. At large

max/min

drive amplitudes, this could lead to a broadening or a de-phasing of the spins which is not considered in

the theory. Maybe this could be an explanation for the observations.

2.6 Characterisation of the Spin-Light Interface

In the current stage of the experiment, we are interested in a precise, quantitative understanding of the
spin-light interaction in two different scenarios: (1) for a classical, mean spin along the propagation axis
of the light and (2) for the measurement of the variance of the spin when polarising it perpendicular to
the propagation axis of the light. If all spins are exposed to the same intensity of light, it is sufficient
to know the number of atoms contributing to the coupling and the intensity of the light. In section [2.4]
we have seen that for a 3D-Gaussian cloud interfaced with a Gaussian beam, the signal of the collective
mean spin and the collective spin noise scale differently with the distribution of the light intensity. The

scaling factors were calculated from the geometry of the experiment. However, this assumes that the

9We have [105]

fF+) -+ ) +5G+1) | fE+D+il+ D) i+ 1)
3 .

2f(f+1) 2f(f+1)
So we have for the f = 2 manifold gy = (g; + 39:)/4 =~ 0.4998 and for the f = 1 manifold gy = (—g; + 59;)/4 ~ —0.5018.

95 = 9j (2.5.24)
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Figure 2.5.1: Response of the spin to a continuous drive. The Faraday signal on the light is detected and
demodulated. In the analysis, the demodulated quadratures are integrated over ¢,y = 3ms for (a) and
(b) and over iy = 79ms for (¢) and (d). The measurement is repeated for different EOM amplitudes,
corresponding to different drive amplitude QR The data for two different drive strengths is shown in (e)
and (f). Here, the rms amplitude Riy, = /12, + Q% and the phase ¢ = arctan(lin,/Qin¢) of the signal

are shown.
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Figure 2.5.2: From the rf-spectroscopy two quantities are calculated which depend only on the spin
linewidth and the Rabi frequency: (a) shows the fraction between the maximum of the dispersive and
the Lorentzian signal. It is fitted with the function Inax/Qmax = \/1/4 + (AUgom)2. (b) shows the
frequency difference between the maximum and the minimum of the dispersive signal. It is fitted with
the theoretical model Az, ... = 21/(v/2)2 + (BUgowm) (solid red line). As dashed red line, the fit
result of plot (a) is shown in (b), assuming a spin linewidth of v, = 27 x 500 Hz. The fit is failing for
large Rabi frequencies.

geometry is well known. Alternatively, Faraday measurements can be performed to directly measure the

collective coupling of the atoms to the light for the different scenarios.

In this section, calibration measurements are presented that allow us to calculate all the relevant
quantities for the effective coupling. In the first measurement shown in section [2.6.1] a quantum noise
measurement is compared with a measurement of the mean spin. It is observed that for some parameters
the measured noise is limited by the quantum uncertainty noise of the spin and the probe light. Moreover,
correction factors are obtained that are similar to those calculated from the cloud geometry. In a second
experiment described in section [2.6.2] the cooperativity of the spin-light interface is directly calibrated
by modulating the circular polarisation of the light. Finding a large cooperativity, the spin can be used
to squeeze the light, which is shown in section Furthermore, the decay rate of the spin is a very

important quantity for our experiment, which is calibrated in section [2.6.3

2.6.1 Characterisation of the Spin-Light Coupling Rate

A first experiment to characterise the effective spin length is shown in section 2:3.4] From this measure-
ment, the effective first order correction (7s) = 0.52 is inferred. For the probe geometry in our experiment,
we have calculated a theoretical value of (ng)¢, = 0.53 (given in table . In a second experiment,
the noise of the light is evaluated after the interaction with the spin. Integrating over the PSD of the
outgoing S, polarisation component described in equation (2.4.10)), we get the variance of the spin signal
(see equation ) By normalising the measurement with the photon flux of the local oscillator, the

variance of the Faraday angle is obtained,

Apw 1 &2 (. - V2 FP?S
var(fac) = ;TW 5 +%<2F§2>+0‘lww : (2.6.1)
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Figure 2.6.1: Spin calibration data: In (a) to (c), the variance of the ac Faraday angle after the interaction
with the spin is plotted for different atom numbers, here as a function of the on-axis dc Faraday angle
(calibrated in a second experiment). The data are fitted with a single fit parameter 7 o (red line). The
theory for perfect overlap is shown in yellow and the theory for (ns) = 1/2 and (n2) = 1/3 is shown in
blue. For the yellow curve the different noise contributions are plotted separately, as dotted line the shot
noise, as dash-dotted line the projection noise and as dashed line the backaction noise. (d) shows the
resulting effective coupling for different experimental parameters. The black line shows the theoretically
calculated coupling for our experimental geometry.

where Apgw is the integration bandwidth. This variance can be compared to the DC-measurement of the
spin length fpc = <ns>a1FZ(DC)/2 (where F{PO = F‘;EAC), e.g. in section , which directly yields 7 e

) _
var(fac) = A;TW 4‘;;5 + % (775,639DC + ns,eﬁw> . (2.6.2)
Here, it is assumed that all spins are well polarised. The photon flux 2S5, is easy to calibrate, oy is
known from theory, but we do not have a good estimate for the spin decay 5. In order to compare the
measured noise with the theoretical model one can either calibrate the spin decay, take the theoretical
spin scattering constant or alternatively choose a short integration time ¢;,; < 1/7s such that the variance
depends on the integration time instead of the spin linewidth, i.e. 75 — 27 /tint. The second approach is
used here in order to be as calibration-free as possible.

In two consecutive measurements, the spin length (i.e. fpc) and the spin noise (i.e. fa¢) are measured
for the same set of experimental parameters. In the experiment, the number of atoms is varied by changing
the MOT-loading time. The result of some measurements is shown in figure [2.6.1](a) - (c¢). The equation
is fitted to the data with only 7 .g as fit parameter. For different powers and detunings, values
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Figure 2.6.2: Spin measurement for a probe of A/(2r) = —5GHz, P = 50 pW for different numbers of
atoms. Even if the collective spin is only driven by the quantum noise of the light, there is a macroscopic,
coherent spin signal that cannot be described by single spin physics.

between niitf% = 0.6 and ns(ﬁeg = 0.9 are obtained (when neglecting two outlayers for small and large

detuning, see figure M(d)) From geometrical considerations we expect nét}% = 0.62 which is within
the range of the fitted values.

Integrating over short enough times and operating the experiment at not too high measurement rates
(i.e. small P/A?), the measured noise corresponds to what we expect for a quantum noise-limited spin
ensemble. However, at high measurement rates, the variance is much higher than expected from theory.
There is even a coherent, macroscopic signal that is not expected from a purely noise-driven spin signal
(see figure . This could be due to collective, self-driving dynamics of the spins, but we do not yet

have a conclusive model for this.

2.6.2 Spin Measurement Rate

In the last section, the spin was driven only by the quantum shot noise of the light. This result is
compared in this section with the measurements where the atoms are driven with a classical drive. In
this second calibration experiment, the atomic spin is driven by a weak, classical modulation of the
circularly polarised light as described in section A detailed description of the method used here can
be found in [119]. The z-projection of the spin state is mapped onto the S'y quadrature of the light,
which is orthogonal to the drive along S.. Using polarisation homodyne detection, different quadratures
of the light can be detected: either the spin signal imprinted on Sy or the drive on S, or the interference
of spin and drive. The detected signal is integrated over a measurement duration of t;,y = 3ms. The
results are shown in figure (a) - (c) for three different homodyne angles and various probe powers.
The experimental data are fitted with equation using a global fit function that includes the data
from all homodyne angles. The fit directly gives the measurement rate and the spin linewidth without
any calibration of the drive strength. The fitted measurement rate and spin linewidth are shown in figure
2.6.3|(d). The measurement rate increases with power, as expected. The fitted linewidth is Fourier limited
at short integration times. For longer integration times, light-induced decoherence leads to significant
occupancy in all Zeeman levels (not shown here). The multilevel structure of the atom is not taken into
account in the fit function, so occupancy in multiple Zeeman levels leads to broadening when using this

model. Nevertheless, the obtained linewidth can serve as an upper bound for the spin linewidth.
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Figure 2.6.3: Spin spectroscopy: The spin is driven by a modulation of the circularly polarised light. The
light is measured at three different homodyne (HWP) angles for different probe powers (different colors).
In (a) - (c) the integral of the demodulated signal is shown. Fitting the integral gives the measurement
rate and the spin linewidth, shown in (d). The yellow and blue theory lines are obtained by assuming
N, = 26 x 10° atoms in the dipole trap, measured by absorption imaging. The red lines are fits to the
data. The spin cooperativity can be calculated from the measurement rate and the spin linewidth, shown
in (e).
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In section only one single spin is considered for the derivation. It can be shown (see section
that considering the realistic three-dimensional coupling, the measurement rate is given by
=21 7(2)) g 217 (|
~ ai|Fx||S of|Fy||S,
4 4

So, the measurement rate has to be corrected by the mean square intensity. In order to compare the
data with theory, the number of atoms is measured by absorption imaging. Comparing the measured
spin response with the theoretical expectation gives a correction factor of (n?) = 0.71. This is a factor
of two larger than what would be expected from geometrical considerations or from the measurement
presented in the last section. This discrepancy is not yet understood. From the measurement rate and the

linewidth, the spin cooperativity can be calculated, as shown in figure [2.6.3|(e). The spin cooperativity
exceeds unity by an order of magnitude.

2.6.3 Characterisation of the Spin Decoherence Rate

In the last two sections, the coherent interaction of the spin with light was considered. Here a character-
isation of the spin decoherence rate is given. To measure the spin decoherence rate, the spin is polarised
along the x-axis and then tilted by 90° by a short m/2 rf-pulse. After initialisation, the spin precesses
around the bias magnetic field B,. A far detuned laser is used as probe. The light is measured with
polarisation homodyne detection and demodulated at the spin precession frequency. Some example data
are shown in figure (a). The oscillations of the envelope function shown in figure (a) are caused
by the dephasing and rephasing of the different Zeeman transitions due to the quadratic Zeeman effect.
An exponential decay is fitted to the oscillation maxima to extract the decoherence rate. These decay
rates are shown in figure (b) for various detunings and powers. The spontaneous scattering rate
of the two-level atom scales with P/A2. Here we see that the decoherence of the spin does not strictly
follow this relation, otherwise all the curves in figure [2.6.4)(b) would overlap perfectly.

The decay rate is normalised to the probe power and plotted as function of the detuning in figure
2.6.4|(c). In addition, the spontaneous scattering rate is plotted for two different cloud geometries (blue
and yellow curve). From the overlap geometry and using the oversimplified decoherence model of the
scattering of a two-level atom, we expect the decay to follow approximately the theory line for (ns) =
1/2. But the data are not even symmetric with respect to a sign change in the detuning. Therefore,
the decoherence constants for negative and positive detunings were fitted separately with a fit function
f(A) = A/(A—Ap)?. Interestingly, not only the amplitude A but also the offset detuning A is different
for the two fits: For positive detuning, a value of Ay = —27 x 10.5 GHz is obtained, for negative detunings
a value of Ag = 27 x 6.8 GHz. In order to understand the spin decoherence, simulations are performed
with the same parameters as the experiment. While the simulation does not follow the scattering model
of a two-level atom, the different Ay for different signs of detuning could not be reproduced with the
single-atom model.

In the previous sections it has been shown that spin decoherence is not given by the spontaneous
scattering rate, but a more advanced analysis is needed to understand spin decoherence. In order to get
the full picture of the spin decoherence, the following effects have to be estimated: (1) The spin decoher-
ence of real Rubidium is not just given by the spontaneous scattering rate. However, the simulation of a
single Rubidium atom does not reproduce all the features observed in the experiment. So, there must be

other explanations for the spin decoherence. (2) The different atoms in the cloud spontaneously scatter
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Figure 2.6.4: (a) Demodulated traces for a probe with a detuning of A = 27 x —10 GHz for different
probe powers. The higher the probe power, the faster the spin signal decays. (b) Fitted spin decay rates
for different detunings and powers. The data for each detuning is fitted separately with a slope and a
constant offset (e.g. due to magnetic inhomogeneities). The fitted slopes are plotted as a function of the
For (d), the effective coupling is calculated from the amplitude of the Faraday signal.
The coherent coupling to the light is symmetric with respect to the detuning.

detuning in (c).
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at different rates (due to different local intensities) and contribute with different weights to the scattering
into the fundamental mode. Additionally, the atoms overlap with different amplitudes with higher order
optical modes, which in turn leads to different dynamics of different atoms in the cloud. Ultimately, the
dynamics induced by a multimode Hamiltonian has to be solved to fully understand the decay. (3) In
addition, the coupling laser changes the trapping potential of the laser (as shown in section . A
red-detuned laser increases the trapping potential, while a blue-detuned laser pushes atoms out of the
trapping region. This potentially contributes to the decay of the atoms. (4) The atomic loss from the

trap is slow compared to the experimental timescale but could also be included.

The experiment presented here can also be used to calibrate the effective spin length. The amplitude
of the Faraday signal can be used to calibrate (ns). Mostly this is done using the spin polarised along the
magnetic field B, (as discussed in section . But it can be done with a precessing spin, as shown in
figure [2.6.4)(d). The fit yields an effective coupling of (1s) = 0.52 which is in good agreement with the

other experiments.

2.6.4 Squeezing of the Light Using the Spin

The cooperativity of the spin-light interface exceeds unity, as shown in section 2.6.2] In this limit, the
atomic spin can be used to squeeze the light, which benchmarks that the spin-light interface can be
operated in the quantum regime. In order to observe this squeezing, an experiment inspired by the
ponderomotive squeezing experiments in optomechanics is performed [63, |120]. Thereby, the Faraday
interaction is used to correlate two orthogonal (non-commuting) polarisation components of the light
(in ponderomotive squeezing, two orthogonal axes in the phase-space of the light are correlated). By
exploiting these correlations, noise below the standard quantum limit can be observed for some frequencies
and polarisation angles.

In detail, this is achieved as follows: Input shot noise in the circularly polarised component of the
light S’;in) drives the collective spin of the atoms through the Faraday interaction. At the same time, the

Sy?gout)

z-projection of the atomic spin is mapped onto the of the light. In the limit of large cooperativity,

the spin is mainly driven by the shot noise of the Séin). After the interaction with the spin, this spin

noise is mapped onto S'ZSOM), while the S'Sn) remains unchanged to first order. Thus, the noise in S'éout)
and Si"“t) are correlated. By detecting a superposition of the Séout) and the Séout) quadrature, this

correlation can be measured. The PSD for this squeezing experiment is formally derived in appendix
The resulting PSD at a homodyne angle 0yom, is given by

4T
(Qs - w>2 + (73/2)

S%’;Se =1+ 5 (cos2 (46homo) (7s/2 + T's) + sin(40homo) c08(40nomo ) (s — w)) , (2.6.4)
where the spectrum is normalised to the shot noise (see equation ) For some homodyne angles, the
second term of this equation is negative for some frequencies, corresponding to noise below the standard
quantum shot noise limit at those frequencies. Note that this equation is very similar to equation ,
where the spin is driven by a classical drive. The difference is that if the spin is driven by the shot noise
of the light, the first term (which accounts for the shot noise) is not multiplied by sin? (fhomo) because
the shot noise is present on both light components 5”3(,1“) and S’Sn). The classical drive is only applied to
one polarisation component, so there is a pre-factor sin2(9h0mo) in equation .

In the experiment, the spin is polarised along the x-axis and then interfaced with a far detuned probe
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Figure 2.6.5: (a) Squeezing of the polarisation of the light by —1.7 dB using the spin as non-linear element.
The data are taken at a detuning of —40 GHz and a probe power of 990 pW. The power spectral density
shown here is fitted using equation as the fit function (red line). (b) Calculation of the squeezing
for a given cooperativity. The angle and the detuning are optimised to maximise the squeezing. Some
selected data are shown in black.

light. The light is detected by a homodyne detection at a homodyne angle 6yomo. The results are shown
in figure [2.6.5(a). The maximum squeezing of the light is measured to be —1.7dB. Note that this
measurement was made early in the project with the old dipole trap design at a cooperativity of 1.1.

With the larger cooperativity achieved in the current setup, the squeezing could be significantly larger,

see figure (b).

2.7 Spin-Oscillator

For a large spin ensemble well polarised along a magnetic field, the collective spin can be approximated
by a harmonic oscillator by applying the so-called Holstein-Primakov approximation [121]. This is a
projection of the Bloch sphere onto the two-dimensional phase space. Intuitively, it can be understood
that this mapping is a good approximation at the poles of the Bloch sphere where the curvature is small
while it fails towards the equator of the Bloch sphere. To describe the hybrid experiment, we approximate

both the spin ensemble and the polarisation state of the light by a harmonic oscillator.

Holstein-Primakov Approximation for the Stokes Vector:  Assuming that the light is well po-
larised along the S, polarisation, i.e. \/<§5>, \/(82) < (S,), the commutation relation of the transverse

polarisation components is given by [S,(€), S (€")] = iSo(£)ed(€ — €'). This is the commutation relation
of a harmonic oscillator since Sy(€) is not an operator but a number. The quadratures of the harmonic

oscillator can be written by normalising the transverse Stokes vector components,

, S

X, = =L, (2.7.1)
V'S

B = 52 (2.7.2)

VS
where X, = (d}: +a1)/v2and P, = i(d}[ —ay,)/V/2 are given in units of the square-root of flux. The new

light quadratures satisfy the canonical commutation relations [X1,(€), Py (€)] = i6(2opt /¢ —t — Zopt/CcH+ 1)
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where ¢ is the speed of light (compare with equations (2.2.23)).

Holstein-Primakov Approximation for the Homogeneous Spin Ensemble:  Assuming that the
atomic spins are well polarised along the x-axis, we can write the x-component of the spin as classical mean
value ﬁ‘z — F, = <F’m> Then the commutation relation of the spin takes the form of the commutation
relation of a harmonic oscillator [}A?'y,}%z] = iF,. We can define spin quadratures by normalising the

orthogonal spin componentﬂ

K==, (2.7.6)
||
. _ K
P, = —sgn(F,) —%=. (2.7.7)
|F2|

Again, the creation and annihilation operators can be defined conventionally as X = (af + as)/v2 and
P, =i(al — a)/v/2. The spin quadratures satisfy the canonical commutation relation [X, P] = i. The
sense of rotation of a spin state in phase space depends on the sign of F, with respect to the magnetic
field, which can be seen from the prefactor of the spin momentum operator. If the mean spin F, is
anti-parallel to the magnetic field B,, the spin state oscillates clockwise in phase space, similar to a
mechanical oscillator. But if the mean spin is oriented parallel to the magnetic field, the spin state
oscillates counter-clockwise in the phase space. In order to write the (linear) magnetic Hamiltonian in
the Holstein-Primakov approximation, the mean spin is approximated by F, ~ F, —sgn(F,)(X2+ P2)/2.
Neglecting a constant energy offset, this yields

Hy = —Sgn(Fw)hQSM. (2.7.8)
Here it becomes even more apparent, that the sign of the oscillation frequency of the spin-oscillator
Q) = —sgn(F,)Q depends on the orientation of the mean spin. For a positive oscillation frequency, the
spin is prepared in the lowest energy state F,, = —Nf. Any excitation (e.g. by interaction with light
or the membrane) increases the energy of the spin. If instead the magnetic field is inverted, the optical
pumping prepares the spin in the highest energy state F, = Nf. Any excitation reduces the energy of
this negative frequency oscillator. The possibility of implementing a negative frequency oscillator has al-
lowed the observation of parametric instabilities [122] and inducing entanglement between remote atomic
ensembles [123] and between an atomic ensemble and a membrane [32]. In our experiment, it allows us

to generate parametric-gain dynamics between the collective spin and the membrane oscillator [29], as

10T follow the Holstein-Primakov approximation more formally, it makes sense to first write the in the Schwinger boson
representation. The spin can be perfectly mapped on two bosonic modes as and bs by writing

P = % (albs +bla), By = _% (albs —bla), £ = % (alas — 515 (2.7.3)

on can show that the commutation relations of the spin operators are fulfilled by this mapping. The bosonic Hilbert space
is finite by enforcing . ~

alas +bibs = 2F, (2.7.4)
where I is the total spin length. In our experiment, we polarise the spin either along I = |Fy| or Iy = —|Fy|, i.e. most
excitations are in the mode bs or as. For (I:_'T> ~ —|Fyl, dlds < l;ll;g and we can approximate

b \/2F, —alas (2.7.5)

This we can plug in the definition of the spin definition given in equations (2.7.3]). Performing a Taylor expansion and only
take the first order terms, leads to the Holstein-Primakov approximation.
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will be shown in chapter [4

The Faraday Hamiltonian can be written in terms of the harmonic oscillator quadratures
H = hn/AT X, Py, (2.7.9)

where I's = a4|S;||F;|/4 is the measurement rate of the system. The measurement rate of the system
is the rate at which a spin quantum is read out by the light. Having defined a measurement rate, a
spin cooperativity can be written as C' = 2I's/vs. The higher order coupling terms due to the tensor

interaction are neglected here. The interested reader is referred to the PhD thesis of Thomas Karg [68].

Holstein-Primakov Approximation for the Inhomogeneous Coupling: For the inhomogeneous
coupling of the spins to the light, the definitions of the harmonic oscillator quadratures have to be adapted
in such a way that the canonical commutation relations are still fulfilled [118]. Assuming that each

individual spin commutes with all other spins (i.e. uncorrelated spins), the modified quadratures can be

written as
. R (1)
X, = ) X = ——, (2.7.10)
(n?) ‘Fa(:l)|
N R r(1)
Ps = <77> Ps = Y y (2.7.11)
(n?) FO)|

and the measurement rate as

- ~2 F£2) g 21118,
4 4
With this definition, the Hamiltonian can be written as
H = h/4T XD, (2.7.13)

for the effective Faraday interaction.

Experimental Calibration of the Spin Quadrature: In the experiment, we measure the homodyne
VBOQ

rms

signal of the spin detection using a lock-in amplifier. The obtained voltage depends on the efficiency
and the amplification of the balanced photodiodes of the homodyne detection. To calculate the Faraday
angle, we have to compare this voltage to the maximal peak-to-peak contrast of the homodyne detection
Vop = 2V5. This voltage can be measured by continuously rotating the half waveplate of the homodyne
detection and measure the amplitude of the sine-signal. Considering that the V is measured using an

oscilloscope with high impedance input, the Faraday angle is given by

2BV

b 2V

(2.7.14)

where V29 is multiplied by a factor 2 to account for the impedance mismatch between the oscilloscope

and the lock-in amplifier and by a factor v/2 to convert the signal from rms to the (peak) amplitude.
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The factor two in the denominator comes from the definition of the Faraday angle. The effective X

quadrature of the spin is then given by

s (B 20
Gy \/@ _ &lm (2.7.15)
_ 2(6) 1 VX222 (2.7.16)

ViR TE] 2) Vepor 1Fa]

Here, the spin length |F,| = 2N, can be directly calculated from the number of atoms N, measured by
absorption imaging and the atomic polarisability constant «; is calculated from the theory. In order to
calculate the spin quadrature of the effective spin from the measurement record, we have to normalise
the signal by the squared coupling efficiency (n2). An effective occupation of the spin-oscillator can be

calculated using the equipartition theorem

183

(Xs(t) ‘2|' s(1)%) = :s(t)2>t~ (2.7.17)
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2.8 Conclusion and Outlook

In this chapter, the interface used to couple the spin of the atomic cloud to the polarisation state of the
light has been presented both theoretically and experimentally. We have shown that the Faraday effect
can be used to engineer a linear coupling between the atomic spin and the light. For a multilevel Rubidium
atom there are higher order tensor coupling terms of the light-spin coupling. By choosing an appropriate
polarisation angle of the light and performing measurements at large detunings the contribution of these
higher order terms can be minimised. Furthermore, it was observed that the spin decoherence is more
complicated than a decay at the spontaneous scattering rate. For some experimental configurations (spin
parallel to the k-vector of the light), the simulation of the atoms in the presence of the light could
reproduce the spin decoherence dynamics.

The coupling between the atomic cloud and the laser is strongly inhomogeneous due to the similar
dimensions of the atomic cloud and the waist of the laser. It was shown that we can account for this
inhomogeneity by defining effective spin operators and scaling the polarisability constant. The correction
factors for the effective coupling were calculated for the experimental geometry and compared with
calibration measurements. It was found that there is a good agreement between experiment and theory
for the coherent coupling.

It was shown that the spin-light interface can be operated in the quantum limited regime: A cooper-
ativity of Cy = 9 was measured by driving the spin with a polarisation modulation. For the same set of
parameters, the measured spin noise was in agreement with theory (A = —27 x40 GHz, P = 1mW). The
spin is mainly driven by the shot noise of the light which could be verified by squeezing the light using
the spin. We can conclude that for this set of parameters quantum control of the spin-light interface is
established.

But, there are some unresolved questions: The decoherence of the spins has not yet been modelled in
a way that matches our experimental observations. Moreover, at higher spin-light coupling rates (e.g. for
smaller detunings), the laser induces strong coherent spin dynamics. In the past, this phenomenon was

attributed to collective spin dynamics due to the highly non-linear dependence on the number of atoms
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[68]. In the centre of the atomic cloud, the atomic density is relatively high, with a value of nA3 = 0.26.
Consequently, the experiment is operated close to the limit of the approximation which treats the atoms as
independent scatterers. Nevertheless, we do not yet have a physical model to understand this dynamics.

Still, the spin can be used as a quantum system with high cooperativity if the parameters are chosen
in the regime where the spin dynamics is understood. In the following chapters the spin is modelled as
a harmonic oscillator, which is a good approximation for small tilts of the spin. With the relevant set of
parameters for the coupling experiment (A = —27 x 40 GHz, P = 1 mW), the characterised measurement
rate of this oscillator is I'y = 27 x 2.5 kHz with a linewidth of 75 = 27 x 520 Hz.
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Chapter 3

Membrane-Light Quantum Interface

In this chapter, the optomechanical system is introduced. It is demonstrated that this macro-
scopic system can be coupled to the light in the quantum backaction-dominated regime. This
is a fundamental prerequisite for conducting hybrid experiments in the quantum coherent

regime.

For this, it is necessary to ensure that the coupling of the membrane to the light field is
both strong and coherent. Therefore, a cavity is employed to enhance the optomechanical
interaction. However, for cascaded quantum systems the time delay in the loop should be
small compared to the oscillation period of the individual oscillators. This is achieved by op-
erating in the so-called unresolved sideband regime. The following chapter will introduce our
implementation of a membrane in such a cavity. Two different membranes are characterised:
a membrane with a phononic bandgap shield around it and a nano-pillar membrane. The
nano-pillar membrane, which is currently installed in the experiment, was optically cooled to
the cavity dynamical backaction cooling limit of nopt,min = 11. Furthermore, an optomechan-
ical cooperativity C,, > 1 was measured. This high cooperativity enables the observation
of ponderomotive squeezing of the light by 1.5dB. The ability to perform ponderomotive
squeezing experiments with the membrane oscillator shows that we are in a regime where

quantum coherent coupling of the membrane and the spin are in reach.

3.1 Brief Introduction to Optomechanics

3.1.1 Mechanical Oscillator

In our experiment, we consider the vibrational modes of a membrane. The different out-of-plane vibra-
tional modes of our membranes are well decoupled from each other, allowing each mode to be treated
as an independent harmonic oscillator. The Hamiltonian of one vibrational mode can be described as a
quantum mechanical harmonic oscillator with frequency €1, and with an effective mass meg

Fy ﬁ [2n meHQZ jj2

Hm — m 1117 31.1
2meff + 2 ( )
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where py, and &, are the momentum and the position operators of the membrane [54]. For the purpose
of subsequent calculations, we define dimensionless mechanical operators X, = @ /(v/2x4) and Py =
V2xopm /B for the membrane oscillator such that they satisfy the commutation relation [X,,I,Pm} =i
Here, the zero-point fluctuation amplitude of the membrane position is given by xg = \/i/(2megOm).
The resulting Hamiltonian of the mechanical oscillator is then

. X2 + P2

Hyp = 7= (3.1.2)

The membrane is coupled to the environment with an intrinsic coupling rate 7,,, which depends on the
material and geometry of the membrane oscillator. An important property of mechanical oscillators is
the number of coherent oscillations before the amplitude decays to 1/e, which is given by the Q-factor

Qm = Qm/Ym- Including the coupling to the environment, the Langevin equations for the membrane are

given by

at)zm = Qm-pm7

atpm - _Qme - ’Ympm + \V 2'Ympth7 (313)
where the thermal bath of the environment with an average thermal occupation ny, = kpT/(AQm)

for ng, > 1 acts as a stochastic driving force Py = i(ZA)Imin — Bm,in) /v/2 with white noise correlator
(P (1) P () = (ngn 4 1/2)8(t — ¢'). From this, the rate at which phonons from the environment excite
the membrane oscillator can be deducted, which is defined as the thermal decoherence rate vy th =

(ngnh + 1/2) Y-

3.1.2 Membrane in a Cavity

The coupling of the membrane to the propagating light field can be increased by placing the membrane
into an optical cavity. In the following, a short overview of the most important equations of a membrane
in a cavity is given. For a more detailed discussion of the following section, the reader is directed to
[54] for a general introduction to cavity optomechanics and to 68| [124] for the implementation in our

experiment.

Each cavity mode can be described by a harmonic oscillator. By placing the membrane in a cavity,
the resonant frequency of the cavity is altered. Here, we only consider a single cavity mode driven and

interrogated with a laser, given by
A A N
Heay = hQc(3m) | 7¢+ 3) (3.1.4)

where ¢' (¢) is the (unitless) creation (annihilation) operator of a photon in the cavity. The cavity reso-
nance frequency Q.(Zy,) depends on the position of the membrane. For small mechanical displacements,
the cavity frequency can be expanded to Qc(Zm) = Q¢ — Giy where G = —dQ./dx,, is the cavity
frequency shift per membrane displacement. We define the vacuum optomechanical coupling strength
go = Gzg, quantifying the interaction strength between a single photon and a single phonon. For a

membrane in the middle geometry, the value of gy depends on the position of the membrane in the cavity
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[125]. Omitting the constant terms, the optomechanical Hamiltonian reads as
ﬁom = _h\/igojzmé“‘é (315)

We assume that the cavity field is driven to a large coherent amplitude by a coupling laser. After
linearising the cavity Hamiltonian [54] and neglecting the offset which does not depend on the cavity
fluctuations, we get

How = —hgo/neV2Xm (¢ + &) (3.1.6)

where n, = (¢7¢) is the average number of photons in the cavity. The coupling rate between the dimen-
sionless quadratures of the cavity field and the membrane is defined as the optomechanical coupling rate
Jom = go/Nc. It should be noted that the optomechanical coupling rate is dependent on the number
of photons in the cavity and so the membrane-light interaction is enhanced by the optical field. In our
experiment, we use a highly asymmetric cavity. Consequently, it can be assumed that the cavity is only
coupled through one port, i.e. the cavity linewidth is approximately given by the coupling rate through
the first mirror k1 ~ k. In the following, we assume operation in the fast cavity regime, also called
unresolved sideband regime, where the cavity linewidth is much larger than the mechanical resonance

frequency x > Q.

Dynamical Backaction

Form the linearised optomechanical Hamiltonian given in equation (3.1.6]), the equations of motions for
the cavity operators and the membrane quadratures can be derived. The cavity operators are transformed
into a rotating frame at the light frequency. Furthermore, we assume that the cavity is driven by a free-

space light field with amplitude a;, (units of s7*/2). The resulting Langevin equations of the systems are

given by
B = — (g - iAC) ¢ — igomV2Xm — V/Riiin (3.1.7)
atXm = Qmpm7
0P = — 0 Xun — Y P — V2 (058 + Gome') + /29m P, (3.1.8)

where the detuning between the light and the cavity is given by A, = wy, — . By solving the linearised
coupled equations of motion for the cavity operator and the membrane quadratures, one can derive the
dynamical effects of the radiation pressure on the mechanical oscillator [54]. If the cavity mode of interest

is driven by an optical beam detuned by A., the membrane resonance frequency is shifted by

293ncAc

On = —F—5-
0 K2/4 4+ A2

(3.1.9)
In addition, the light can act as a damping force for a negative cavity detuning A, < 0 or a driving force
for a positive detuning A, > 0. Damping or driving the membrane alters its linewidth of the membrane

t0 Ym + Ym,opt with
4g3neAckOm

Ym,opt = _(Ii2/4 T A§)2 (3110)

In case of the damping force, the light can be used to cool the membrane. The maximum cooling

rate is obtained for A, = x/+/12. In the unresolved sideband regime, the optomechanical interaction
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is insufficient to cool the membrane to its ground state. The cooling limit of the optical cooling by

dynamical backaction in this regime is given by [54]

K24+ A2 K
Tfin,min = )
' 400 A Ac=—r/2 4Qn
K

Ae=—r/V1Z V120,

(3.1.11)

Here, the limits for the lowest temperature and for the largest cooling rate are given. The final temperature

of the membrane in presence of an optomechanical cooling beam is given by

nﬁn,min')/m,opt + TthYm
’Ym,opt + ’Ym

Nfn = (3.1.12)
For high temperatures (n¢, > Nopt.min ), this equation can be approximated by ngn & Ym. th/(Ym,opt + Ym)
where the numerator is given by the thermal decoherence rate. The additional term nqgpt minYm,opt takes
into account the heating of the membrane by the backaction of the cooling beam and thus results in the

cooling limit discussed above.

Interaction with the Propagating Field Outside the Cavity

In the hybrid coupling experiment, the cavity is tuned on resonance with the coupling beam. This
allows for turning on and off the coupling to the atomic spin without changing the membrane frequency
and linewidth. For a resonantly driven cavity in the unresolved sideband regime, the optomechanical
Hamiltonian given in equation can be written in terms of the propagating light field outside the
cavity as

Homot = —h2y/Tin Xm X1, (3.1.13)

where it is assumed, that the optomechanical coupling is weak gom < & [68]. Here, X1, = (4], + @)/ v/2
is the amplitude quadrature of the travelling light field (units of s~V 2) and the membrane measurement

rate is given by

492 490\°
T, — 2om _ (90> oy, (3.1.14)
K K

where &1, = (d;rndin> is the photon flux in front of the cavity. The cooperativity is the ratio between the
quantum backaction noise Sgn. imparted by the light on the system and the thermal noise Sy, driving
the system due to the coupling to the environment, Cy, = Sqba/Sin. For a resonant beam A, = 0, the
membrane cooperativity is given by Cp = I'ym/Ym,th. If the cooperativity is greater than one Cy, > 1,

the backaction noise of the laser dominates over the thermal noise on the membrane.

Starting from the Hamiltonian in equation (3.1.13]), we can write the input-output relation of the light

and the equation of motion for the membrane oscillator |68} |124]

Pty = BI () + 20/ T X (1), (3.1.15)
atXm = mpma
Oy Am = _Qme - ’Ympm + 4FmX]Ein) + v 27mpth' (3'1'16)
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Figure 3.1.1: Coherent input light drives an optical cavity with a membrane inside, interacting with the
membrane vibrations through radiation pressure. The light leaving the cavity is measured by homodyne
detection. For this, it is combined with a local oscillator which is derived from the driving laser. The
phase between the driving beam and the local oscillator can be controlled with a mirror glued on a piezo
crystal. By changing this phase, any superposition between the amplitude quadrature X, and the phase
quadrature Py, of the output light can be detected.

where X]Ei“) = (ain + @l )/V/2 and P]Ein) = (a4 — @ )/(iv/2) are the quadratures of the input field (with
units of s~/ 2). For a resonantly coupled cavity, the vibrations of the membrane are mapped onto the
phase quadrature of the light while the membrane is driven by the amplitude quadrature of the light. If
there is a detuning A, # 0, the equation of motion are more complicated [54, [124]. But for the purpose

of this work, the resonant equation of motions are sufficient.

3.1.3 Measurement of the Membrane Phonon Occupation

The membrane vibrations are measured by detecting the light which is reflected from the cavity. This
section, which is published as an appendix to [30], describes the calibration of the detected signal. The
vibrations of the membrane are detected via their effect on the phase of the beam reflected from the
cavity [54] (see figure . As described above, the membrane vibrations modulate the cavity resonance
frequency €2.. For a single-sided cavity, the phase ¢. of the beam reflected from the cavity with respect
to the incoming beam is related to the cavity detuning by [54]

(3.1.17)

¢. = arctan [ i ] ,

(r/2)? + AZ

where & is the cavity linewidth. A change in the cavity frequency 62, = Gz, thus leads to a change in the
phase of the reflected beam by an amount §¢. = —(d¢./dA¢)0Qe = —4G 2y, /K, where the approximation
holds for small detunings |A.| < . We can write the previous expression in terms of the vacuum
optomechanical coupling rate gog as
490 Tm
0pe = ———, (3.1.18)
K Xo
where we have used the zero-point fluctuation amplitude of the membrane xy. These phase variations
d¢. can now be measured interferometrically by means of balanced homodyne detection (laser path is

shown in figure [3.3.2](a)). For this, the beam reflected from the cavity is combined with a strong local
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oscillator on a polarising beam splitter. A half waveplate in front of the beam splitter is set so that both
beams have a splitting ratio of 50:50. The output beams are subsequently photodetected and the output

signals subtracted. The recorded balanced voltage can be written as
V = Vycos(Ag), (3.1.19)

with V the modulation amplitude, proportional to the square-root of the power of the beam reflected
from the cavity and of the local oscillator beam and with A¢ = ¢. — ¢r.o where ¢r,0 is the phase of the

local oscillator.

The modulation amplitude V} is inferred by modulating ¢1,0, thanks to a movable mirror in the local
oscillator path which allows to generate path differences of a few wavelengths (piezo mirror, see figure
3.3.2(a)). Vp can be extracted from the contrast of the observed interference fringes. In order to detect
the phase fluctuations d¢. of ¢. induced by the membrane motion, the relative phase A¢ is locked to 7/2,
i.e., the point where the slope of the fringes is maximal. For small shifts d¢. < 7/2, the recorded voltage
variation 0V (¢) is directly proportional to d¢.(¢), and thus to z,,(t). In practice, §V (¢t)/Vy is effectively
modified by a factor 1/n. due to imperfect cavity coupling, where 1. = k1/k is the fraction between the

cavity loss through the incoupling mirror x; and the total cavity loss k. We get

() = SV (t) mok
T Vo 4go

(3.1.20)

In order to determine the membrane phonon occupation n,,, we convert this to the dimensionless quadra-
ture operator X,,. By means of the equipartition theorem, we can also obtain (Xp,(£)2); = (Pm(t)?); and

thus relate the measured voltage variations to the membrane phonon occupation number.

In the experiment, the homodyne detection signal is demodulated by a lock-in ampliﬁeIEL which is
described in detail for the spin signal in section [2.3.3] This means that we do not measure the voltage
SV (t) but its rms value §V (¢)2°¢, which we further need to multiply by a factor of 2 due to the impedance
mismatch between the high-impedance output of the photodetectmﬂ and the 502 input impedance of
the lock-in amplifier. To convert the measured rms value to amplitude variations, we therefore need a

total factor of 2/2. This finally yields

ﬁm(t) + 1 — <Xm(t) >;‘<Pm(t) > _ <Xm(t)2>t
@) 1 (K0T L (kN OV
- () -5 Gn) (G 2

_ <5V(t)?&§>2( x )
n<Vo 290)
The values of k and gg, can be independently calibrated from the width of the Pound-Drever-Hall signal
and by measuring the optomechanical cooling using a detuned coupling beam (see for example section

3.3.3)), respectively.

1Zurich Instrument HF2LI
2Balanced photodetector Sp 1’023 with a signal gain of 10%.
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Power Spectral Density

In practice, it is often more common and easier to analyse the contributions to the mechanical signal
(thermal noise, backaction noise, zero-point fluctuations) in the spectral domain than in the time domain.
In the spectral domain, different noise sources can be more easily distinguished due to their different
frequency dependence. The mechanical spectrum can be obtained by solving the equations of motion in

the frequency domain. We get
Xon(w) = Xm(w) (ZQOmXc(w) - mpth(w)) : (3.1.22)

where x5! = (02, — w? — iymw) /U is the mechanical susceptibility and X (w) = (¢ + ¢7)/v/2 is the
amplitude quadrature of the cavity field. The membrane is driven by the shot noise of the light (first
term) and the thermal noise (second term). From this expression, the symmetrised power spectral density

can be obtainedﬂ [112]
SXme (OJ) = 2|Xm(w)|2 (gqbd(w) + gth(w)) ) (3'1'25)

where the backaction power spectral density is defined as [124]

5 _ Gom K K
Sapa(w) = =5 ((Fé/2)2+(Ac+w)2 + (K/2)2+(Ac_w)2> (3.1.26)

and the thermal power spectral density is defined as

Sen(@) = Y e (nth + 1) : (3.1.27)

Qm 2
Integrating the power spectral density over the resonance peak gives the occupation of the vibrational

mode of the membrane

> _ dw 1 Sqba(dm) 1
2 S We— =g+ = | + 222 —neg + —. 3.1.28
/O XX (@) 5 ( th 2) - ot 5 ( )
There are two driving terms after the first equality. The first term corresponds to the occupation due
to the thermal environment, while the second term results from an increased occupation due to the shot
noise drive of the probe laser. The thermal environment and the shot noise drive result in an overall

occupation of the membrane vibrational mode given by neg. If the membrane is optically cooled, the

mechanical susceptibility is modified as shown in equations (3.1.9) and (3.1.10). This optical cooling can
be taken into account in equation (3.1.28) by substituting vm — Ym + Ym,opt and n¢n — Ngn.

In a real experiment, we cannot measure the power spectral density of the membrane directly, but
we rather measure the power spectral density of the light reflected from the cavity where this signal is
encoded. If the power spectral density of the homodyne signal is measured (see equation (3.1.21) for the

3For an operator with stationary statistics, the Wiener - Chinchin theorem can be applied to obtain the PSD [112]

Soow) = [~ 01Ot = [

— 00

oo .

(Ot (—w)O(w'))dw'. (3.1.23)

From this, the symmetrised PSD can be calculated by summing over the positive and negative frequency components

Soo(w) + Soo(—w).

5 (3.1.24)

Soo(w) =

See appendix g for more details.
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time trace), we obtain

(3.1.29)

4n:Vogo 2 (UC%>2 _
T SXme (UJ) + 20, SPSU)PSH),

SVV(W) =2 (

where the first term is the mechanical signal and the second term is a white noise term from the phase

noise of a coherent light source S pin) plin) = 1/2. The shot noise is a constant background and can be
L L

subtracted in the analysis. By integrating the resulting power spectral density, the effective membrane

occupation is obtained directly

1 K S iy Vo) dw
gl _ dw 1.
Meff + 3 (47)CV090) /0 (S )= =g ) o (3.1.30)

In this derivation it is assumed that the cavity is probed with a resonant beam. In order to obtain

membrane occupation with a detuned probe beam, a correction factor is included to account for the finite

detuning of the cavity, for further details see [124].

3.2 Phononic Bandgap Shielded Membrane

Two different membranes have been used in this thesis: a membrane with a phononic bandgap shield
around it [126] in a first set of experiments (shown in chapter |5) and a nano-pillar membrane [127] in
a second set (shown in chapter @ Both membranes used in this work are made out of silicon nitride.
Stoichiometric SisN4 membranes can be fabricated with thicknesses of tens of nanometres and tensile
stresses on the order of GPa [128|. This results in vibrational modes at MHz frequencies with high Q-
factors and low effective masses of ~ 10ng, rendering them appealing for optomechanical applications
[55].

The phononic bandgap shielded membrane presented below has been extensively described in previous
works by members of our group [68], [124]. Therefore, for this membrane only a very brief overview will
be given here. The phononic bandgap shielded membraneﬂ has a thickness of 100nm and a square shape
with a side length of 270 pm. The silicon frame of the membrane is 200 pm thick and patterned with a
phononic crystal [126] (photograph shown in figure (a)). This creates a bandgap for acoustic modes
ranging from 1.5 MHz to 2.6 MHz. For the experiment, we used the 2, 2-mode (see figure[3.2.1)(b) and (d))
of the membrane vibrating at a frequency of €2,,, = 27 x 1.957 MHz with a room temperature Q-factor of
Qrr = 1.46 x 105 (a ringdown experiment is shown in figure (a)).

The membrane chip has a footprint of 5mm x 5mm (shown in figure [3.2.1)(a)). It is clamped to a
titanium mount using a brass and a kapton sheet (ﬁgurem(b) illustrates the novel cavity design, which
does not incorporate the brass sheet. The original cavity design which is used for the phononic bandgap
shielded membrane is presented in [68]). The membrane is embedded in an optical cavity consisting of
a concave mirror with a reflectivity of 7 = 0.995 and a curvature of R = 30 mm and a planar mirror
with a reflectivity of r3 = 0.9999. The cavity length is L. = 1.2mm, resulting in a finesse of Fy = 1230
(empty). The membrane is installed at a distance of Z;, = 0.2 mm from the planar mirror. The position
of both mirrors can be finely adjusted by using piezoelectric crystalsﬂ The piezoelectric crystal of the

planar mirror is used to alter the effective position of the membrane within the cavity and position it

4custom made by NORCADA Inc. (Canada)
5Piezomechanik, HPCh 150/15-8/3: maximal stroke: > 3 pum; capacitance: 790 nF
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Figure 3.2.1: Phononic bandgap shielded membrane used in our experiment: In (a) a photograph of the
membrane (white) embedded in the phononic bandgap structure (light blue) is shown. (b) shows a zoom
to the membrane. In the experiment, we want to couple to the 2,2-mode of the membrane. In (d), a
raster scan of this mode is shown, in (b) we see that the beam overlaps well with one of the antinodes of
this mode. (c) shows a spectrum of the membrane displacement measured at the position of the beam in

(b).

101



CHAPTER 3. MEMBRANE-LIGHT QUANTUM INTERFACE
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Figure 3.2.2: (a) Plot of a ringdown measurement of the 2,2-mode of the phononic bandgap shielded
membrane. For this measurement, the cavity is locked on resonance. The membrane is positioned inside
the cavity by moving the planar mirror to minimise coupling to the light, thereby avoiding any cooling
effect. (b) Result of the optomechanical response measurement versus the power in front of the cavity
(for further details, see section [3.3.3).

to achieve the greatest possible coupling to the light. The length of the cavity is actively stabilised by
applying a feedback on the position of the concave mirror. For this, an error signal is generated by
using the Pound-Drever-Hall (PDH) technique [129, (130]. By placing the membrane in the position that
provide the greatest coupling to the light, the cavity linewidth is also minimised. Fitting the slope of the
PDH signal, the linewidth of the cavity containing the membrane is found to be K = 27 x 77 MHz. We
characterise the membrane measurement rate (in the cavity) at different powers (see figure[3.2.2|(b)) and

calculate from this the vacuum optomechanical coupling strength gg = 27 x 224 Hz.

3.3 Nano-Pillar Membrane

3.3.1 Nano-Pillar Membrane

The phononic structure effectively shields the relevant membrane mode from external dissipation. How-
ever, it has been demonstrated that the primary limitation for the coherence of the vibrational modes
of phononic bandgap shielded membranes is the bending losses at the boundaries between the thin sil-
icon nitride membrane and the thick silicon substrate [131]. To overcome this limitation, the so-called
soft-clamped membranes have been developed [56]. In contrast to the approach in which the support is
patterned with a phononic bandgap structure, the membrane itself is patterned with a phononic bandgap
structure. A defect is engineered in the centre of the patterned membrane, which localises a vibrational
mode at the centre of the membrane. The membrane is designed so that the vibrational frequency of the
defect is within the bandgap, resulting in an exponential decay of the vibration amplitude in the phononic
bandgap structure. Consequently, at the edge of the membrane, the amplitude of the defect mode is close
to zero, thereby mitigating clamping losses. A multitude of different designs of soft-clamped membranes
have been implemented so far |55, [56| (127, [132] |133]. The majority of these designs rely on the periodic
removal of mass from the membrane by etching holes in the silicon nitride to form the phononic bandgap
structure |56} |132, [133]. In this work, we use a membrane on which arrays of nano-pillars have been
grown to periodically vary the material density of the membrane [127].

Similar to a membrane where mass is removed, a periodic density change by adding mass creates a
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Figure 3.3.1: The nano-pillar membrane used in our experiment. (a) shows a image of the membrane. In
dark, one can see the arrays of nano-pillars. The bright spot in the middle is the light of the cavity mode.
The dust particles on this image come from the imaging system and are not on the membrane itself. In (b)
a raster scan of the (thermally driven) vibration amplitude of the defect mode of the membrane central
region is shown. The dark spots in the raster scan are the regions with the nano-pillar arrays, where there
is no reflection from the membrane. (c) shows the thermal spectrum of the membrane. It has a clearly
visible bandgap from 1.79 MHz to 2.59 MHz. The defect mode has a frequency of Q,, = 27 x 2.274 MHz.
In (d) a ringdown is presented for the membrane in a 10 K environment which yields Qox = 5.1 x 107.
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bandgap. However, by simply adding mass by modulating the thickness of the membrane, the stiffness
is increased and again the bending losses will affect the coherence of the oscillator. By patterning the
membrane with an array of nano-pillars in the regions of higher mass, the dissipation effect can be reduced.
In order for this approach to be effective, the diameter of the nano-pillars must be small compared to the
wavelength of the phononic mode |127].

The nano-pillar membrane in our experiment has been fabricated by the group of Ulrik Lund Andersen
at DTU in Lyngby, Denmark and is described in [127} [134]. In the fabrication process, a 20 nm thin layer
of stoichiometric silicon nitride is grown on a silicon wafer via low-pressure chemical vapour deposition
[134]. A 1pm thick layer of silicon nitride is deposited using plasma-enhanced chemical vapour deposition
(PECVD). The pillar pattern is transferred to the membrane by uv-lithography of a photo resist followed
by reactive ion etching of the PECVD layer. A window is etched from the backside to remove the silicon
bulk in the membrane region [127].

In our experiments, we use a square membrane with side length of 3.7 mm. The membranes have been
patterned with a hexagonal unit cell containing regions without nano-pillars and circular regions with
arrays of nano-pillars (see figure (a)). One array of nano-pillars has a diameter of 73 pm. The array
of nano-pillars is again formed by hexagonal unit cells of nano-pillars with a diameter of 1 pm, a height of
1pm and a centre-to-centre distance of 2.5 pm. In the centre of the membrane, one array of nano-pillars
is missing. This defect in the phononic crystal localises vibration modes in the centre of the membrane.
For our membrane, the central defect has a diameter of 370 pm.

A vibration spectrum of the nano-pillar membrane is shown in figure m(c) It is evident that the
periodic structure of the nano-pillar arrays creates a bandgap, within which there is an isolated mode at
Qum = 27 x 2.274 MHz. This mode can be driven by light, while the smaller modes in the bandgap do
not respond to an amplitude modulation of the light. The Q-factor of the mode at 2, = 27 x 2.274 MHz
is measured by red-detuning the cavity by multiple cavity linewidths (for which the cavity is locked to
the cavity transmission instead of the PDH as error signal) and a probe power of only 20 uW. It should
be noted that the membrane resonance may still be broadened by the red-detuned light, which means
that the Q-factor given here is only a lower bound. At room-temperature, we measure a Q-factor of

Qrr = 1.5 x 107. Going to a temperature of 10K, the Q-factor increases to Q1ox = 5.1 x 107 (shown in

figure [3.3.1](d)).

Mode Imaging by Raster Scan: @ We can image the spatial shape of the vibrational mode of the
membrane in a separate setup (similar to |[135]). For this, the membrane is placed in a vacuum chamber
(without cavity). A beam of light is focused with an objective lens onto the membrane, which results in a
beam waist of 4 um. An automated 2D-piezo stage is used to move the laser focus across the membrane.
At each point, a spectrum of the mechanical displacement in the thermal environment is acquired by
homodyne detection of the reflected light (more details are given in [124]). In order to obtain an image of
a specific mode, the spectrum is integrated over a bandwidth of 50 kHz around the vibrational frequency

of the mode of interest. The image of the defect mode of a nano-pillar membrane is shown in figure
3.3.1|(b).

3.3.2 Cavity Design, Operation in the Cryostat

To enhance the coupling of the membrane vibrations to the light, the membrane is placed in an optical

cavity. For this, the membrane is clamped to a titanium mount using only a kapton sheet. It has been
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Figure 3.3.2: (a) Laser path of the optomechanical setup. The Ti:Saph laser is split into two parts. One
is used as locking beam (right), the other one is used as coupling or cooling beam. The coupling/cooling
beam is frequency shifted by 95 MHz for coupling and by 128 MHz for cooling operation with an AOM.
It passes the atomic chamber (not shown here, see figure for more details) and is combined with
the locking beam on the last PBS before the cavity. The locking beam is shifted by 100 MHz with an
AOM. A fibre coupled electrical optical modulator (EOM) is used to put sidebands at 513 MHz for the
PDH lock. The locking beam is intensity stabilised by a PID control on the AOM. After the fibre, the
locking beam is split into a local oscillator part (570 pW), which is used for homodyne detection and a
cavity arm (10 pW), which is sent to the membrane. The transmission of the cavity is very small and can
be used to lock the cavity in transmission. Most of the light is reflected. A small part of the reflected
is measured by an ac-photodiode for the PDH lock. The rest is detected in a homodyne detection by
mixing it with the local oscillator. (b) Schematic representation of the cavity design. All metallic pieces
(in gray) are made out of titanium.

observed that the frame of these nano-pillar membranes is more fragile than those of other membrane
types (e.g. described in [124]). Multiple frames have broken when using the brass sheet for clamping. The
updated cavity design is shown in figure m(b) As was the case with the phononic bandgap shielded
membrane, we use a concave mirror with a reflectivity of r? = 0.995 and a curvature of R = 30 mm and a
planar mirror with a reflectivity of 73 = 0.9999. A further copper spacer is incorporated into the design
of the cavity resulting in a length of L. = 1.31 mm. For the empty cavity, the finesse is expected to be
Fo = 1232. Upon inserting the membrane, we observe a cavity linewidth of k = 27 x 94 MHz (optimised
by positioning the membrane) which corresponds to a slightly reduced finesse of F = 1177. The cavity
mirrors are glued on a titanium holder on three distinct points using epoxyﬂ The relative position of the
membrane in the cavity can be finetuned by positing the mirrors using piezoelectric crystalsﬂ

The cavity with the membrane is placed in a liquid helium flow cryostaﬂ The chamber is held at
low pressure (< 10~ "mbar) using an ion-getter pum[fl The titanium cavity is mounted on a cryogenic

sample platform, which is cooled by a heat exchanger. The heat exchanger is continuously cooled by a

6Temperature stable and vacuum compatible epoxy: Stycast 2850 FT, catalyst 9
7Piezomechanik, HPCh 150/15-8/3: maximal stroke: > 3 pm; capacitance: 790 nF
8KONTI-Micro from CryoVac GmbH

INEXTorr D100-5 by SAES Getters
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liquid helium flow, with the temperature being controlled by a PID feedback on the flow of liquid helium

coming from a dewar. Further details of the cryogenic setup are specified in [68].

3.3.3 Characterisation Measurements

In the hybrid experiments and characterisation measurements, the cavity is interfaced with two laser
beams with orthogonal linear polarisations. One (weak) beam is used to lock the cavity length, thereby
stabilising the detuning of the cavity. The laser path of this locking beam is shown in figure m(a)
The membrane signal on this lock beam is used to estimate the vibrational state of the membrane. The
other beam (which is used in the main experiment as spin-membrane coupling beam, see section for
further details) is employed here as a cooling or coupling beam. It is combined with the locking beam on
the final PBS before the cavity. The beams are in orthogonal polarisations and their cavity reflection is
separated with great care. In this configuration, the homodyne detection depicted in figure m(a) only
detects the cavity reflection of the locking beam.

The optomechanical setup is characterised by two measurements which are described in the following.
In the first measurement, a cooling beam is used to cool the membrane by cavity dynamical backaction
cooling. Red sideband cooling to the cavity cooling limit is observed. From the frequency shift and
the broadening of the membrane signal, the vacuum optomechanical coupling rate gq is calculated. In
the second measurement, the optomechanical response of the membrane to a modulation of the input
light was measured. From this response, the optomechanical measurement rate and cooperativity are

calculated.

Dynamical Backaction Cooling

The membrane-light interface can be characterised by measuring the effect of the dynamical backaction
of the light on the membrane. For these dynamical backaction cooling experiments, two beams are
used, both derived from the same commercial titanium sapphire laseﬂ The cavity is locked using
the PDH lock technique with a weak 12pnW beam close to resonance. The cooling beam is detuned
by —/ﬁ/\/ﬁ ~ —2m x 28 MHz with respect to the locking beam. The two beams are coupled into the
cavity with orthogonal linear polarisations. By changing the power of the cooling beam, the mechanical
linewidth, mechanical resonance frequency and the occupation of the mechanical mode is altered. The
membrane signal is measured by performing a homodyne detection on the locking beam, which is reflected
from the cavity (for further details on the calibration of this measurement, please refer to section .

The power spectral density of the measured membrane signal (see ﬁgurem(a) for some examples) is
fit with a Lorentzian function. Both, the frequency shift and the broadening due to the cooling beam scale
linearly with the cooling beam power (shown in figure [3.3.3|(c) and (d)). The vacuum optomechanical
coupling rate gy can be calculated from both the frequency shift and the optical broadening using formula
and . Having the power of the locking beam and the intrinsic damping rate of the membrane
~Ym (from a ringdown measurement), the precise detuning of the locking beam can be evaluated from the
broadening of the peak with only the locking beam present, using equation . For this estimation,
the vacuum optomechanical coupling rate has to be guessed. It can be adapted iteratively until the

calibration is consistent. The measured vacuum optomechanical coupling rates are consistently found to

10MSquared SolsTiS 5000 PSX XF laser system
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Figure 3.3.3: Dynamical backaction cooling experiment of the membrane: The cavity is locked with a
weak beam at a detuning of ~ —27 x 4 MHz from the cavity resonance. The cooling beam has a detuning
of =27 x 32MHz. In (a), some example data is shown (at 10K cryostat temperature). As the power
increases, the membrane occupation is no longer limited by the thermal occupation of the environment,
but rather by the backaction of the cooling light. In this regime, the peak areas are not observed to
diminish any more with increasing power. In (b), the temperature of the membrane mode is shown for
three distinct cryostat temperatures. The theoretical model (given in equation (3.1.12)) without free
parameters is plotted as solid line to the data. The dashed lines show the theoretical classical occupation
(by neglecting the backaction of the cooling light) in colours while the backaction limit is shown in
black. The dash-dotted line indicates at which optical power the cooperativity exceeds one for a cryostat
temperature of T = 10K. (c) and (d) show the effect of the dynamical backaction on the membrane: (c)
shows the frequency shift while (d) depicts the broadening of the membrane in the cavity at 10K. The
data is fit with a linear function to evaluate the vacuum optomechanical coupling strength go. The fit to
the frequency shift is shown as solid line while the fit to the broadening is shown as a dashed line.
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be around gg ~ 27 x 250 Hz for measurements at different temperatures between room temperature and
10K.

The membrane temperature can be calculated from the area under the Lorentzian peak with the
membrane displacement power spectral density calibrated as described in section [3.1.3] The membrane
occupations for three different cryostat temperatures and diverse cooling beam powers are shown in
figure m(b) The cavity cooling limit of ngpt,min = 11 phonons is approached closely for a cryostat
temperature of 10K. In this regime, the membrane is mainly driven by the backaction of the cooling
light and not by thermal noise. A measure of this is the membrane cooperativity, which is greater
than one Cy, > 1 for a mean cooling power in front of the cavity of P > 224pW (at a detuning of
A, = =21 x 28 MHz) at 10K cryostat temperature, assuming thermalisation of the membrane phonon

bath at this temperature.

Optomechanical Response Measurement

For the measurement of the optomechanical response of the system, again a weak locking beam (10 pW)
is used to lock the cavity with the PDH lock. But now, the second beam is detuned by +5 MHz from the
locking beam so that it is closer to the cavity resonance. This coupling beam is amplitude modulated. If
the amplitude modulation frequency is resonant with the membrane frequency, it drives the vibrations of
the membrane. The displacement of the membrane is imprinted on the phase of the outgoing light. Thus,
on the outgoing coupling beam, there is the applied modulation signal on the amplitude quadrature of
the light and the membrane response on the phase quadrature of the light. Using homodyne detection,
any interference between amplitude and phase can be detected by locking the homodyne detection at
different angles (shown in figure [3.3.4](a) and (b)).

Fitting the signal from different homodyne angles with a global fit directly yields the measurement
rate 'y, of the optomechanical system. A derivation of the fit function is shown in [68, 124]. The fitting
results are shown in figure [3.3.4)(c).

The measurement rate characterised using this method is the relevant quantity for coupling later the
membrane to the atomic spin, because this experiment is very similar to the way how the optomechanical
system is included in the spin-membrane coupling (see section to compare): Here, the light is
amplitude modulated by an AOM. In the hybrid experiment, the amplitude of the light is modulated by
the spin in concoction with a polarising beam splitter (PBS). The outgoing light is combined with a local
oscillator on a PBS to transform the the phase modulation into a polarisation modulation which then
again acts on the spin. The detuning and power of the locking and coupling beams are similar in the
spin-membrane coupling experiment as for this characterisation measurement. Thus, this measurement
actually characterises directly the membrane measurement rate which enters the spin-membrane coupling

strength.

From the measurement rate, the linewidth and the cryostat temperature, the membrane cooperativity
can be calculated, assuming that the membrane is thermalised to the cryostat temperature. In this
particular series of measurements, the quantum cooperativity of the membrane does not exceed one, as
shown in figure m(d) However, we can interface the cavity with more optical power so that the

cooperativity exceeds one, similar to the cooling experiments shown in figure [3.3-3]
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Figure 3.3.4: Optomechanical response measurement of the membrane at a cryostat temperature of
10K: (a) and (b) show the result for the optomechanical response measurement with 11 uW of probe
power for different homodyne angles. Here, an angle of 90° corresponds to the detection of only the
phase quadrature of the light with the membrane signal. The solid lines are the measured data and the
dashed lines a global fit to the data, using the fit function derived in . (c) shows the fitted
measurement rates for different optical powers in the coupling beam. Knowing the Q-factor from a
ringdown measurement, we can calculate the thermal decoherence rate at a certain temperature and thus

the mechanical cooperativity shown in (d).
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3.3.4 Ponderomotive Squeezing

In the previous section, we have seen that the optomechanical system can be operated at high coopera-
tivity. In this regime, the membrane is driven more strongly by the noise of the light than by its thermal
environment. Having this control, the membrane can be used to squeeze the state of the light [136} |137].

The mechanism of this so-called ponderomotive squeezing is described in the following:

For a resonantly driven cavity, the amplitude noise of the laser drives the vibrations of the membrane.
In our experiment, the laser is shot-noise limited at the membrane frequency. Thus, the membrane
is driven by the quantum fluctuations of the amplitude quadrature Xl(jn) of the light. The membrane
vibrations are then mapped onto the phase quadrature of the outgoing light I:’IEOM). The amplitude
quadrature of the light remains unchanged. Because the membrane vibrations are driven by the amplitude
noise of the laser, the outgoing phase of the light depends on the incoming amplitude noise of the light via
the membrane response. Thus, after the interaction with the membrane, there is a correlation between
the amplitude and phase quadratures of the light. This correlation can be measured, by performing a
homodyne measurement of a mixed quadrature at an angle ¢. For a cavity in the unresolved sideband
regime which is resonantly driven, the symmetrised power spectral density of a homodyne signal D(w) is
given by [138]
QSD% = 1 + 8T 1 [ xm ()2 {(w — Q) sin(¢) cos(¢p) + (I'm + Ym,th) sin?(¢) |, (3.3.1)
laLol*naet 2
where xm (w) is the susceptibility of the membrane oscillator, |ar,0|? the flux of the local oscillator in the
homodyne detection and 7qet the detection efficiency. The derivation of this expression and the formula
for the more general case is shown in appendix [E] In this equation, the first term accounts for the shot
noise of the light. The second term can be negative for (w — Q) sin(¢) cos(¢) < 0 for some frequencies,

thus part of the spectrum can be below shot noise.

Ponderomotive squeezing of light has previously been demonstrated using silicon nitride membranes
[120, |138], including a recent demonstration at room temperature [63]. In our optomechanical setup,
the light can be squeezed by 1.5dB using the membrane in a very broad cavity (Qu,/k = 2.3 x 1072,
significantly broader than the ones reported in [63],[120} |[138]). In order to obtain ponderomotive squeezing
in our experiment, we use the nano-pillar membrane in a 10K environment (parameters given in table
3.4.1)). The broad cavity is locked by using a weak auxiliary beam. The cavity is coupled with a much
stronger, red-detuned beam (A. ~ —27 x 40MHz, P = 2mW), which provides some cooling of the
membrane. The light reflected from the cavity is measured by homodyne measurement. By setting the
phase between the cavity beam and the local oscillator, the measured light quadrature can be defined.
The measurement shown in figure is taken at a very small homodyne angle (¢ ~ 4.8 x 1073) so that
mostly the amplitude quadrature of the light is measured. The measured quadrature of the light shows
squeezing of the light for w > €, and anti-squeezing for w < Q,. The power spectral density is fitted
with the model described in appendix [E] From the parameters obtained by the fit, the measurement
rate I'y, = 4ncgg /k and the thermal decoherence rate v tn are obtained from which an optomechanical

cooperativity of Cp, = 9.00 is calculated.
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Figure 3.3.5: Result of the ponderomotive squeezing of the light. The ponderomotive squeezing data is
shown in green and the shot noise level in black. The data is fitted (blue) with a function similar to
equation (3.3.1) but accounts for optical losses and a finite detuning, given in appendix

3.4 Summary and Outlook

In this chapter, the optomechanical systems are presented. The characterised parameters for both mem-
branes are summarised in table 3.4l The first membrane used in this work was the membrane with
phononic bandgap shield. The (2,2)-mode of this membrane has a Q-factor of 1.46 x 10° at a frequency
of O = 271 x 1.957 MHz. This membrane was only operated at room temperature because the cavity
missaligned when cooling the cryostat. This optomechanical setup was used to show strong coupling to
the collective atomic spin . Furthermore, we used this strong coupling to sympathetically cool the
membrane oscillator by the cold atomic spin, which is presented in chapter [5| and published in [30].

In the course of this thesis, we switched from the phononic bandgap shielded membrane to a nano-pillar
membrane. The nano-pillar membrane used in the current set-up provides a ten times higher Q-factor than
the phononic bandgap shielded membrane, which lowers the decoherence rate of optomechanical system
by a factor of ten. This is an important step towards quantum coherent coupling of the membrane to the
atomic spin. The nano-pillar membrane is placed in a new cavity (described in detail in [124]), such that
it can be cooled down to 10K in the cryostat. By operating the membrane at a temperature of 10 K, we
demonstrate sideband cooling to the cavity dynamical backaction cooling limit. This quantum coherent
control is used to squeeze the light by 1.5dB using the mechanism of ponderomotive squeezing. In the
hybrid experiment, the membrane is interfaced with an effective optical power of 90 nW, for which we
obtain a cooperativity of Cy, = 1.2, if the membrane environment is cooled to a temperature of 10 K.
This level of quantum control over the membrane oscillator in our setup is a good basis to perform hybrid
experiments in the quantum coherent regime. In chapter [6] hybrid experiments with the nano-pillar
membrane are shown.

There are some ideas to develop the optomechanical system further: It was observed that thermal
fluctuations of the cavity mirrors can be a limiting factor for optomechanical experiments in a membrane
in the middle configuration . Two approaches have been suggested to address this issue:
(1) Use highly reflective, thin SiN-membranes (exoskeleton mirrors) as cavity mirrors. For this, Enzian et
al. have patterned the central defect of a soft-clamped membrane with a photonic crystal structure
such that the reflectivity of the membrane reached ~ 99.9%. Approaching the issue differently, Huang

et al. engineered the vibration spectrum of the mirror with phononic crystal structures to suppress
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Phononic Bandgap Nano-Pillar

Shielded

Q-factor at RT QRrr 1.46 x 108 1.5 x 107
Q-factor at 20K Q20K - 4.2 x 107
Q-factor at 10K Q10 - 5.1 x 107
Membrane frequency Qun 2m x 1.957 MHz 21 x 2.274 MHz
Cavity linewidth K 21 x 77 MHz 21 x 94 MHz
Vacuum optomechanical coupling strength Jo 2m x 224 Hz 21 x 248 Hz
Measurement rate (at resp. coupl. beam power) Iy, 2m x 7.5kHz 271 x 4.1kHz

Table 3.4.1: Final parameters of optomechanical systems. The measurement rate is given for both systems
at the optical power at which the coupling experiments were performed: 110 puW for the phononic bandgap
shielded membrane and 90 pW for the nano-pillar membrane.

mirror vibrations at the mechanical frequency. For this, they use a precision circular saw to pattern the
macroscopic glass mirror. We have taken first steps to reproduce the phononic bandgap mirrors shown in
[63]. For this, we use an automatic dicing sawﬂ available in the clean room of the D-BSSE department
of the ETH Ziirich. Preliminary results show that the mirror coating is not damaged by the sawing
procedure with continuous water cooling of the mirror and the cavity built with sawed mirrors has the
expected finesse.

One of the major current experimental challenges is the stability of the cavity lock. We believe that
low frequency membrane modes are driven by the light and interfere with the cavity lock. This creates
instabilities in the lock. It may be interesting to evaluate alternatives to the usual PDH-lock. One
option is to detune the locking beam much further from resonance and use the cavity transmission signal
for locking. The locking beam would then cool all membrane modes by dynamical backaction cooling,
which proved to stabilise the membrane-cavity system. Alternatively, there are experiments in which the

membrane vibration spectrum itself is used to generate the error signal [143].

HDisco automatic dicing saw, DAD3240. Dicing blade: Miniton, diamond dicing blade 2.25-8-30S21
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Chapter 4

Coherent Coupling between an Atomic

Spin and an Optomechanical System

After introducing the spin and the membrane-light interfaces, in this chapter, the coupling
mechanism between the atomic spin and the optomechanical system is introduced. In a first
part, the theoretical framework of remote, light-mediated coherent coupling is presented and
applied to our systems. In the second part, the experimental implementation of the coupling
is shown, including the active stabilisation of the path length of the loop and the double-pass
interface of the atomic spin. In the third part of this chapter, the characterisation of the spin

oscillator in the coupling configuration is presented.

Some subsections of this chapter have already been published as an appendix of |30].

4.1 Principle of the Coupling Between the Atomic Spin Ensemble

and the Nanomechanical Membrane

In this chapter, the coherent coupling between the atomic spin ensemble and the optomechanical system is
shown. First, we discuss the theoretical concepts of such a platform, and then we present its experimental
implementation and some results. But before going into details, a short summary of the main key aspects
is given in this section.

We remotely couple the atomic spin to the vibrations of the membrane. The Hamiltonian interaction
between the two systems is mediated by light. In order to mediate a Hamiltonian interaction between two
systems, some fundamental conditions have to be fulfilled, which follow directly from the definition of a
Hamiltonian interaction. Two of these conditions strongly govern the design of our coupling scheme: (1)
A Hamiltonian interaction between two systems must be bidirectional and (2) a Hamiltonian interaction
describes the evolution of a closed system. Both conditions are not automatically fulfilled if the coupling
is mediated by a propagating field. Therefore, a special coupling geometry must be implemented to
achieve bidirectional and closed interactions mediated by light [37]:

For a bidirectional, light-mediated interaction between the spin and the membrane, light must travel

113



CHAPTER 4. COHERENT COUPLING BETWEEN AN ATOMIC SPIN AND AN
OPTOMECHANICAL SYSTEM

(a) (b)
% 0 . @
-~

o=m

i
w/%

Figure 4.1.1: Two possible coupling schemes for bidirectional coupling: In (a), there are two lasers (purple
and green), one going from system 1 to system 2, the other the other way round. The signal from both
systems is leaking out of the system (sketched as blue and red wave packets). In the other scheme (b),
there is only one laser, which forms a loop geometry. By adequately adjusting the phase ¢ between
the first and second interaction of system 1 with the light (see main test), the second interaction is the
time reversal of the first interaction, and thus there is no quantum signal of system 1 leaking out to the
environment. This scheme is implemented in our experiment.

from the spin to the membrane and from the membrane to the spin. In general, this can be implemented
in very different geometries. For example, one can imagine two lasers, one going from the spin to the
membrane and the other from the membrane to the spin, as sketched in figure M(a) Alternatively, a
single carrier can be considered that interacts first with the spin, then with the membrane, and finally
with the spin again, as shown in figure M(b) To choose one of these geometries, the condition of
having a closed system imposes some constraints. Signal leaking out of the coupled system leads to
decoherence [144] and thus limits the Hamiltonian nature of the interaction between the systems. A way
to avoid this signal leakage to the environment is by working in a loop geometry: the light interacts first
with the spin, then with the membrane, and finally with the spin again. After the interaction with the
membrane, the quantum signal encoded in the light is phase-shifted by ¢ = 7. This renders the second
interaction with the spin the time reversal of the first one [37]. The signal of the spin on the light is
removed by the second interaction. Thus (neglecting optical losses and the propagation delay), there is
no spin signal going to the environment, and so the hybrid system is closed for the spin (but open for the
membrane). A scheme of such a loop is shown in figure m

Tracing out the optical field, the effective atom-membrane interaction can be written as a Hamiltonian
interaction between the systems and a dissipative dynamics of the membrane oscillator. For the moment,
we focus on the Hamiltonian interaction. Approximating the spin as a harmonic oscillator (see section

2.7), we can write the effective spin-membrane interaction as
Heg = h2g X X, (4.1.1)

The loop couples the spin and mechanical quadratures operators X; (defined in sections and
with coupling strength g = /4T';I'y,. Here T'; are the rates at which the individual systems interact with
the light. When the spin oscillator is tuned in resonance with the membrane, we can apply the rotating
wave approximation and neglect some terms of the Hamiltonian. Implementing the spin as a positive

frequency oscillator results in a beam-splitter Hamiltonian
Hegrs = hyg (EIHIBS + Elém) . (4.1.2)

In the limit of strong coupling 2g > 7 + Vm the membrane and spin modes hybridise. Here +; is the
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Heff = thXme

Figure 4.1.2: Coupling geometry in our experimental setup: The light interacts first with the spin,
then with the membrane, and finally with the spin again. Between the membrane and the second spin
interaction, the quantum signal is phase-shifted by ¢ = .

linewidth of system ¢ in the presence of the coupling beam. The beam-splitter Hamiltonian can be used for
state flips between the spin and the membrane. Since the atomic spin is initialised in a low-entropy state,
these state flips can be used to effectively cool the membrane oscillator. This is shown experimentally in
chapter

By inverting the magnetic field, the spin actually forms a negative frequency oscillator .
With the spin as a negative frequency oscillator, the Hamiltonian, given in equation , can be

approximated as a parametric-gain interaction

Hett pg = g (i)mi)s + BIIA)IH) . (4.1.3)

This interaction creates correlations between the two systems. In the limit of quantum coherent coupling
29 > 7Ys.dec + Ym,dec, this interaction Hamiltonian can be used to induce entanglement between the spin
and the membrane over a distance. Here, 7; gec is the total decoherence rate of system 7, including thermal
decoherence and the decoherence induced by backaction noise.

In the following, these interaction Hamiltonians are derived from the theory of cascaded quantum
systems [37] (section . The physical implementation is then described in detail in section Finally,

some spin calibrations are shown in section [£.4]

4.2 Remote Hamiltonian Interaction Between Two Systems Me-
diated by Light

4.2.1 Coupling Theory

For the theoretical description of the coupling between the collective spin and the membrane, the theory
of cascaded quantum systems is used . In this subsection, the theory for multiple quantum sys-
tems coupled in a loop geometry, presented in , is reviewed for an arbitrary cascaded scheme before
discussing our specific experiment in the next subsections.

We consider that we have several quantum systems that interact with a single bosonic meter (for
here, we assume a laser beam) in a cascaded way. The meter travels in one dimension, parametrised by

the position coordinate £ along the propagation of the light, and can be measured at the end after all
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interactions. Each system can have multiple interactions with the meter and internal dynamics. For n

interactions, the interaction Hamiltonian can be written as
i =1y /205 (Blan(&) +af () B; ) (4.2.1)
j=1

where aj, is the continuum annihilation operator of the light field (units of s='/2), &; is the position
coordinate of the interaction, B; is the corresponding interaction operator of the system at position &;,
and I'; is the measurement rate of the system by the light field. First, we only consider the dynamics of
the systems. For this, we trace out the light field. In the interaction frame, the dynamics of the coupled
systems can be written in terms of a propagation operator A and a jump processes J |37]. The evolution

of the spin-mechanical density matrix p can then be written as [37} [145|
p=Llpl = —Ap—pAt + 75, (4.2.2)

with

A= AT TR Bl () Br(t — mx) + > _T;BI(t) B, (#), (4.2.3)
i k<j j

and

Tp=>_> /AT, Tk Bi(t — 7j)pBI () + hec.

J k<j
+> 2, By (t)pBl(1). (4.2.4)

Here, the tilde denotes operators in the interaction frame. The time 7;; is the propagation delay of the
light from interaction j to k and 7, is the (amplitude) transmission of the light between the interation
j and k. To calculate the Gaussian dynamics of a system, we sort the operators in a different way and

write the propagation as

F=-33 /AT, T; ([B}(t), Bt — 7j)7) + h.c.) ->r ([B;(t), Bi ()7 + h.c.) . (42.5)

J k<jy

Hamiltonian and Dissipator: = The dynamics of the coupled system can be described in the form of

the more conventional Master equation in the lab frame [37]

p= E[Heff + Hy, p] + ;D[Jk]P'f‘ ;D[Jo,k]m (4.2.6)

where the effective coupling Hamiltonian is proportional to the imaginary part of the propagator fl,

Heff =

| >+

(A— AM). (4.2.7)

1

DD

The Hamiltonian Hy describes the hermitian dynamics of the individual systems. The Lindblad term
reads as D[Ji|p = jkﬁj,z - {j,ljk,[)}/Q, where {-,-} is the anti-commutator. The Lindblad terms of the
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coupled dynamics can be written in form of a dissipator

Ae =Y JiJ=A+ Al (4.2.8)

and a jump process Jp =, jk[)j,i In equation (4.2.6)), we added the local decoherence of the systems
described by the jump operators jO,k~

4.2.2 Coupling of the Spin of an Atomic Ensemble to the Vibrations a Mem-

brane

In the previous chapters we have seen that both the vibrations of the membrane and the collective atomic
spin couple to the light. But the two systems couple to different quantities of light: The spin couples
to the polarisation state of the light while the the membrane vibrations couple to the amplitude and
phase quadratures of the light. Therefore, the theory of cascaded systems cannot be applied without
a transformation. First, the signal imprinted on the light by the spin has to be converted from the
polarisation basis to the amplitude and phase space of the light, and after the interaction with the
membrane back to the polarisation basis, so that both systems interact with the adequate quantity
of the light. This conversion is done using a polarisation interferometer, as will be shown below. A
polarisation interferometer can convert a polarisation modulation into an amplitude modulation and a
phase modulation back to a polarisation modulation.

A second challenge for the design of the coupling loop is to interface the spin system twice: The light
interacts with the spin system once before and once after the interaction with the optomechanical system.
The outgoing light from the two spin-light interactions must be separated using two different modes of
the light. The quantum signal is encoded in the polarisation of the light, so we separate the two spin-light
interactions by using two different spatial modes of the light.

In this section we will first describe how the optomechanical system is integrated into a polarisation
interferometer. This gives us an expression for how the vibrations of the membrane are coupled to the
polarisation state of the light outside the polarisation interferometer. In a second step, the spin-light
interaction with two different spatial modes is presented. Finally, the theory for cascaded systems is

applied to the spin and optomechanical system inside a polarisation interferometer.

Optomechanical System in a Polarisation Interferometer

In our coupling loop, the quantum signal is encoded in the polarisation state of the light. The mechanical
oscillator is included in the coupling loop by means of a polarisation interferometer (shown in figure .
A polarisation interferometer consists of a first polarising beam splitter (PBS1 in figure which splits
the incoming light into two paths. The polarisation of the incoming light determines the amplitude of the
light in each arm of the interferometer. By implementing the optomechanical system in one of the arms, it
is coupled to the polarisation basis of the incoming light. On a second PBS (PBS4 in figure , the two
arms of the interferometer are recombined. The polarisation of the outgoing light depends on the phase
difference of the light in the two arms at this second PBS. The signal from the optomechanical system is
imprinted on the phase quadrature of one interferometer arm. This signal on the phase quadrature of one

of the interferometer arms is mapped onto the polarisation basis by recombining the two interferometer
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Figure 4.2.1: Polarisation interferometer: The spin signal is imprinted on the light as a polarisation
modulation. PBS1 converts the polarisation modulation to an amplitude modulation, which can drive
the membrane. The membrane vibrations, on the other hand, are imprinted on the phase quadrature of
one interferometer arm, which is then converted into a polarisation modulation by combining the to arms

on PBS4. Details are given in section

arms at the second PBS. In summary, the polarisation interferometer converts the light signal from the

polarisation basis to amplitude quadrature and from a phase quadrature back to the polarisation basis.

To understand the polarisation interferometer more quantitatively, we follow the state of the light
step by step through the polarisation interferometer (see in figure . The light after the atomic
cloud contains the spin signal encoded in the polarisation quadrature XEOl’in (in the Holstein-Primakov
approximation). If we consider that the beam is horizontally polarised (in the experiment it has some

angle, which is not considered here for simplicity), the Stokes vectors can be approximated as follows

5]

Sy~ S’o =50+ V S'QXII_}OMH =S+ ?O (&ET =+ ai—rll) )

a o vpol,in S’ ~in ~in
S, = V/GpXP" :\/70(@\,* av)., (4.2.9)

where X}}Ol is the quantum fluctuation around the mean value of the horizontally polarised input light
and al¥ (ail) is the annihilation operator for horizontally (vertically) polarised photons. Here we use the
superscript pol to denote the polarisation basis and the subscript L to denote the polarisation quadratures
as defined in section 2.7 We want to maximise the coupling between the membrane and the spin. To do
this, the polarisation quadrature XEOI’in must be optimally converted into an amplitude quadrature in
the interferometer arms. Similar to polarisation homodyne detection, this can be achieved by balancing
the local oscillator at both outputs of the PBS (PBS1 in figure . For this, a half waveplate is placed

in front of the polarisation interferometer at an angle 6. The Stokes vector after the half waveplate is
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given by

S’Im =S, cos(46y) + S'y sin(46y),
Sy = =Sy cos(46k) + S, sin(46k), (4.2.10)
S =-8..

After the first PBS of the interferometer, the light is split into two parts For the horizontally polarised
transmission (going to the optomechanical cavity), we have &J{dl = aHaH = S b+ S’ and for the vertically
polarised reflection we have d£&2 = S{J — S'; We use the fact that we started with a fully horizontally

polarised laser beam to write ay — ay + ay and neglect all terms that do not depend on ay. We get

alay, = Sy + S, cos(40y) + S, sin(46y) (4.2.11)

~ % ((1 — cos(40u)) (d;L /5 a? L xpob m) + sin(4¢9H)\/(ZS>I“)(I")1 m) : (4.2.12)

where @1, = |an|? = 295 is the total flux in front of the interferometer. The light in front of the cavity
can be described by the classical field (1 — cos(40y))®r,/4 and two quantum fluctuation terms: X}}Ol’in
describes the amplitude fluctuation of the laser while on XEOl’in the spin signal is imprinted. For a
resonant cavity in the fast cavity limit, we can write the optomechanical interaction Hamiltonian as
f[om = h\/m&mlf(m. Plugging the expression for &J{dl in equation in the optomechanical
Hamiltonian, we neglect the constant offset and get

Hom = /T X ((1 — cos(40y)) X2 4 sin(49H)XE°1’in) . (4.2.13)

polin 4nd by modulations in the

The membrane is driven by noise in the horizontal input polarisation X
vertical input polarisation XEOI " The X 1}}01 "™ quadrature of the input light carries no signal and consists
only of laser amplitude noise. Therefore, coupling the membrane to this quadrature only increases the
backaction noise acting on the mechanical oscillator. The spin signal is imprinted on the vertical input
polarisation X’EOI’M. We want to maximise the coupling of the membrane to this light quadrature in order
to maximise the effective spin-membrane coupling. To reduce the backaction noise on the membrane, the
HWP in front of the interferometer is set so that (1 — cos(46y)) is small. The coupling of the membrane
to the light can be described by defining an effective flux of ®,, = @ sin(465)?/4 and an effective
measurement rate I'y, g = (4g0/ n)2 ®,,. Neglecting the noise from the horizontal input polarisation for
clarity, we can write

Hom = h2y/Tn ot Xen X2 (4.2.14)

1
To summarise the derivation so far: The X po

quadrature of the polarisation state (where the spin signal is
imprinted) in front of the interferometer couples to the membrane with a modified coupling rate I'y, ef. S0
far we have only considered how the light drives membrane vibrations, not how the membrane vibrations
affects the light. To do this, consider a general polarisation interferometer. If the polarisation in front

of the interferometer is given by S/ , then a polarisation interferometer with a path-length difference of
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phase A¢ will change the polarisation of the light according to

5«// _ S/
S =8 cos(Ag) + S sin(Ag), (4.2.15)

S = —§! cos(A¢) — 5”1’/ sin(Ag),

where S” is the output polarisation of the interferometer. In the Stokes vector representation, this
corresponds to a rotation around the x-axis. In our experiment, the phase difference A¢ can be actively
changed by moving a mirror mounted on a piezo crystal. In addition to the active control, the membrane
modulates the phase of the cavity arm by ¢, = Pfha /vV/2®,,. Note that the modulation of the cavity
is applied to Pfha in the phase space of the light and not to the polarisation state of the light. After
the polarisation interferometer, a HWP at an angle 6y is placed so that the mean polarisation is again
along S,. The path length difference of the interferometer is actively stabilised to an interferometer phase
of A¢g = 0 (technical details are given in section |4.3.2)). For this interferometer phase we can expand
sin(A¢) = 6¢ and cos(A¢p) = 1 and get

(out) = Sx - Sz(sqgu

out) — &+ cos(40x)S.00, (4.2.16)
gout) — & — 5,6 — sin(46x)S,06.

The interaction with the membrane mixes the Sy and S, Stokes vector components. But this is a small

effect because both (S,) = (S.) = 0. Neglecting these terms, we see that the circularly polarised Stokes

vector component can be written as
S0 ~ 5, — 5,6¢ ~ \/So PP 4 /Sy PP (4.2.17)

Thus the output phase space quadrature of the cavity If’fha is mapped onto the circular polarisation
quadrature PP°°"" (and mixed with the input noise PP°"™). Remember that the vibrations of the
membranes are imprinted on the phase of the light ]5{’ ha by the optomechanical interaction. This phase
is mapped onto the circular polarisation quadrature 15{) ol,in by the polarisation interferometer, which can

act then on the spin via the Faraday interaction.

A Proposal for an Alternative Implementation of the Polarisation Interferometer: In our
experiment, the polarisation interferometer is implemented as a free-space interferometer as shown in
figure There are also some proposals to implement it in a more monolithic design: Abbas et al.
showed in [146] that using a polarising beam displacer/combiner (implemented by a birefingent crystal)
instead of a free-space interferometer, a polarisation interferometer can be built with a much smaller
spatial footprint. In their design, the polarising beam displacer creates a small angle between the signal
beam and the reference beam (corresponding to the two arms of the interferometer). Both beams are
focused by a lens onto the first cavity mirror. One of them is coupled in the cavity while the other is
reflected by the first cavity mirror due to its different angle. The beams are recombined at the beam
displacer. According to Abbas et al. [146], this design has the advantage of being more robust, lock-free,
and providing good mode matching between the recombined beams. In the future, this idea could be

considered for our experiment.
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Engineering Two Light-Spin Interactions of One Atomic Cloud

In this paragraph, the atom-light interaction Hamiltonian for two spatially modes of the light is intro-
duced. Having two interactions with two different spatial laser modes, requires a re-evaluation of the
3D-Hamiltonian of the spin-light interaction derived in section [2.4] Starting from the spin Hamiltonian
for a 3D-spin-light coupling given in equation , we can write a Hamiltonian for an electric field
resulting from the superposition of the two input light modes ug; and ugnq. For here, we write two

Hamiltonians, one for each output mode, namely

(651 (I)L * * ~
Y > (re ) e () + 72080 (1)t

Hint,fst = —ih

— e ) (e () + Pusma (), ) 9, (42.18)

o1V Pr, N N R
Hiatsna = =105 37 (g (1) (i (1) + 7705 (1)) s
J

— () (1 (1) + 02ttgna (1))l ) 9. (4.2.19)

Here, afst (Gsna) is the annihilation operator of the light in the first (second) interaction. Furthermore,
the amplitude loop transmission for the full loop is given by n? (transmission of 1 on each the spin-
membrane and the membrane-spin path). If the loop losses are neglected 7 = 1, the two Hamiltonians are
symmetric. In general, the coupling Hamiltonians can be simplified by defining B = ufy, (west + nzusnd)
and Bena = n°ul, 4 (usst +n*Usna)- In the experiment, both spatial modes are Gaussian laser beams which
have a small angle relative to the long axis of the atomic cloud (and relative to each other, see ﬁgure.
The light of the two interactions interferes. With only one laser, uf, us: is a real quantity. However, by
having a second laser, the resulting mode function [ is complex. Because of this, a coupling to both

quadratures of the light is obtained

Hine = har /50 Y (PLRe(ﬁi(rj)) n XLIm(Bi(rj))> F@ (4.2.20)

J

where the coupling amplitude are given by the real and imaginary parts of £;. Thus, in contrast to
the single-pass Faraday Hamiltonian, this double-pass Faraday Hamiltonian couples the spin mode to
the P, and the X, polarisation quadratures of the light. The coupling to the =y quadrature is the
desired coupling because it couples to the membrane in the final experiment and the backaction which
is associated with this coupling is well cancelled. The coupling to the Xu quadrature is not intended
because it does not couple to the membrane. It leads to additional decoherence because the backaction
cancellation would require a different loop phase and it also induces to a spin-spin coupling in the loop
|68]. For both couplings, we can write an effective measurement rate, similar to equation . It
is given by Ts; p = (Re(B;)?)n,Ts.1p for the coupling to Py, and by Teix = (Im(B;)?)n,Ts1p for the
coupling to XL where I's 1p is the measurement rate for perfect coupling with all atoms in the focus of
the laser and ()

a

fs%x < f‘s7i7p7 see section m Therefore, we neglect the coupling of the atomic cloud to the XL

is the average over all atoms. In the experimental implementation, we observe that

polarisation quadrature in the following.

The two passes do not couple to the same spin wave. However, it is crucial for the coupling experiment

that the same atoms are addressed twice. Therefore, we have to make sure that the overlap between the
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two spin waves is large. The overlap can be defined by

225 (Re(Brst (r;)) — Re(Bena(r;))) |
]Va(<1%e(ﬁfst)>NEL + <Re(ﬁsnd)>N.d) ’

ol =1— (4.2.21)

Cascaded Theory for Our Spin-Membrane System

Having coupled the vibrations of the membrane to the polarisation state of the light by using a polarisation
interferometer, we can describe the spin-membrane interaction in the formalism of cascaded systems given
in [37] and reviewed in section Our cascaded system consists of three interactions: First the light
interacts with the spin, then with the membrane and finally again with the spin. We have seen that the
coupling of the spin to the light in the Holstein-Primakov approximation is given by (compare to equation
(12.7.9))

Hypin et = h/20 Xsi(af, — av), (4.2.22)

where the spin measurement rate I'y is given by fsfst, p for the first spin-light interaction and by fs,snd, P
for the second spin-light interaction, as described above. For simpplicity, we assume in the following that

the coupling rates are identical and omit the extra-indices. The membrane-light interface is described by
the Hamiltonian (given in equation (4.2.14))

Homof = hn/2T mot Xm (0] + ar,). (4.2.23)

In the following, the extra index eff is omitted for simplicity. Here the two interaction Hamiltonians are
rearranged into the form of the terms in the interaction Hamiltonian given by equation . In our
experiment, the light interacts first with the spin and then with the membrane. After the interaction
with the membrane, the quantum signal is phase-shifted by . This phase shift can be accounted for by
changing the sign of the third interaction. Writing the interaction in terms of the Ej defined in equation
, we have Bl = iX'S, BQ = Xm and Bg = —iX'S. For the following derivations, we assume that the
delay and the losses are the same on both paths, i.e. 72 = 793 = 7 and 712 = 123 = 1. This yields a

propagator for the dynamics

A = iny/4a0,T,, {f(s(t)f(m(t ) X () X (t — T)}

+ 2T [X () Xo(t) — n? X (t) X (t — 27)] 4 Do X () X (). (4.2.24)

Assuming that the propagation delay of the light is shorter than any dynamics of the oscillator other
than the oscillator frequency (i.e. 7 < %‘—1’ g 1,107t where § = Qg — Q,,), we can approximate

Xi(t —T)~ X; cos(€T) — P, sin(€2;7). (4.2.25)

In the interaction frame, the quadratures of the oscillators are given by )~(j = (f)}eiﬂit + l;je_mit)/\/i. The
membrane is always a positive frequency oscillator, while the sense of oscillation of the spin can be changed
by changing the relative orientation of the magnetic field. Applying the rotating wave approximation this
results in two different interaction Hamiltonians. These two Hamiltonians are discussed in the following
two sections. Moreover, dissipative coupled dynamics can be implemented by setting the loop phase to

¢ # 7 |29] which is not discussed here. Some examples for dynamics with a loop phase of ¢ # 7 are given

in appendix [G]
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4.2.3 Beam-Splitter Hamiltonian

Assuming that the spin forms a positive frequency oscillator, the effective Hamiltonian can be simplified

to

Hegr s = hg(blby + bl by) cos(Qr) cos(6 7/2)
— ihg(blbm — bl bs) cos(Qr) sin(67/2), (4.2.26)

where the detuning between the systems is given by § = Qg — Q,, the mean oscillator frequency by
Q = (Qs + Qm)/2, and the coupling rate by g = 174 [,,. The coupling rate g of the beam-splitter
Hamiltonian depends on the measurement rate of both systems and the optical losses. The Hamiltonian
interaction is reduced by any delay in the loop. It is also interesting to note that there is an asymmetry
in §. Depending on the sign of the detuning 4, this leads to a damping or a driving force. If the delay
and the losses of the loop are neglected, the simplified expression given in section [£.1] is obtained. The

dissipator of the system reads as

N PN 1
At ps = 4T (blbs + 2) (1 — P cos(QQsT))
PN 1
+ 2T, (bjnbm + 2) : (4.2.27)

where the first term describes the imperfect cancellation of the backaction acting on the spin due to
delay and optical losses and the second line is the backaction acting on the membrane. Since there is
no cancellation of the membrane signal in the loop, there is a dissipative term for the membrane that

remains independent of the detuning and the delay.

Time Evolution of the Coupled System

After discussing the Hamiltonian and the dissipator of the coupled system, the equations of motion for
the spin and the membrane oscillator are written to give further insight into the dynamics of the coupled

system (derived from [37]). We include the oscillator dynamics of each individual system and obtain

Xo= 0P — BX, 4+ X, (4.2.28)

T2
— QX — P + VP — 29X, (t —7)

4T ( Pin(&1) + 7 P83 ) VA1 — piPW), (4.2.29)
X = P, (4.2.30)

— Y P+ /29m P — 29X (¢ — 7) — /AT mun Xin (&2) — VAT m /1 — 12X ™). (4.2.31)

P,

o
38

Pu= — O

For simplicity, the time is given as an explicit argument only for the terms for which the time is shifted
by some propagation delay. The first terms in each line are the dynamics of the individual oscillators
(oscillation, decay and noise associated with the decay). The thermal noise enters the spin system
symmetrically on both quadratures. For the membrane, only the P-quadrature is driven by thermal
noise. In this section, the linewidth of the systems ~; is the effective linewidth in presence of the coupling

beam (and for the membrane the locking beam). If the membrane is pre-cooled and broadened by

123



CHAPTER 4. COHERENT COUPLING BETWEEN AN ATOMIC SPIN AND AN
OPTOMECHANICAL SYSTEM

the beams, v, has to be substituted by vm,opt- The light-mediated coupling between the two systems
enters into the dynamics of the P-quadratures of both systems as Qng /m(t — 7). Here, the coupling is
delayed and can therefore lead for 7 # 0 to more complicated dynamics such as instabilities (see below).
In addition to the coupling term, each oscillator is driven stochastically by the quantum noise of the
coupling light, which is taken into account by the terms containing Py, and Xi,. For these terms, &; notes
the position coordinate in the loop at the interaction . The light interacts once with the membrane at
the position coordinate £; and twice with the spin, at the position coordinates &; and &3. If the delay is
small enough (i.e. 7 < ’y{l, g~ 1, |671]), the optical noise drives effectively two different quadratures of

the spin and we can write

Xy = oo 4+ /AT 2 sin(2Q47) P (1), (4.2.32)

Py = ... — /4T, (1 — ? cos(29s7)) P (&1). (4.2.33)

For short propagation delays 7§25 < 7, the input noise is partially cancelled for the spin. How well it is
cancelled depends on the losses in the loop and the loop delay. The last terms in equations (4.2.28) to
(4.2.31)) consider the vacuum noise due to the optical losses in the loop, which are modelled as an optical

beam splitters. The noise generated by the losses in the loop drives the oscillators stochastically.

Strong coupling between the oscillators is achieved when the coupling rate between the oscillators g is
greater than the mean of the linewidths of the oscillators, i.e. 2g > v5+7m. In the strong coupling regime,
a state swap can be performed at a faster rate than the mean decay rate of the oscillators. However,
the rate at which the oscillators are driven by noise may still be greater. To perform a state swap of
a quantum state, the coupling rate between the oscillators must be larger than the rate at which noise
drives the system. In order to quantify this, we take a closer look at the noise processes that drive the

systems: The correlators of the noise operators are defined as
A1) () pU) (41 o) () 5 () (47 . /
(P ()P () = (X ()X, (@) = | ne + 3 ot —1t'), (4.2.34)

K2

(P )X (1)) = —(XP ()PP (1)) = %6@ —t), (4.2.35)

where € {v,th} and ¢ € {s,m,in}. For the thermal noise operators 7i; is the occupation of the local
thermal environment. If the membrane is cooled by a second beam, the thermal occupation of the
environment fiyp, must be substituted by the effective membrane occupation ng, (see section for

details). For the optical input noise we assume a vacuum state in the X and P quadratures, i.e. i;, = 0.

For clarity, we rewrite the equation of motion again in a different form and combine all the noise terms

into a single driving force term. We get the very common form of two, driven and coupled oscillators

s
_l’_
=
_l’_
5
s
I

—20Q X (t — 7) + Qo F, (4.2.36)
Xon 4 v X + Q2 X = —2gQu Xy (¢ — 7) + D Fon. (4.2.37)

The stochastic driving forces are given by

Fo= /2P — /AT, (B (1 = 1 cos(2047) + 1P sin(2057) ) = VAT,VT— 1 PY), - (4.2.38)
Fin = V20 B — VAT Xin — /AT /1= 12X ). (4.2.39)
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Figure 4.2.2: Calculation of the inverse hybrid cooperativity for different environment temperatures of
the membrane. For high temperatures, the thermal noise on the membrane limits the cooperativity
(dashed-dotted blue line). For lower temperatures, the backaction noise on the membrane starts to limit
the cooperativity (dotted blue line). The backaction noise on the spin (dotted red line) is small because
it is cancelled. At a temperature of 10K, the cooperativity is given by Cpyt,r = 1.27. The detuning of the
light from the spin resonance is A = —30 GHz. The calculation parameters are given in table

The stochastic driving terms of the spin and the membrane are uncorrelated. Thus, for the simulation,
we can assume that both oscillators are driven by uncorrelated, stochastic forces. We can simulate the
noise by just one random, normalised variable per OSCillatOIE multiplied by a weight, which is a sum over
all prefactors of the different noise driving sources. The simulation of the coupled system is described in
appendix[F] The total decoherence rate of the systems can be written as the sum of all the noise terms, i.e.
Vi dec = <]2-;r (t)F;i(t))/2. This is the rate at which noise enters the systems. For quantum coherent coupling
of the spin and the membrane, the coupling constant g has to be larger than the mean decoherence rates
of both systems 75 dgec and Ym dec. For our hybrid interface, we can define a (quantum) cooperativity
Chybr = 29/ (Vs,dec + Ym,dec) |34, 68]. Figure shows the hybrid cooperativity for a realistic set of
parameters given in table [£.2.1] The main constraint on the cooperativity is the thermal noise driving
the membrane oscillator at high temperatures and the backaction noise acting on the membrane at lower

temperatures.

Power Spectral Density of the Coupled Oscillators

It is illustrative to calculate the spectrum of the coupled oscillators. For strong spin-membrane coupling,
the modes hybridise to common modes, which can be observed in the spectrum. Experimental data
for these hybrid modes are shown in figure m(b) To derive the effective susceptibilities for both
oscillators, the Fourier transform of the equations of motion and are calculated,

Xm0 (@) ™ X (@) + 2 €7 X (w) = —Fin(w), (4.2.40)
Xs.0(w) T X (w) + 29 €47 X (w) = —Fin (W), (4.2.41)

I'We assume a normalised, white noise variable 7(t) (units of s~1/2) with (n(t)) = 0 and (n(t)n(t")) = §(t —t').
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Parameter Value
Membrane Oscillator Frequency QO 21 x 2.274 MHz
Membrane Oscillator Measurement Rate T 2w x 3.5kHz
Membrane Oscillator Linewidth Ym 21 x 44mHz
Membrane Locking Beam Detuning Aclock —2m x 7TMHz
Membrane Locking Beam Power Plock 10pW
Membrane Coupling Beam Detuning Accoup —2m x 2MHz
Membrane Coupling Beam Power Peav 200 pW
Membrane Optical Broadening Ym,opt 271 x 22 Hz
Membrane Effective Thermal Occupation at 10K ng, 104

Membrane Thermal Decoherence Rate Ym,th 27w x 4.1kHz
Spin Oscillator Frequency Qg 21 x 2.274 MHz
Spin Oscillator Measurement Rate Is 27 x 1.5 kHz
Spin Oscillator Linewidth Vs 27 x 800 Hz
Loop Losses n 0.9

Loop Delay T 15ns

Loop Phase 10} T

Coupling Rate g 21 x 3.4kHz

Table 4.2.1: Typical set of parameters for the hybrid experiment. The optical broadening ym opt Of
the membrane is caused by the weak, red-detuned cavity lock beam. The interaction with this second
laser beam leads to some pre-cooling of the membrane oscillator, which can be considered by defining an
effective membrane occupation ng,. For the calculations in this chapter, the optical broadened membrane

with Ym opt and ngy is considered.
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where the bare susceptibility of each oscillator is defined as
5
; = . 4.2.42
Xiol®) = ros (42.42)
Solving for X and X, yields
X (W) = Xt (@) [ = Fin (W) + 29 €47 x5 0(w) Fo(w)], (4.2.43)
Xs(w) = Xs.eff (W) [ — As(w) +2g eimxm’o(w)ﬁm(w)], (4.2.44)
where the effective susceptibilities of the membrane and spin oscillators are introduced as
-1 _ —1 2 2wt
Xm,eff (W)™ = Xm,o(w) " —4g°€““"xs,0(w), (4.2.45)
Xseft (W) 7H = Xs0(W) ™ — 492 im0 (w). (4.2.46)

We used this model to fit the power spectral densities of the mechanical displacement spectra (see figure

5.3.1/(b)) using as the fit function a?|x,, o (w)|? where a is a global scaling factor accounting for the noise

terms driving the system.

Sympathetic Cooling of the Membrane: The thermal environment of the two oscillators differs
stongly from one another. While the membrane is clamped to a mount that is in thermal contact with
the environment, the thermal bath of the spin is given by the light and is therefore assumed to be in the
ground state g = 0. The coupling between the spin and the membrane can be used to sympathetically
cool the membrane. In this paragraph, the derivation of the sympathetic cooling rate for the mechanical

oscillator in the limit of a broad spin oscillator 7 > ¢ is shown. To do this, we first write the equation

(#.2.45) explicitly

1 .
xm,eg(w)fl =— <Q?n —w? —iwyy — 4g%eT (4.2.47)

O Qs (92 — w? + iwy)
Om '

(02 = w?)” + (wy)?

To evaluate the cooling rate, the broadening of the membrane oscillator due to the interaction with the
collective spin is calculated. Extracting the cooling rate from the broadening of a single oscillator is a
simple model that is only valid if the spin-membrane modes are not hybridised, i.e. in the weak coupling
limit 5 +~m > 2¢. In the strong coupling limit, a more sophisticated calculation of the membrane steady
state is required. However, in the weak coupling limit, the effective susceptibility can be written in the

form of a harmonic oscillator with modified frequency and broadening
_ 1 .
Xm,eff (w) L= O [Qr2n - 6Q§hift —w? —jw ('Ym + 'Ysym)} . (4~2-48)

Here, we have defined an effective frequency shift §€Qpie and the sympathetic cooling rate ysym. In general
08%nite and ysym depend on the frequency w, but in the limit of a broad spin oscillator, i.e. 75 > g, the

effective frequency shift and the sympathetic cooling rate can be evaluated at the membrane resonance
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frequency w = Q, and obtain

2 4929sz 2 2 .
Qi = (0207 4+ () [(Q2 — Q2) cos (2nT) — Qs sin (20 7) |, (4.2.49)
and
492 Qs 02 -0z .
Ysym = J 5 5 | Vs €os (20, 7) + —=—"sin (2Q,,,7) | . (4.2.50)
(92— 02)7 + (Q) O

For Qg ~ Q,,,, the expressions for the frequency shift and sympathetic cooling rate is further simplified to

502 o T [26 o8 (22 T) — s sin (20 7)] (4.2.51)
shift 452 + /_YSQ m Vs m ) L.
44° .
'YSym ~ m ["YS COSs (QQmT) + 26 Sin (291’1’17_)] . (4.2.52)

In this simplified expression, the maximum cooling rate is reached for 7 — 0. But in this limit, the
spin-membrane modes are hybridised and the approximation to evaluate the cooling rate at w = Q,, fails.
Further calculations show that the best cooling rate for a system without propagation delay 7 = 0 is
obtained for ys = 2g (see figure [5.4.2)(a) for data and simulation results).

Normal Modes

The eigenmodes of the coupled systems can be found by solving the equations of motion for the normal
mode frequencies and damping rates. This is more easily done in the rotating wave approximation at the

centre frequency Q = (Q, + €)/2. From the eigenvalue analysis, we get

~ m 5 6 m ~ /s 2 90
Qi+172i:9+174+%i\/(2+17 y 7) 1 g2ei20r, (4.2.53)

In the very simple case of no propagation delay 7 = 0 and resonance § = 0, the frequency splitting

between the modes is exactly AQ = 21/¢2 + (ym — 75)2/16 ~ 2g and the damping of the two modes are
symmetrical y4 = (ym +7s)/2. For large detunings |§| > g, one of the modes will have the characteristics
of the spin oscillator and the other the characteristics of the membrane oscillator. Thus, in this limit, the
two systems are decoupled. If there is a propagation delay, the two modes start to be asymmetric even
at resonance. For small delays Q,,7 > /2, the anti-symmetric mode Q4,74 is driven and the symmetric
mode 2_,y_ is damped by the propagation delay. For some parameters, one of the decay rates becomes
negative. At this point, the spin-membrane system becomes unstable and is driven to large amplitudes.
The stability of a system can be evaluated with the Routh-Hurwitz criterion from control theory. This is

done in the next subsection.

Routh-Hurwitz Stability Criterion of the Coupled System

In classical physics, coupling two oscillators with a delay can lead to unstable dynamics [147]. This is
similar for the spin-membrane system [67]. As in classical physics, the delay in our hybrid experiment
can cause instabilities in the coupled system. The stability of our spin-membrane system can be analysed

by applying the Routh-Hurwitz criterion from control theory to our linearly coupled spin-membrane
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(a) Phononic Bandgap Shielded Membrane (b) Nano-Pillar Membrane
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Figure 4.2.3: Evaluation of the stability of the coupled system using the Routh-Hurwitz criterion: The
coloured regions (i.e. the region above each solid line) show the sets of parameters for which the coupled
dynamics is stable for a given value of the propagation delay 7. Without propagation delay, any set of
detuning § = Qg — Q,, and spin damping rate 5 leads to stable dynamics. (a) shows the stability of
the loop with the phononic bandgap shielded membrane for the experimental parameters described in
chapter [5} For 7 = 60ns we have Q,,,7 ~ 0.75, so the validity of the Taylor expansion of the exponential
function in the presence of small delays reaches its limit. For the stability estimations shown here, we
used 2¢g = 27 x 6.8kHz, 7y, = 27 x 262Hz, and Q,, = 27 x 1.957 MHz. (b) shows the stability for the
parameters for the nano-pillar membrane given in table[{.2.1] Because of the larger frequency and reduced
membrane linewidth, the system is less stable than the one with the photonic bandgap membrane.

oscillators. The criterion provides a convenient means of assessing the stability of a linear system without
solving the equations of motion [147]. In this treatment, the Langevin noise is excluded, as we are
interested in whether the dynamics of the delayed coupled oscillator dynamics is stable by itself. We
then explore the experimental parameter space to see under what conditions the coupled system becomes
unstable.

We take the equations of motion for the delayed coupled system equations (4.2.36) and (4.2.37),
neglecting the noise terms and substituting the ansatz X;(t) = X, (s)e* where s € € yields

(5% + 57m + Q2) Xm(s) = —2¢Qm 7 X4(s), (4.2.54)
(52 + 576 + Q2) Xi(s) = —29Q e X, (s). (4.2.55)

Solving the simultaneous equations (4.2.54) and (4.2.55), we obtain the characteristic equation for non-

trivial solutions Xm #0,

(8% + 57m + Q) (5% + 57 + Q) — 4970 Qe > = 0. (4.2.56)

We consider here small propagation delays 7 < 1/Q; and apply a first-order Taylor expansion
exp(—2s7) &~ (1 — 2s7) (in the actual simulation shown in figures and we keep the terms
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up to 4th order). We then obtain

0=s"+ (s + 'Ym)SB + (QrQn + Qg + 'Vm'YS)S2
+ (Qg'}/m + Q?n% + 892(2sz7->3
+ Qs (2 Qs — 4g?). (4.2.57)

Having the spin-membrane dynamics in this polynomial form, we can define the polynomial coefficients

of a fourth order polynomial by
p(s) = ass* + azs® + ags® +ar1s+ag =0, ag > 0. (4.2.58)

In order to apply the Routh-Hurwitz criterion, the so-called Hurwitz matrix, which contains the polyno-

mial coefficients, has to be defined [147]. For a fourth order polynomial, this matrix reads

az ai 0 0

ay Qa2 Qo 0

H, = (4.2.59)

0 az ai 0

0 a4 Qa2 Qo

According to the Routh-Hurwitz criterion, the system dynamics are asymptotically stable if all the prin-
cipal minors of the Hurwitz matrix are non-zero and positive. Applying the Hurwitz criterion gives to

the following stability criteria for a fourth-order polynomial system

A = asz > 0, (4260)

AQ = 4 M = G203 — Q4071 > O, (4261)
as Qa9
az ai 0

Ag =lag as ag| = CL1A2 — a§a0 > O, (4262)
0 az Qai

Ay = det(H4) =ag-Asz > 0. (4263)

For the spin-membrane system, the coefficients are given explicitly by

as =1, (4.2.64)
a3 =Ys + Ym, (4.2.65)
az = 9+ + Vs Vm, (4.2.66)
ar = 1m$ + %0, + 89" AT, (4.2.67)
ap = Qs (O — 49%) . (4.2.68)

Since Q0 > 4¢2, all coefficients a; are positive. So the criterion A; is fulfilled and the criterion A4
depends directly on the criterion Ag. Therefore, only As and Agz remain to be checked.

In order to check Ay and Ajz, we can explicitly calculate them and then expand the expression in

terms of g, ;. Because the oscillation frequencies €, €2, are orders of magnitudes larger than any
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other dynamics, we only look at the terms of highest order of g, €,,. But thereby, we have to consider
that 7 is a very small number and that 7, ~ 0.1. Therefore, each 7 reduces the order of a term by

one again. Doing this, we obtain the following expansion for A,
Ay = Q2 (Y + %) + 2 (2766 — 89°Tn) + (Y Vs (Y + 7s) + 7150% — 8%y - (4.2.69)

Here, the first term is clearly much larger than the second and the third. Therefore, we only have to
consider the first term for our estimation. Because the first term is always positive (for our system),
Ay > 0 and thus, only Az remains to be checked. Here, we only write the leading term oc 2, because

the full expression is lengthy and can be evaluated easily if needed (and all other terms are much smaller)
Ag ~ QZ (16% (Y + SAYTO) + (77 + 0°)(47° — Av®) — 64¢°7°Q2) . (4.2.70)

Here we define ¥ = (ym + 7s)/2 and Ay = 5 — vm. The last term of this expression is always negative.
Thus, the first two terms must compensate it for the system to be stable. The second term is always
positive and maximum if the decay rate of both systems is balanced. The first term is the most interesting
one: Assumed that v > 7y, (which is our experimental situation), 6Ay7Q, > 0 for § > 0 and therefore
the stability is increased and dAy7T€,, < 0 for § < 0 which makes the system more unstable. This gives
the observed asymmetry with respect to the detuning & which relies on the asymmetry of the decay rates.
If there is no optical delay, the system is stable for all experimentally feasible parameter sets.

In order to get an intuition about the stability for different parameters, figure shows the stable
regions as a function of spin damping rate -, detuning ¢ and delay 7. In figure [4.2.3] one can clearly see
that the stability is not symmetric with respect to the detuning 6. The system becomes more unstable

as the delay 7 and the coupling strength g are increased.

4.2.4 Parametric-Gain Hamiltonian

In the last section, the coupling of the membrane to a positive frequency spin oscillator was discussed.
Alternatively, the spin can be implemented as a negative frequency oscillator, which gives rise to very
different coupled dynamics. By inverting the magnetic field, the direction of rotation of the Larmor
precession changes. Applying the Holstein-Primakov approximation, the effective spin oscillator rotates
counter-clockwise in the phase space instead of clockwise (see section . If the spin frequency is tuned
into resonance with the membrane oscillator 25 &~ —€),,,, the rotating wave approximation can be applied
to the propagator given in equation and we yield an interaction Hamiltonian

ﬁeﬁ’pg = g (bsbum + bl b]) cos(Q7) cos(57/2)

— ihg(bsby — bl bI) cos(Q7) sin(5/2 7), (4.2.71)
where the detuning between the systems is given by § = || — ., the mean frequency by Q = (|| +
Qm)/2, and the coupling rate g = ny/4IsI'y,. This is the Hamiltonian of a two-mode squeezing interaction
between the two systems. The hybrid interaction creates correlations between the spin oscillator and the
membrane oscillator. The rate g at which these correlations are created is the same as the coupling rate
of the beam-splitter interaction described in the last section. Again, the prefactor of the Hamiltonian
dynamics is reduced by the delay and losses in the loop. If the delay and the losses of the loop are

neglected, we obtain the simplified expression given in section [£.I] The dissipator of the system is the
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same as for the beam-splitter interaction

Acgrbs = 46 (l}ll}s + ;) (1 —n? cos(297))
PN 1
+ 2T, (bme + 2) : (4.2.72)

where the first term describes the imperfect cancellation of the backaction acting on the spin due to the
delay and the second line arises due to the quantum backaction acting on the membrane. Since there
is no cancellation of the membrane signal, there is a dissipative term for the membrane that remains

independent of the detuning and the propagation delay.

Solving the Covariance Dynamics

The hybrid system can be effectively approximated as a coupling between two harmonic oscillators, which
are assumed to be in a Gaussian state. If the atomic spin and the membrane are modelled as Gaussian
states, the systems can be fully described in terms of the first and second momentum of X; and P; [148].
The equations of motion for the second momentum can be used to quantify correlations between the two

systems [37] and thus to witness entanglement between the spin and the membrane oscillator.

Short Summary on Gaussian Dynamics:  Before calculating the Gaussian dynamics of our system,
the relevant equations of motion for a general Gaussian state are given below. If the Hamiltonian of a
system contains only linear and quadratic terms and the jump operators of the system are linear in

canonical operators, then the master equation of a system can be written in the form [149]

p=— KirlQ;(1), Qr(t)p] + hc. (4.2.73)
ki

where K is a matrix containing the coupling rates, and Qi are hermitian operators with the commutation
relations [Ql, QJ} = iJ;j, where J is a square matrix. The first moments of the system can be written as

a vector Q. The symmetric covariance matrix is defined as follows
_ 1 ~ - A A A
Cri = §<Qsz + QiQk) — (Qi)(Qu)- (4.2.74)

With the mean values Q and the covariance matrix C, the Gaussian state is completely described. The

equation of motion of the mean values can be written as

£Q=rq (4.2.75)
and the propagation of the covariance matrix is given by the Lyapunov equation [37]

%C* =FC+CF+ N, (4.2.76)

where the drift matrix is defined by F = 2JIm(K) and the diffusion matrix by N = JRe(K + KT)JT
[149).
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Gaussian Dynamics of the Hybrid System: In equation (4.2.5), the master equation for the
cascaded system is already expressed in the form of equation (4.2.73)). Thus the entries of K can be read
off directly. In the following, the system operator is defined as Q = (Xm, Pm, Xs, 155) The the parameter

matrix is given by

K = Kint + Kose (4.2.77)
with
T'm 0 ig cos(Qs7) igsin(Qs7)
0 0 0 0
Kint = | . o ) , (4.2.78)
igcos(Qum7) igsin(Qn7) 2Ts(1 — n? cos(2Qs7)) 7Ty sin(2Q7)
0 0 0 0
iQm/2 4+ Ym th/2 iYm /4 0 0
—iYm /4 1Qm/2 + Ym,th/2 0 0
Kose = 7 / ' / 7 7th/ . . (4279)
0 0 /2 4 vs.4n/2 iys/4
0 0 —irs /4 i06/2 + Y540 /2

where the matrix for the cascaded interaction Kj, and the matrix for the individual oscillators Kgg.
are written separately. With this matrix, the dynamics of both, the mean value of the system and the

covariance matrix can be simulated.

Logarithmic Negativity as a Witness of Entanglement:  The logarithmic negativity quantifies
the amount by which the Peres-Horodecki PPT criterion for separability is violated, which is a necessary
and (for the 2 x 2 dimensional case) sufficient condition that two quantum mechanical states are separable
[150]. To calculate the logarithmic negativity, the covariance matrix of the Gaussian state is written in

terms of three 2 x 2-matrices «, 3, v in the form

¢ = <VO‘T ;) , (4.2.80)

which can be done for any two-mode Gaussian state |151]. From this new covariance matrix, the symplec-

tic eigenvalues are calculated. For a two-mode Gaussian state they are given by ¢4 = \/ (p++/p?>—4q9)/2,

where p = det(a) + det(8) — 2det(y) and ¢ = det(C) |152]. The Peres-Horodecki PPT criterion for sep-

arability reduces to an inequality for the smallest symplectic eigenvalue, namely c_ > 1 [153]. If this

inequality is violated, the two-mode Gaussian state is entangled. The amount of entanglement is quan-

tified by the so-called logarithmic negativity of a state, defined as
En(p) = max(0, —In(c_)). (4.2.81)

This expression directly quantifies the amount by which the PPT condition for separability is violated
[154]. We have entanglement for Enr(p) > 0.

Duan Criterion as a Witness of Entanglement: Instead of logarithmic negativity, the so-called

Einstein-Podolsky-Rosen (EPR) quadratures can be considered to quantify the violation of the non-
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separability criterion [155]. For this, the EPR quadratures [156] are defined as

Xy = % (X + Xm) : (4.2.82)
Py = % (PS + ﬁm) . (4.2.83)

The separability criterion is violated for (X2) + <}5_f> < 1 [155]. This criterion is a sufficient but not a
necessary condition to prove entanglement of two quadratures. In order to obtain a necessary condition
for entanglement of a two-mode Gaussian state, the EPR quadratures are generalised by adding a weight

a to the quadratures

Xig = - (aXS + 1Xm> , (4.2.84)
2(a? +1/a?) a
. 1 S
Pig=—— (aPS + Pm> : (4.2.85)
2(a? +1/a?) a

Duan et al. [155] have proven that if the system is separable, it satisfies the inequality &puana =
<X3a> + <15_~2_{,) > 1 for any real number a. So if there is a real number a for which this inequality

is violated, the generalised EPR quadratures are entangled.

Simulation Results: The covariance matrix is simulated for a realistic set of parameters given in
table For each simulated time, the logarithmic negativity Enr(p) is calculated [153], as shown
in figure [4.2.4)(a) for different environment temperatures of the membrane. Entanglement between the
two systems can be generated at sufficiently low temperatures. The time dynamics of the entanglement
is interesting: there is a maximum of entanglement after 10 ps to 50 us. After that, the entanglement
decreases probably due to the dephasing of the states. But for sufficiently low temperatures, there is
still some entanglement after more than 400 ps. In figure (b) the maximum logarithmic negativity
is plotted as a function of the membrane environmental temperature. Not surprisingly, the entanglement

increases with decreasing temperature.

Instead of the logarithmic negativity, the Duan criterion can be considered [155]. For this, the Duan
entanglement parameter {pyan,» is minimised by optimising the weight a for each simulated time. In figure
4.2.4](c) the minimum entanglement parameter is shown for a given membrane environment temperature.
The evaluation of the Duan criterion gives the same general picture as the logarithmic negativity. Com-
paring the simulation data with the calculation of cooperativity shown in figure [£:2.2] we see that the

occurrence of entanglement coincides with the regime of large hybrid cooperativity. This is expected [68].

In order to make the simulation more relevant to the experiment, detection noise is introduced for the
detection of the spin system. For this, we normalise the detection noise floor (given by the shot noise)
to the spin occupation, such that it can be written as effective spin occupation ngda). As we can see in
figure m(d), the detectable entanglement disappears if there is only a small amount of noise in the

spin detection. This will be a major challenge for the detection of entanglement.

134



4.2. REMOTE HAMILTONIAN INTERACTION BETWEEN TWO SYSTEMS MEDIATED BY

LIGHT
(a) (b)
< o4 ' ' D — ' ' ' '
z i N 0.4 .
5 20T . 40
o —
£ 03} &) 1 o3} 1
2 =z
= S
%‘g)” 0.2} 75 02k i
.9 >
& | i
é 0.1 ) = 01
= ¢
-y 2\
bOD 0'0 1 1 1 1 1 00 C 1 1 1 1
- 0 50 100 150 200 250 300 10 20 30 40 50
time (us temperature (K)
(c) (p13) | (d) | fompen '
1.00 0.90 ]
= 0.95 1 -
3 QL
g = 015 -
& 0.90 4 5
= = 0.10 -
£ 085 {1 £
g e
g 0.80 1l £ o005 i
0.75 , , , , . 0.00 L —
10 20 30 40 50 1072 1071 10°
temperature (K) spin detection noise floor n ()

Figure 4.2.4: Results of the parametric-gain interaction: (a) shows the logarithmic negativity of the
covariance matrix as a function of time for different membrane environment temperatures. In (b) the
maximum entanglement obtained is shown as a function of temperature. In (c) the Duan criterion is
evaluated for the same simulation. (d) shows the logarithmic negativity that can be measured for the
system with a membrane at 7' = 10 K and detection noise in the spin detection. Here, the detection noise

det) . . . . o
floor ng ) is normalised to a single spin excitation.
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4.3 Experimental Implementation of the Coupling Loop

In this section, the experimental implementation of the coupling loop is discussed. A detailed schematic
of the experimental setup is shown in figure where key building blocks of the loop geometry are
highlighted. The following sections elaborate on the experimental implementation of these building
blocks. First, the optomechanical interface is discussed in subsection [£.3.1] Next, in subsection [£.3.2]
the experimental implementation of the polarisation interferometer is shown, which has previously been
discussed theoretically in section In the theory section at the beginning of this chapter, we have
seen that the loop phase is crucial for the nature of the spin-membrane interaction. How this loop phase
is implemented in our experiment is presented in section [£.3.3] In the loop, the spin interacts twice with
the light. The implementation of this double pass is discussed in section [£:3:4 The light of the two
spin-light interactions interferes. The phase difference of the light of these two spin-light interactions is
actively stabilised, which is introduced in section Finally, the in-loop spin detection is introduced
in section

Loop-Lock D
2
FPGA2
x)-1+—4¢ Iél Polarisation Interferometer
) L Spill Double EH , cavity locking
L } Pass - ! 17 beam
et DMirror | |HWPL Cﬂ EEE i _I
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Figure 4.3.1: Sketch of the coupling loop with detailed representation of the polarisation interferometer,
the loop phase lock, and the in-loop spin detection.

4.3.1 Optomechanical Interface

The optomechanical interface has already been introduced in chapter 3] Here we give a short summary
of how the cavity is used in the coupling experiments. For this, we consider the nano-pillar membrane
described in section [3:3] The membrane is embedded in a single-sided cavity with a linewidth of k =
27 x 94MHz. Two orthogonally polarised beams interface the cavity: (1) the coupling beam, more
precisely the cavity arm of the polarisation interferometer, and (2) the locking beam. The two beams
are combined at the last PBS before the cavity (PBS2 in figure . Both beams are derived from
the same titanium-sapphire laserEl and are frequency shifted and switched by individual AOMs (shown

2MSquared SolsTiS 5000 PSX XF laser system
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in figure . The AOM of the the locking beam is driven at 100 MHz by a fixed frequency VCqﬂ
A function generatorEI is used to provide the frequency for the coupling beam AOM, which is set to
105 MHz for the coupling experiment. For both AOMs, the first positive deflection is used so that the
coupling beam is blue-detuned by 5 MHz from the locking beam. The length of the cavity is stabilised by
a PDH lock (using the locking beam, shown in figure so that the locking beam is about —5 MHz
red detuned from the cavity resonance and the coupling beam is approximately in resonance with the
cavity. In practice, the lock point is set so that the coupling beam is slightly red-detuned to ensure the
stability of the cavity. In the presence of the locking beam (10 pW), the membrane is broadened from
27 x 152mHz (at room temperature) to 2w x 56 Hz. The coupling beam (200 pW) further broadens the
membrane mode to 2w x 480 Hz. This reduces the occupation of the membrane vibrational mode from
neh = 2.7 x 10% to nepy = 860.

4.3.2 Lock of the Polarisation Interferometer

The cavity is interfaced by one arm of a polarisation interferometer as described in section [£.:2.2 The
polarisation interferometer converts signals encoded in the polarisation degree of freedom onto a phase or
amplitude modulation and back again. At the output of the polarisation interferometer, the vibrations
of the membrane should have been mapped onto the S’Z—component of the Stokes vector so that it can
act on the spin. In order to ensure that the mechanical state of the membrane is mapped onto the
circular polarisation of the light, the interferometer has to be stabilised at a phase difference between the
two interferometer arms of A¢ = 0. Locking this phase is achieved by splitting off about 3 % of both
interferometer arms at the PBS4, where the two arms of the interferometer are recombined (shown in
ﬁguresand . The leak is detected by a balanced homodyne detection (BHD1). Using a normal
polarisation homodyne detection for BHD1 (with just a HWP), the phase A¢ = 0 would correspond to
a maximum or a minimum of the detected sinusoidal interference (because the detected signal is then
D « cos(A¢)). If instead we use a QWP and a HWP in succession, we can tune the phase of the
sinusoidal interference. The polarisation state of the light after the PBS4 can be written as a Jones
vector (a1, ds exp(IA®)), where @, is the annihilation operator of light coming from the cavity arm of the
interferometer and is horizontally polarised and as is the annihilation operator of light coming from the
local oscillator arm of the interferometer and is vertically polarised. The detected signal of the homodyne

detector is given by

D = (4}, Gt — oy ades—) /2 (4.3.1)
= (ala — ajas) (cos(40mwp) + cos(4(fuwp — fqwr)))
+ <AI&2€iA¢) + a;&le_iA¢>(Sin(49pr) + sin(4(9pr — QQWP)))
+ i<d1d2€iA¢ — a%dle_iAq)} sin(49HWp — QGQWP) (432)
= (a2 — ﬂZ)(cos(Mpr) + COS(4(9HWP — GQWP)))
+ % COS(A@)(SiD(ZlaHWP) + Sin(4(9pr — QQWP)))
- % sin(A@) Sin(49pr - 29QWP) (433)

3Voltage Controlled Oscillator, Crystek, CRBSCS-01-100.000, sine-wave output at 100 MHz with a frequency stability
of +25 ppm
4Rhode&Schwarz signal generator: SMB 100A
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where (d:gct 4 Gget+) is the flux in front of each detector, fqwp is the angle of the QWP, and Oxwp is the
angle of the HWP. The expectation values o = (G1) and § = (G2) are calculated for a coherent state of
light. In order to stabilise the interferometer around A¢ = 0, the waveplates are set to 40uwp —20qwp =
/2 and an error signal D = —afsin(A¢)/2 is obtained. The error signal, which is linear around A¢ = 0,
is given as input to a digital lockbox |73]. The PI control of this digital lockbox is used to send a feedback
signal to a high-voltage ampliﬁerﬂ which drives the piezol used to modulate the path length of the cavity
arm of the interferometer and as such the relative phase between both interferometer arms.

Experimentally, the QWP and the HWP of the polarisation interferometer homodyne detection are
optimised by detecting the interference signal at the balanced homodyne detection BHD3, which can be
accessed via a flip mirror. For the coarse adjustment, the piezol is scanned and the waveplates are set
so that the sinusoidal signals of the BHD1 and BHD3 are in quadrature with respect to each other. To
fine-tune the QWP and HWP, an iterative process has proven to be most efficient: the membrane signal
(or an EOM modulation, using the EOM in the interferometer) on the BHD3 should be minimised while
the polarisation interferometer is locked (a phase modulation on one of the interferometer arms should
be mapped on 5’2, which cannot be detected by BHD3), and the sinusoidal signal on the BHD1 should
be centred around zero while piezol is scanned.

The coupling beam is turned off during some stages of the sequence to avoid heating the trapped
atoms. The lock is turned off during these stages. To ensure a stable operation of the polarisation
interferometer during the spin-membrane interaction time, the coupling beam and the lock are turned
on for 4.5 ms before the spin-pumping stage. The lock is then on hold again for 1.5 ms, during which the
internal state of the atoms is prepared by spin-pumping, before the coupling beam is switched on again

to couple the spin and the membrane.

4.3.3 Implementation of the Loop Phase

In order to mediate Hamiltonian interactions between the spin and the membrane, it turns out that
the sign of the quantum signal on the carrier has to be inverted before the second interaction with the
spin [|37]. More generally, this corresponds to a phase shift of ¢ = 7 of the quantum signal on the
carrier. This so-called loop phase changes the optical quadratures Xp, = —Xp and P, » —P. In our
implementation of the looped, cascaded system, the quantum signal is encoded in the polarisation state
of the light. Assuming that the light is polarised along S, the quadratures can be written as Stokes
vector components X1 ~ S'y / \/5’70 and P, ~ S, / \/570. Changing the loop phase is therefore equivalent
to a rotation of the polarisation. To implement a phase ¢ = m we use a HWP with the fast axis aligned
with the local oscillator of the light S,. Using a stack of QWP - HWP - QWP one could set an arbitrary

loop phase, as shown in [68§].

4.3.4 Double Pass of the Spin Ensemble

In our loop design, the spin is interfaced twice. This double pass is implemented experimentally by having
a small angle between the first and the second pass at the position of the atomic cloud (see figure |4.3.2)).
This angle is set by aligning the two beams parallel at a distance of 2d in front of the lens (f = 200 mm)

which focuses the beams onto the atomic cloud. This lens transforms the parallel offset of the beams into

5Homebuilt high voltage amplifier by our workshop: SP908, up to +100V
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Figure 4.3.2: Schematics of the double interaction of the atomic cloud: (a) shows the beam path of the
coupling beam interfacing the atomic cloud twice. The beams cross with an angle 26 at the position of
the atoms, which is shown in more details in (b). Here, the 1/e? waist of the beams is shown by the dark
red (first interaction) and orange (second interaction) solid lines. The blue lines show the 1/e (solid) and
the 1/e? (dashed) waist of the atomic cloud. The colour-map shows the intensity of the total optical field.

a relative angle of 20 = 2d/f. After the atomic cloud, there is a second f = 200 mm lens which collimates
the beam again at a relative distance of 2d between the beams.

The distance d between the two beams is a trade-off between two conflicting requirements. On the
one hand, the distance between the beams has to be large enough to separate the beams after the second
lens. On the other hand, the angle on the atoms has to be small enough so that the two passes address
the same spin wave, see equation (4.2.21). In [68], this trade-off is studied in detail, both theoretically
and experimentally. It turns out, that choosing a displacement similar to the beam waist in front of the
first lens d = w is a good compromise.

From the basic formulae given in section [£:2.2] the parameters for our coupling setup are calculated
below. In our current setup, the beams in front of the first lens have a waist of 1mm. So we chose a
displacement of d = +1 mm from the central axis for the two passes and get a relative angle of 20 = 2d/f =
0.01 and a 1/e? beam waist (radius) of wg = 50 um at the position of the atoms. Calculating the overlap
integrals for our cloud geometry, we obtain geometry factors of (Re(Bgt)?) v, = 0.53, (Re(Bsna)?) N, = 0.48
for the desired coupling and (Im(Bg)?)n, = 0.05, (Im(Bsna)?)n, = 0.05 for the undesired coupling
(considering a transmission of 7 = 0.9). These numbers have to be compared with the geometry factor
of the single-pass 3D-interaction without angle (n2)y, = 0.33 (described in section . For the double
pass with angle, the atomic cloud is addressed with two beams, but the mode matching is worse than
for the single pass. It turns out that the measurement rate is higher in the two-beam configuration than
with one on-axis probe. However, the decoherence is much greater for the double pass than for the single
pass. The light-induced spin decoherence depends on the local light intensity, which is on average by a
factor ~ (1 4+ n?)? = 3.24 larger than for the single pass without angle.

In the following, the coupling to the S'y Stokes vector component is neglected because it is small. The
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Figure 4.3.3: Interference fringe of the first and the second pass measured at the focus of the coupling
laser using a mirror leak. The image has been integrated along the x- and y-axis to obtain the projections
along these axes. The spatial interference is along the y-axis. In this image, the displacement between
the beams is greater than in the final experiment, and the difference between two maxima is about
Ay = 45nm. Along the x-axis, the beams have a Gaussian profile with a waist of 50 pm.

overlap between the two spin waves is very large 1, = 0.97, so we can assume that the same spin waves

are addressed by both interactions.

4.3.5 Stabilisation of the Optical Phase of the Loop

For the double pass of the atomic spin, the relative optical phase of the two passes is relevant, as can be
seen from the double pass Hamiltonians given in equations and . The two passes need to
constructively interfere at the position of the atoms to maximise the prefactor of the double-pass spin-
light Hamiltonian. It is therefore necessary to stabilise the optical path length of the loop. To do this, the
phase of one of the polarisation interferometer arms is modulated by an EOM at 50 kHz (shown in figure
4.3.1). By combining the two arms of the polarisation interferometer on the PBS4, this phase modulation
is converted into a polarisation modulation. The returning light of the second pass is combined with the
first pass on a 98:2 beam splitter (BS) before being sent to the atoms. The two beams are combined so
that they are parallel at a distance of 2mm (see last subsection). Most of the light from the second pass
is reflected at the BS and sent to the atoms. However, a small fraction is transmitted and focused onto
a fibre. From the first pass, 98 % of the light is reflected at the BS and focused onto the same fibre. At
the focus, the two beams overlap and thus interfere. This interference signal is modulated due to the
polarisation modulation of the second pass generated by the EOM. The modulated interference signal is
measured on a photodiode. A FPGA board demodulates the signal and feeds it back to the piezo2 to
control the length and thereby the optical phase of the loop.

The light in the other BS output is focused onto the atomic cloud by a 200 mm lens. The leakage of
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a mirror after the lens (not shown in figure [4.3.1)) is used to monitor the interference pattern by imaging
the two beams with a CCD cameraﬂ (an example shown in figure 4.3.3]). For small angles § <« 1 and

weakly focused beams, the interference at the focus of the laser is given by

I(z,y,2 = 0) = |ugss (2,9, 2 = 0) + n*usna(, y, 2 = 0)[? (4.3.4)
72m2+2y2 yg
~(1+n*)%e = 8 cos? (%A) : (4.3.5)

The distance between the first and the second maximum of the interference fringe is then Ay = \/(20) =
78 pm. By checking the distance between the maximum and the first order interference fringes, the angle

between the beams can be estimated.

4.3.6 In-Loop Measurement of the Spin State

In the hybrid experiment, the spin signal is measured in-loop by detecting 8 % of the light of the local
oscillator arm of the polarisation interferometer (see figure . By detecting the light in the loop, the
actual losses in the loop are increased. Therefore, only a few percent of the light is split off on the PBS3
for detection. It is very convenient to have a detector that detects only the spin signal and no signal from
the membrane. However, because only a small fraction of the light can be detected and no homodyne
measurement can be performed at this position of the loop, the signal-to-noise ratio of the measurement
is limited. The shot noise in the detection can be normalised to a single spin excitation, from which we
obtain a minimal noise level of about ngdCt) = 50. Thus, as soon as we move towards the quantum-limited

operation of the hybrid experiment, the signal-to-noise ratio of this detection is too small.

4.4 Experimental Characterisation of the Double Pass of the Spin

The membrane oscillator is interfaced only once in our implementation of the hybrid coupling. Therefore,
the description of the membrane oscillator given in chapter [3| does not need to be modified much when
integrating the membrane into the loop (see section |4.2.2)). This is not the case for the spin oscillator: By
coupling the spin with two beams at an angle, the description of the spin interface changes, as described
in section As a first approximation, we can simply modify the spin-light coupling rate and the
spin damping rate and consider a new effective spin oscillator. The experimental characterisation of this
new spin-oscillator is shown in the following sections. Furthermore, the backaction acting on the spin is
cancelled by the second interaction with the light. In section [£.:4.3] the characterisation of the backaction
cancellation of the spin is shown.

However, it should be noted that this does not fully describe the spin-light interface. In section [4:3.4]
it is shown theoretically that due to the spin-light interface where two beams pass the spin at a relative
angle, the spin couples not only to P, but also to Xp,. In the loop, this leads to a self-interaction of the
spin as described in |68]. In our case, this coupling to X1, is weak due to the very small angle between
the two beams. Therefore, this undesired coupling contribution is neglected in the following. In future
experiments, the coupling to X1, could be used to engineer a self-interaction of the spin by setting a larger

angle between the two beams.

6Flir Cameleon3 USB3, CM3-U3-13S2M-CS: resolution: 1288 x 964, pixel size: 3.75um
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4.4.1 New Effective Spin Length

The calibration of the spin signal in the loop geometry consists of several measurements. First, the
effective spin-light interaction for the new geometry with the angle between the atomic cloud and the probe
beam is characterised. Then the in-loop detection is calibrated with respect to the homodyne detection
used for the spin characterisation in chapter 2] Finally, the effect of a second spin-light interaction on

the detection after the first spin-light interaction is characterised.

The new effective spin length for an interaction with an angle is characterised by repeating the
calibration experiment described in section [2:3.4] for the new geometry. It turns out that the effective
(mean) spin length is reduced by 10 % if the spin is interfaced with an angle compared to the interaction
without an angle. This is a smaller reduction than expected from theory: the spin-light interaction for
the measurement of the mean spin scales with the average intensity of the light, as shown in section [2.4.2]
For a beam without an angle, the average intensity is given by (ns) = 0.53 (see table [2.4.2]) while for a
beam with an angle the average intensity (at the position of the atoms) is given by (|lug|?)n, = 0.41
(compare to section , giving a reduction of 23 %. The deviation from the theoretical model could
be due to an overestimation of the length of the atomic cloud or a miscalibration of the angle between

the laser beam and the atomic cloud axis.

The second step is to calibrate the in-loop detection. In the spin calibration experiments shown in
chapter [2 the light is detected after the interaction with the spin. If we consider the loop geometry,
the spin must be detected elsewhere. Therefore, a leak of the local oscillator arm of the polarisation
interferometer is used for detection (shown in figure as DET1 and described in section [.3.6). To
calibrate the in-loop detection, we compare the measurement result of the same experimental sequence
for the detection after the interaction with the spin (as in chapter [2)) with the in-loop detection. We
obtain that the in-loop signal is smaller by a factor of 0.018 than the single-pass spin detection, which is
the expected reduction factor considering the splitting ratio of the polarisation interferometer (at PBS1
in figure and the pick-up ratio of the local oscillator (at PBS3).

From the theory, we expect that the spin signal on the light increases when adding a second local
oscillator at an angle from (|ugs|?)n, = 0.41 to (Re(Best))n, = 0.58 (as derived in section [4.3.4). In the
experiment, however, we do not see this amplification of the spin signal of the first interaction when the
spin is interfaced with a second beam at a different angle, independent of the loop phase. This deviation
from theory is not yet fully understood. One possible explanation could be that the spin decoherence
increases significantly when the second interaction is added (see below), potentially reducing the initial
spin signal. However, further investigation is needed to fully understand the double-pass interface of the
atomic spin.

In this section only the effective length of the mean spin is discussed, but not the variance of the
effective spin oscillator. In the future, a full characterisation of the spin noise should be considered in

order to complete the characterisation of the spin oscillator in the double-pass configuration.

4.4.2 Spin Decoherence Rate

The hybrid experiment is performed in the regime of high spin cooperativity. For high cooperativity, it
is useful to work in the regime where the spin linewidth is mainly determined by the interaction with

the light and not by magnetic field inhomogeneities or other decay channels. Thus, we can consider the
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Figure 4.4.1: Decay of the atomic spin signal in the double-pass configuration: (a) shows the demodulated
rms spin signal on the light for different optical powers of the coupling beam. The quadratic Zeeman
splitting leads to an oscillating signal. The maxima of the oscillations are fitted with an exponential
decay to extract a spin linewidth s, which is plotted in (b). In (b) the fitted spin linewidths are plotted

as a function of the coupling beam power P. A linear function with an offset v5(P) = /C? 4+ (AP)?
is fitted to the data. The fit yields decay constants of A = 27 x 0.25 HzpW ™! for the single pass and
A =271 x 0.80 HzpW ™! for the double pass.

interaction with the light as the primary source of spin broadening. In the double-pass configuration, the
local intensity of the light is a factor (1 + n?)? = 3.24 higher than without the second pass.

In order to measure the spin decay, the spin is excited by a short (60pus) rf pulse. The coupling
beam is then switched on. For the single-pass configuration, the spin is directly measured after the first
interaction. In the double-pass configuration, the light is sent further to the polarisation interferometer
after the first interaction with the spin. The membrane cavity is far detuned from the coupling beam
(|A¢] > k) so that the light is reflected at the first cavity mirror and does not interact with the membrane.
The measurements presented here are performed at ¢ = 0 loop phase so that there is no signal cancellation
for the spin signal (and the signal-to-noise ratio is large). The Faraday signal is measured after the second
pass by homodyne detection, demodulated by a lockin amplifier, and fitted with an exponential decay
(shown in figure (a)). The fitted decay rates are shown in figure (b). The decay rates depend
linearly on the power of the coupling beam, as expected from theory. The spin decay in the single-
pass configuration agrees with the calibration shown in section [2.6.3] The spin decay in the double-pass
configuration is on average a factor 3.20 larger than in the single-pass configuration. This is in good

agreement with our theoretical expectation.

Control of the Spin Damping Rate

In our experiment, we can actively control the spin damping rate 5. This proves to be an important
parameter for changing the hybrid dynamics of the system. Thereby, controlling the damping rate can
be used to manipulate the membrane, as it will be shown in chapter [5

In addition to the intrinsic damping of the spin by the coupling beam, the damping rate can be
increased by switching on a pumping beam. This is done by applying a circularly polarised beam resonant
with the |f = 2) + |f/ = 2)-transition. The beam propagates along the x-axis (along which the spin is
polarised prior to the experiment) and thus pumps the internal atomic state into the |f = 2,m; = —2)-

state (the same beam as used for the spin preparation). In the oscillator picture, this pump beam is
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Figure 4.4.2: Measurement of the spin in the absence of coupling to the membrane after excitation by a
weak rf pulse: (a) Time trace of double-pass measurement of the spin with different pump powers (range
from 0 to 10uW). The dashed lines show fits with an exponential decay. The spin linewidth (b) and spin
frequency (c) are plotted as a function of the pump power. The crosses show the fit parameters extracted
from figure [5.3.1](a), which were used as input for the simulations.

an effective cooling force acting on the spin oscillator because it restores the initial low entropy state of
the oscillator. In addition to the cooling force, the circularly polarised pump light creates an effective
magnetic field for the spins. This leads to a shift of the resonance frequency of the spin oscillator in the

presence of the pump light.

In order to measure the damping rate and the resonance frequency of the spin oscillator in the presence
of all lasers but without coupling to the membrane, we detune the coupling laser from the cavity resonance
(JA¢] > k). The laser thus is reflected from the incoupling mirror of the cavity and only the spin is probed.
For the calibration measurements, the spin is coherently excited by a weak rf pulse. The spin signal is
measured by detecting the signal remaining on the light after the second pass. It is normalised to spin
occupation numbers (shown in figure [1.4.2)(a)).

The damping rate v, is extracted from the exponential fit to the temporal dynamics (see figure
4.4.2|(b)) and the spin resonance frequency (O, is extracted from a Lorentzian fit to the spectrum (see
ﬁgure(c)). For optical pump power larger than Pyump > 0.7 1W, the spectra are too broad to provide
reasonable fit results (and are therefore not shown in figure (c)). Additionally to this calibration, the
spin damping rate and the resonant frequency are fitted from the coupled dynamics described in chapter
In figure [£.4.2)(b) and (c), the fit parameters for the coupled dynamics are shown.

4.4.3 Spin Signal Cancellation

In order to have a Hamiltonian spin-membrane interaction, we need to ensure that as little signal as
possible leaks out of the hybrid system. For this reason, the spin is interfaced twice, where the second
interaction is the time-reversal of the first one. By changing the phase of the quantum signal in the loop,
the second interaction undoes the effect of the first interaction. In this way, the quantum backaction of
the light on the spin is cancelled. The backaction cancellation is limited by the losses in the loop, the
finite loop delay, and the fact that the two spin-light interactions do not couple exactly the same spin

waves.

By measuring the outgoing light after the second spin interaction, these limitations can be quantified

and compared with the theory of cascaded quantum systems [37]. Neglecting the membrane for the
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Figure 4.4.3: Demodulated time trace (a) and spectrum (b) of the spin signal for different loop configu-
rations. The yellow curve shows the measurement of the spin signal at the end of the loop with a loop
phase of ¢ = 7. The signal is strongly suppressed compared to the 0-phase shift which is shown in grey.
The dark-blue trace shows the single pass where the second pass does not pass the atomic cloud. In
all traces, the quadratic Zeeman effect leads to a decay and revival of the envelope rms function. An
exponential decay is fitted to the maxima of this oscillating signal.

moment, the X-quadrature of the light after the two spin-light interactions can be written as

X(Out)() m) +\/7X(l/) t (441)
202 /T (Ro() (14 cos(6) cos(2007) — Bu(t) cos(9)sin@207)) . (442)

where ¢ is the loop phase, the first line describes the input noise of the light and the noise due to optical
losses, while the second line describes the spin signal on the light. To measure the signal interference of
the two passes, we apply a classical rf drive to the spin ensemble so that we can neglect the quantum noise
terms and write (X,(t)) ~ Asin(Qst) and (Pys(t)) ~ A cos(st). The measured <X£OUt) (t)) is demodulated

at the spin frequency and the rms value is calculated, which in the case of a classical signal is given by

(X'I(Jout Yems & V202 T AV/1 + cos2(¢) 4 2 cos() cos(2Qs7). (4.4.3)

By changing the loop phase and comparing the measurement results, one cannot measure the losses in
the loop, because the local oscillator and the spin signal are both subjected to the same losses in the
loop. What can be quantified is the imperfect cancellation due to the delay and due to different spin-light
interaction rates in the two passes. In our experiment, we have a round trip length of about 27¢ = 4 m and
we prepare the spin oscillator at 0y = 27 x 2.245 MHz. This leads to an expected spin signal suppression
of (X (Out)>¢=0 / <)A(£°ut)>¢=7r = 10.6. A measurement of the spin signal for different loop phases is shown in
figure The measured signal cancellation is about what we expect <X£0ut)>¢,:0 / ()A(I(Jom)mzﬂ =1138.

The optical losses in the loop can be measured directly by measuring the power of the light at different
positions in the loop. The round trip transmission in the loop is * = 0.64. So the backaction cancellation

on the spin is about 1 — n* = 0.36.
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4.5 Conclusion

In this chapter the theoretical concept and the experimental implementation of a coupling loop between
the atoms and the membrane is established. It is shown that for our set of parameters (presented in
chapter |2| and |3| and summarised in table , quantum coherent coupling between the two systems is
expected. Furthermore, it is shown that this quantum coherent coupling can be used to entangle the spin
and the membrane.

The coupling of the systems requires stabilising the polarisation interferometer, which converts the
signal from the polarisation state of the light to the amplitude and phase of the light and back again,
and the total loop phase of the coupling loop. Both locks are presented here. In the loop, the spin is
interfaced two times. In order to separate the light from both passes, an angle is implemented in between
the two passes of the spin. This angle and the two passes change the spin-light interaction. Therefore, the
interaction strength of the spin-light interface is calibrated again for the geometry of the spin interface. In
theory, we would expect a larger spin signal because of the two passes of the light. But in the experiment,
this is not observed.

Nevertheless, the requirements for performing quantum coherent coupling experiments are fulfilled.
The next two chapters report on the coupling between the collective atomic spin and the mechanical

oscillator.
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Chapter 5

Coherent Feedback Cooling of a
Nanomechanical Membrane with

Atomic Spins

The mechanism of remote coupling between the collective spin of an atomic ensemble and a
nanomechanical membrane was introduced in the previous chapter. In this chapter this spin-
membrane coupling is used for coherent feedback cooling of the phononic bandgap shielded
membrane. Coherent control of this system allows to explore different cooling regimes: for
strong spin-membrane coupling, state swaps are observed which reduce the steady-state mem-
brane temperature via spin damping. Applying additional spin pumping results in the tran-
sition to a regime of continuous, overdamped cooling. Making use of the full coherent control
offered by the hybrid system, we perform spin-membrane state swaps combined with strobo-
scopic spin pumping to cool the membrane in a room-temperature environment to 7' = 216 mK
(i = 2.3 x 103 phonons) in 200 ps. Furthermore the effects of the loop delay in the coherent
feedback loop on the cooling performance are studied. Starting from a cryogenically pre-
cooled membrane, this method would enable cooling of the mechanical oscillator close to its

quantum mechanical ground state and the preparation of nonclassical states.

For this chapter, the phononic bandgap shielded membrane was used, introduced in section
The following chapter was published in |30]. Only a few changes were made for better

integration into this thesis.

5.1 Introduction

Hybrid quantum systems in which a mechanical oscillator is coupled to a spin are a promising platform
for fundamental quantum science as well as for quantum sensing |9} [11} [157]. The interest in such systems
derives from the fact that the spin — a genuinely quantum-mechanical object — can be used to control,

read-out, and lend new functionality to the much more macroscopic mechanical device. Recently, different
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spin-mechanics interfaces have been realised, involving the coupling of a mechanical oscillator to (pseudo-
)spin systems such as atomic ensembles [25] 27, |28} |29} 31, |68], quantum dots [18] 19|, superconducting
qubits |20} [158] [159], or impurity spins in solids |10} [14] |17} [160], using light-, strain-, or magnetically-
mediated interactions.

Coherent feedback is an intriguing concept that can be studied with such systems [39} [64]. In coherent
feedback, a quantum system is controlled through its interaction with another one, in such a way that
quantum coherence is preserved. In contrast to measurement-based feedback [144], coherent feedback
does not rely on measurements, thus avoiding the associated backaction and decoherence. Coherent
feedback can under certain conditions outperform measurement-based feedback in tasks such as cooling
of resonators [161, (162, and it has been implemented in solid state systems to enhance the coherence
time of a qubit [163]. In optomechanical systems, it has been theoretically studied as a way to generate
large nonlinearities at the single photon level [164} 165], to enhance optomechanical cooling and state
transfer [166], as well as for entanglement generation [166 |167, |168].

In the context of spin-mechanics interfaces, the mechanical oscillator can act as the system to be
controlled, i.e. the plant, which is coupled to a noisy thermal bath, and the spin system as the controller,
coupled to a zero-temperature bath. Coherent feedback is achieved by coupling the two systems, thus re-
ducing the noise in the mechanical system by transferring it to the spin, where it is dissipated. Additional
coherent control of the spin enhances the cooling performance.

Hybrid systems combining atomic ensembles and mechanical oscillators have been used for sympathetic
cooling by coupling the mechanical vibrations of a membrane to the centre-of-mass oscillation of cold
atoms in an optical lattice |27, 28]. In these systems the atomic motion was strongly damped and did
not offer the possibility for coherent control. In contrast, collective spin states of atomic ensembles offer
long coherence times and a versatile quantum toolbox exists that provides sophisticated techniques for
ground-state cooling and quantum control [13| [52]. This makes it possible to use the atomic spin as
a coherent feedback controller, which can be employed to efficiently cool and control the mechanical
oscillator [51], e.g., via a state-swap [169).

Here, we demonstrate coherent feedback control of a nanomechanical membrane oscillator with the
collective spin of an atomic ensemble and employ it to cool the membrane. For this, we exploit the
coherent control offered by our recently demonstrated spin-membrane interface, where light mediates
strong coupling between the two systems [29]. Using optical pumping on an internal atomic transition we
can modify the spin damping rate and study the membrane cooling performance in different regimes. We
show that coherent state swaps alternated with spin pumping pulses allow us to extract the noise from
the mechanical system in an efficient way, providing the largest cooling rate and reaching the phonon
steady-state faster than for continuous cooling. Finally, we study the effect of feedback delay onto the
steady-state temperature of the membrane in the light-mediated coupling between the mechanical and

spin systems. Our observations agree well with a theoretical model.
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o_optical
pumping

Figure 5.2.1: Sketch of the light-mediated spin-membrane coupling. Light interacts first with the spin,
then with the membrane, and then again with the spin. The propagation of the light leads to a feedback
delay 7. On the way back from the membrane to the spin, a m-phase is imprinted on the light, rendering
the spin-membrane interaction effectively Hamiltonian for zero-delay 7 = 0. The systems can be approx-
imated by harmonic oscillators of frequencies 2, and s with damping rates 7, and s coupling them
to a bath with i, path and 75 baeh Phonons, respectively. The oscillators are coupled at a rate g. The
spin damping rate can be increased by applying a o_-polarized pumping laser.

5.2 Setup

Our hybrid system consists of a mechanical oscillator and a collective atomic spin coupled by laser light
over a distance of 1 meter in a loop geometry (figure[5.2.1)). The mechanical oscillator is the (2, 2) square
drum mode of a silicon-nitride membrane [170|, which has a vibrational frequency ,,, = 27 x 1.957 MHz
and an intrinsic quality factor Q. = 1.4 x 10° (see section for details). The membrane is placed in
a single-sided optical cavity of linewidth x = 27 x 77 MHz, which enhances the optomechanical coupling
to external fields. The cavity is driven by an auxiliary laser beam (not shown in figure that is red-
detuned from the cavity resonance, providing some initial cavity optomechanical cooling of the membrane
to 2 x 10° phonons . The reflection of this beam is used to stabilize the cavity length and read out
the membrane displacement via homodyne detection (detailed in section .

The collective spin is realised with an ensemble of 1.3 x 107 cold 8"Rb atoms confined in an optical
dipole trap. Strong coupling of the atomic ensemble to the light is ensured by its large optical depth
do =~ 300. The atomic spins are optically pumped into the hyperfine ground state |F = 2,mp = —2)
with respect to a static magnetic field By = 2.8 G perpendicular to the propagation direction of the
coupling laser. The Larmor frequency )5 o By is tuned into resonance with the membrane frequency
Q. The spin precession is measured after the first interaction with the coupling laser by picking up a
small fraction of the light (calibration shown in section and . The small-amplitude dynamics
of the transverse spin components can be described by a harmonic oscillator of frequency {25 using the
Holstein-Primakoff approximation .

A coupling laser beam interacts first with the spin, then with the membrane, and once again with
the spin, as sketched in figure and detailed in . The coupling beam with 1 mW optical power is
slightly red-detuned with respect to the membrane cavity and —27 x 40 GHz red-detuned from the 8”Rb

Dg-line. It cools the membrane further to 7, path = 2.0 X 10* phonons, which broadens its linewidth to
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Figure 5.3.1: (a): Time traces of the membrane occupation number after turning on the coupling to the
atoms. The different traces show measurements with different spin damping rates vs. The dashed lines
correspond to the simulation described in the text based on equations (5.5.1) and (5.5.2)). The dotted line
shows the membrane dynamics without atoms but with the coupling beam turned on. (b): Power spectral
density of the membrane displacement. The dashed lines show a global fit to the data with the initial
phonon occupation (bzbl)(t =0), Qm, 7, g, and the detector shot noise level as global fit parameters and
Qs and ~, as individual fit parameters. All other parameters were taken from independent calibrations.
In (a) and (b), solid lines correspond to the mean and shaded areas to the standard deviation of 355
measurements.

Ym = 27 X 262Hz. In presence of the coupling beam, the spin linewidth is 75 = 27 x 2.2kHz. In the
first spin-light interaction, the X, quadrature of the atomic spin is imprinted onto the coupling beam via
the Faraday interaction [13], resulting in a modulation of the radiation-pressure force on the membrane.
Likewise, the membrane displacement X, modulates the light reflected from the cavity [54] which then
creates a torque on the spin in the second interaction. On the way back from the membrane to the spin,
the optical field carrying the spin and membrane signals is phase-shifted by 7 such that the effective
spin-membrane interaction is predominantly Hamiltonian and the backaction of the light on the spin is
suppressed [|37]. Tracing out the light field and neglecting the propagation delay for the moment, the
resonant part of the effective spin-membrane interaction is described by a beam-splitter Hamiltonian
Hps = hg(blby, + bl,b,), where by, (bs) is the annihilation operator of a membrane (spin) excitation and

g is the effective spin-membrane coupling rate [29].

5.3 Continuous Cooling

Recently, we demonstrated strong coupling with this spin-membrane interface, i.e. 29 > (s + Ym) = Vs
[29]. Strong coupling is manifested by the hybridization of the membrane and spin modes which leads to
a normal mode splitting of 2g = 27 x 6.8 kHz in the spectrum as shown in figure m(b) In the time
domain, strong coupling gives rise to state swaps between the spin and the membrane at the coupling rate
g. In figure (a) we show the time evolution of the membrane occupation number after switching on
the coupling beam. For 2g > ~s, the thermally excited membrane swaps its state with the spin, which is
initially prepared close to its ground-state, in half a period T, = /g of the energy exchange oscillations.
After another half period, the thermal state is swapped back onto the membrane but the phonon number

is reduced due to the damping that occurred in the spin system, whose linewidth is larger than that of

150



5.4. STROBOSCOPIC COOLING

T T T T T
Continuous Cooling

= Stroboscopic Cooling _

(blbs)

10°

10?

100 200 300 400 500 600
time (ps)

Figure 5.4.1: (a) Membrane and (b) spin occupation numbers for continuous cooling at s = 2¢g and
stroboscopic cooling at 75 = 0.6g. The gray shaded areas indicate the spin pumping pulses (where v &
60g). Solid lines and shaded areas correspond to the mean and standard deviation of 70 measurements
and dashed lines correspond to a simulation.

the membrane. The oscillations dephase after approximately 1 ms and a steady state with a membrane
occupation of 7, s &~ 2.3 x 10® phonons is reached, corresponding to a temperature decrease by two
orders of magnitude compared to the initial state. In this process the membrane is predominantly cooled
via its coupling to the cold and damped spin, reaching a temperature one order of magnitude lower than
in the presence of the optomechanical cooling beams alone.

We now study the effect of increasing the spin damping rate 75 on the coupled dynamics. To increase
~vs we apply a o_-polarized pump laser along the polarization axis of the spin (calibration in section
. As can be seen in figure (a)7 increasing s first enhances the membrane cooling, until the
overdamped regime 5 > 2¢ is reached where the membrane couples incoherently to a quasi-continuum of
cold spin fluctuations. The membrane decay is then governed by Fermi’s golden rule, with the occupation
number decreasing at the sympathetic cooling rate Ysym = 4g%/7s, i.e. the cooling becomes less effective
as s is increased further. In this weak-coupling regime, the modes decouple and the membrane spectrum

shows a single Lorentzian peak, broadened by the interaction with the spin, see figure (b).

5.4 Stroboscopic Cooling

Previous experiments, which coupled a membrane to the motion of cold atoms , lacked both
strong coupling and coherent control over the atoms. In contrast, our strongly coupled spin-membrane
system allows us to implement more elaborate coherent control schemes. In particular, we can combine
strong coupling and strong spin damping in a stroboscopic fashion in order to cool the membrane much
faster than in the continuous cooling case discussed above. In figure [5.4.1] we show a comparison between
stroboscopic and continuous cooling, where time traces for (a) the membrane occupation number and

(b) the spin occupation number are shown. In the stroboscopic sequence we perform a coherent 7-pulse
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Figure 5.4.2: Steady state occupation of the membrane as a function of (a) spin damping rate s (at
resonance, § = 0) and (b) spin-membrane detuning § = Qs — Q, at s = 0.6¢g. The solid (dashed) blue
line shows the result of the simulation with (without) delay. In (a), the red dashed-dotted line indicates
the steady-state number given by the rate in equation with 7 = 15ns. The red shaded area
shows the region for which the dynamics is found to be unstable using the Routh-Hurwitz criterion. For
this measurement, 7, path ~ 4.0 X 10* phonons and ~Ym = 27 x 94 Hz (independently calibrated without
atoms).

(Tpuise = 100 s, 5 = 0.6g) to swap membrane and spin states. Afterwards, we apply an optical pumping
pulse of duration T,ump = 10ps which increases the spin damping rate to s ~ 60g and depletes the
spin occupation on a timescale much shorter than the state swap (gray pulses in figure[5.4.1](b)). During
the pumping pulse the coupling is kept on. Since the spin is reinitialised close to the ground state,
the next coherent state swap does not transfer thermal energy back to the membrane but only cools it
further. It takes two to three such iterations of a coherent m-pulse followed by a spin pumping pulse
to reach the steady state (see figure . Using this simple sequence, we can reach the membrane
steady state temperature of 216 mK (fi,,ss = 2.3 X 103 phonons) in around 200ps, approximately a
factor of two faster than for continuous cooling. This exemplarily shows the advantage of a coherent
feedback controller, which enables faster cooling than if the membrane is coupled with a similar rate to

an incoherent, overdamped system.

5.5 Theoretical Model

Further insight into the dynamics is gained by solving the equations of motion for the coupled spin-

membrane system [29],

X + YmXm + Q2 X = =290 X (t — 7) + QuFon, (5.5.1)
Xo 7 Xs + Q2 X, = 290, X (t — 7) + Qo Fs, (5.5.2)

where terms on the left-hand-side describe the internal dynamics of the damped oscillators and the first
term on the right-hand-side describes the state swap dynamics including a propagation delay 7 between
the spin and the membrane. We included the generalized Langevin forces F,, and F; that capture
stochastic force terms due to quantum fluctuations, thermal and measurement backaction noise (detailed
in appendix [F)).

We used the following procedures to simulate our experimental results: for the continuous cooling
measurements, we first fitted the spectra for different 75 in figure m(b) globally using a coupled-mode
model (fit function given as equation ) From this fit, the extracted 7 and €, were used as the
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input parameters for the simulation. We adapted the technique described in [171] to numerically solve
the equations of motion and and compare the solution to our data (more details are given
in appendix |F]). To generate each time trace in figure [5.3.1)(a) (dashed lines) we fitted the numerical
solution to our data with only 75 and ) as free parameters. The fit results show a systematic shift of
Qs with increasing spin pumping power, likely due to the light shift induced by the circularly polarised
pumping laser (figure , and - was observed to be larger than in the independent calibration shown
in section

For the stroboscopic cooling measurements, we took the fit parameters from the continuous cooling
measurement and ran the simulation with a time dependent spin damping rate which was taken to be
~vs = 0.6¢ during the state swaps and 75 = 60¢g during the pumping pulses. The fit is shown for membrane
and spin in figure [5.4.1 as a dashed line. The good agreement between fit and data shows that our model

includes all the relevant factors which govern the coupled dynamics.

5.6 Delayed Feedback

Our hybrid spin-membrane system constitutes a coherent feedback network [162], in which delayed feed-
back can give rise to instabilities [50, 172, [173]. In our experiment, such instabilities show up as a
spontaneous coupled oscillation of spin and membrane, which we observe for certain values of the spin-
membrane detuning § = Qs — Q,,. Even at resonance, we have to include the feedback delay to predict
the experimentally measured steady state occupation of the membrane accurately. In figure [5.4.2) we plot
the measured and simulated occupation numbers of the membrane in steady state as a function of ~
(shown in figure [5.4.2](a)) and & (shown in figure [5.4.2|(b)). At resonance and for Q7 < 1 (as in our
system), the effect of the feedback delay is most apparent in the limit of small 45. The model without
delay (light-blue dashed line) predicts a significantly smaller occupation number compared to both what
we observe in experiments and what is predicted by our model including the feedback delay (blue solid

line). In the large s limit, the sympathetic cooling rate is modified to

4q°

Yoym PP [vs cos(292,7) + 26 8in (29, 7)] (5.6.1)

(see section for derivation). In this limit, the steady state occupation is given asymptotically by
(bl b)ss = Tom,bathYm/ (Ym + Ysym ), shown as the red dashed-dotted line in figure (a). The theory of
coupled oscillators without delay predicts optimal sympathetic cooling at the critical damping of 75 = 2¢g
(faded vertical dotted line in figure . Including the feedback delay in the model, the minimal
occupation number shifts to larger 5 (dark vertical dotted line), because the self-oscillations have to be
compensated by a higher spin damping rate. The experimental data confirms this theoretical prediction.

Furthermore, we find that the presence of delay lifts the symmetry in J, as inferred theoretically from
equation (see for large ~s and shown both experimentally and theoretically in figure m(b) for
small 75 = 0.6g. We see that the minimal steady state occupation of the membrane is obtained for positive
detuning d, i.e. Qg > Qy,, which is true in general for a feedback system with a delay of 7 < 7/(2Q).
For large enough negative §, we observe that the coupling drives the system into limit cycle oscillations,
see figure m(b) With our model we can attribute these self-oscillations to the feedback delay. In this
self-driven regime, the resulting membrane occupation of 6.8 x 107 exceeds the spin length by around a

factor of three. The emergence of such instabilities can be characterised using the Routh-Hurwitz stability
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Figure 5.6.1: Simulated steady state occupation of membranes for varying cryostat temperature and
different mechanical @y, factors. Here, 7, = 2g, 6 = 0 and 7 = 15ns. The insets show the current
membrane with phononic shield used in these experiments and a soft-clamped membrane for which
Qm ~5x107.

criterion [147], which indicates whether the real part of one of the normal modes of the system reverses
its sign (shown in section . In figure we indicate such unstable regions for our coupled system
by a shaded area. Our calculations show that the precise value of § at which the driving due to the loop
delay exceeds the damping of the coupled system depends on 7. Even at resonance (see figure [5.4.2](a))
self-oscillations are predicted for small enough ~s.

The propagation delay is an interesting tuning knob for coherent feedback experiments, which gives
access to Hamiltonian and dissipative dynamics: We can induce self-oscillations of the system, tune the
dependence of the steady state on system parameters such as damping rate and detuning, or even render

the delay negligible by tuning 29,7 to a multiple of 2.

5.7 Discussion

In our experiment, the cooling rate of the membrane due to its coupling to the spin exceeds the cavity-
optomechanical cooling rate by more than one order of magnitude. The lowest achievable phonon occupa-
tion of the membrane is thus given by the competition of cooling the membrane with the spin and heating
due to its coupling to the room-temperature environment. In figure[5.6.1] we show the expected membrane
steady state occupation for varying environment temperature and two different membrane designs. In
this calculation we include the cavity-optomechanical cooling of the membrane (which has a negligible
effect), the light-mediated coupling to the spin including backaction of the light, as well as thermal and
quantum mechanical ground state fluctuations of both systems. The higher quality factors Qm > 5 x 107
of soft-clamped membranes |56} [132] would reduce the thermal decoherence rate by a factor 25 and allow
us to prepare the mechanical oscillator close to its ground state in a 4 K environment. These techni-
cal improvements would realise a mechanical oscillator whose phonon occupation is limited by quantum
backaction instead of thermal noise. While in the current coupling scheme the double pass eliminates
backaction on the atomic spin, a large membrane quantum cooperativity C,, > 1 would favour a double
pass scheme with coherent cancellation of quantum backaction on the membrane. This would lead to a
higher quantum cooperativity for the spin-membrane coupling [37]. Further, the feedback control of the

membrane could be improved by increasing the quantum cooperativity of the spin system. This involves
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gaining a better understanding of the spin decoherence sources and achieving a larger spin-light coupling
rate.

In this work we implemented a relatively simple coherent feedback sequence based on coherent state
swaps of pulse area 7 interleaved with short spin pumping pulses. In the future, it would be interesting
to explore more elaborate feedback sequences to optimize the cooling in a specific situation. For example,
the duty cycle of the stroboscopic cooling sequence could be changed over time to cool a mechanical
oscillator with a high initial occupation that exceeds the spin length. Initially, short coupling pulses of
pulse area < 7 could remove excitations without saturating the spin, and once the phonon number is
sufficiently reduced, the pulse area could be increased to minimize the final temperature.

Our coherent feedback cooling scheme is a rather general technique that can be applied to any physical
system with a strong light-matter interface. This includes cavity optomechanical systems or mechanical
oscillators without an optical cavity. Moreover, similar cooling schemes could be implemented in the
microwave domain with electromechanical oscillators [159] coupled to solid-state spin systems.

The coherent control and bidirectional Hamiltonian coupling employed in this work pave the way
towards more elaborate quantum protocols such as the generation of non-classical mechanical states via

state swaps |169] as well as further studies of coherent feedback in the quantum regime |39} 64} 144, |161].
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Chapter 6

Towards Quantum Coherent Coupling
of a Mechanical Oscillator and an

Atomic Spin

The coupling of a nano-pillar membrane in a 10K environment to the collective spin of an
atomic cloud theoretically allows one to reach the regime of the quantum coherent coupling. In
this regime, the atomic spin could be used to sympathetically cool the membrane mode to the

vibrational ground state. Moreover, the atomic spin and the membrane could be entangled.

In this chapter, preliminary results on the coupling between the nano-pillar membrane and
the collective atomic spin are presented. We observe strong coupling between the two systems
at both room temperature and cryogenic temperatures. This provides a promising starting

point for the operation of the hybrid system in the quantum coherent coupling regime.

In the previous chapter, strong coupling between the collective atomic spin and the phononic bandgap
shielded membrane in a room temperature environment was used for coherent feedback experiments. The
interaction presented in the last chapter is not yet in the quantum coherent coupling regime [30]. The
main limitation to reach the quantum coherent coupling regime is the fact that the membrane is strongly
driven by thermal noise [68, |69]. In order to overcome this limitation, the phononic bandgap shielded
membrane has been replaced by a nano-pillar membrane, which increases the mechanical Q-factor of the
optomechanical system by more than an order of magnitude. In addition, the membrane is installed in a
cavity that is mechanically stable when cooled to cryogenic temperatures (unlike the cavity used previously
in [29} 130, 68, 169] ), allowing coupling experiments to be performed with the membrane environment cooled
to cryogenic temperatures. Furthermore, the optimisation of the geometry of the atomic cloud and the
homogeneity of the magnetic field across the atomic cloud results in a longer coherence time of the atomic
spin.

Using the nano-pillar membrane at cryogenic temperatures, it seems feasible to perform coupling
experiments in the quantum coherent coupling regime. This allows the mechanical oscillator to be cooled

sympathetically by the atoms to the mechanical ground state and the atoms to be entangled with the
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Figure 6.1.1: Room temperature measurement of the membrane and the spin coupled by a beam-splitter
Hamiltonian: (a) The Larmor frequency of the spin ) is tuned across the membrane resonance frequency
Q. For each detuning § = s — ), between the spin and the membrane, the PSD of the homodyne
measurement of the membrane is calculated and plotted here. The eigenfrequencies of the coupled system,
given by equation , are plotted to the data as a guide to the eye. (b) Time trace of the spin and the
membrane occupation in a coupling experiment. The spin is slightly detuned from the membrane. The
solid line shows the average over 100 measurements, the shaded areas the standard error. The dashed line
shows a simulation of the spin-membrane coupling experiment with § = 27 x 3.5 kHz, v, = 27 x 100 Hz,
vs = 2w x 1.2kHz and 2g = 27 x 6.4kHz. The measurement of the spin system did not work during the
first 140 ps.

membrane, as shown theoretically in chapter [d} In this chapter, first coupling experiments between the
two optimised systems are presented. First, experiments using the beam-splitter interaction are presented:
In section [6.1] it is shown that the two systems are indeed strongly coupled at room temperature. This
coupling can be used to coherently cool the membrane to n, =~ 50 phonons in a cryogenic environment,
which is discussed in section[6.2} This is more than an order of magnitude colder than for the experiments
presented in the previous chapter reaching n,, ~ 2.3 x 10 in a room temperature environment. For the
experiments in section [6.3] the spin is implemented as a negative mass oscillator resulting in a parametric-
gain interaction between the two systems. Finally, in section[6.4] the main limitations of the experimental

setup in its current state are discussed and some ideas to overcome them are proposed.

6.1 Normal Mode Splitting

We couple the new nano-pillar membrane and the spin in the new dipole trap configuration by a beam-
splitter interaction (see section at room temperature to show strong coupling between the systems.

In the experiment the spin is polarised antiparallel to the magnetic field, so that it can be approximated
by a positive mass oscillator (see section. In this regime, the interaction between the two systems can
be described as a beam-splitter interaction (as described in section. One of the signatures of strong
coupling between two systems is the hybridisation of the modes: If the two oscillators are resonant, the
eigenmodes of the strongly coupled system hybridise into two collective modes, which is quantitatively
described in equation . The spin resonance frequency is given by the Larmor frequency which is
defined by the magnetic field. In a first experiment, the spin resonance is tuned across the mechanical
resonance. The result is shown in figure [6.1.1)(a). At the spin-membrane resonance, the two eigenmodes
of the coupled system are split by about 2g = 27 x 6.4 kHz.

Compared to the coupled dynamics presented in chapter 5] the linewidth of both oscillators is narrower
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Figure 6.2.1: Experiments with a beam-splitter interaction between the collective spin of the atomic cloud
and the nano-pillar membrane in a 60 K environment: (a) The spin resonance is tuned over the membrane
resonance. To the data, the eigenfrequencies of the coupled system are plotted as a guide to the eye,
given by equation . (b) Time trace of spin and membrane occupation in a coupling experiment.
The spin is detuned from the membrane by § = 27w x 3.8 kHz. The solid light lines show the average over

3 measurements, the shaded areas the standard error. The shot noise limits the sensitivity of the spin

detection to ngdet) = 103. The dark lines show a simulation of the spin-membrane coupling experiment

with § = 27 x 3.8kHz, v, = 27 x 1000 Hz, s = 27 x 3.0kHz and 2g = 27 x 9.6 kHz.

and the relative loop delay 7/(27) is larger (due to the larger mean resonance frequency ). The system
is therefore less stable, as expected from the analysis of the Hurwitz criterion introduced in section [£.2:3]
If the spin frequency is smaller than the membrane frequency, the hybrid system is unstable and self-
driven. But even if the spin frequency is slightly larger than the membrane frequency, the coupled system
is driven because of the finite propagation delay of the light, as shown in figure [6.1.1](b). In order to run
the experiment at resonance without driven self-oscillations, we need to broaden the spin or the membrane
oscillator more strongly. For future experiments, it would be possible to broaden the membrane much
more and thereby pre-cool the mechanical oscillator, which could be an advantage for the experiment.
Comparing the observed spectrum with the calculated eigenfrequencies (given by equations ),
we observed a deviation from theory when the system is self-driven. The self-driven hybrid system seems
to oscillate at the membrane resonance frequency rather than the eigenfrequency of the coupled system.
This is true for both beam-splitter coupling experiments, for the room temperature experiment shown
in figure (a) and even more clearly for the experiment at a cryostat temperature of 60 K shown in
figure [6.2.1](a). The simulation of the hybrid system (presented in appendix [F)) does not reproduce this

feature and so far we do not understand it.

6.2 Coherent Cooling Experiment

Using the spin as a feedback controller, the membrane can be cooled coherently by coupling the oscillators
with a beam-splitter interaction (as shown in chapter [5). Here, the optomechanical system is placed in
a cryostat at a temperature of 60 K to reduce the stochastic drive of the thermal environment and reach
a lower phonon occupation. The beam-splitter experiment discussed in the previous section is repeated
with the membrane in the cold environment. Again the spin resonance is scanned over the mechanical
resonance and we observe normal mode splitting of the hybridised modes (see ﬁgure(a)). As at room

temperature, strong coupling between the membrane and the spin is observed at a cryogenic temperature
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Figure 6.3.1: Homodyne measurement of the membrane oscillator at room temperature coupled to the spin
oscillator by a parametric-gain interaction: The spin resonance frequency is tuned across the membrane
resonance frequency. The PSD of the membrane homodyne measurement is shown for different detunings.
The eigenfrequencies of the coupled system are plotted to the data as a guide to the eye. The normal
modes are given by equation with 2g = 27 x 3.6 kHz, Q,, = 27 x 2.276 MHz, and 7 = 15 ns.

of 60 K. We want to evaluate how much the membrane oscillator can be cooled sympathetically. This is
done by analysing the time traces of the oscillators. An example is shown in figure M(b) Note that
the spin detection is limited to ngdet) < 103 by shot noise of the light. The membrane detection, on the
other hand, can resolve much lower phonon numbers: We measure steady state membrane occupation of
Nm ~ 50.

The simulated number of phonons on the membrane mode in steady state is n,, = 19, which is more
than a factor of two lower than the measured occupation. The experimental sequence has been analysed
and it has been found that the switching on of the coupling beam drives the membrane strongly. A new

sequence is now programmed to avoid this driving.

6.3 Parametric-Gain Interaction

Our versatile setup allows us to change the effective coupling from a beam-splitter interaction to a
parametric-gain interaction. This is done by inverting the mean spin polarisation with respect to the
magnetic field . The inverted spin can be approximated by a negative frequency harmonic oscillator.
The resulting parametric-gain Hamiltonian is given in section [£:2.4] As in the previous section, the spin
resonance is tuned across the membrane resonance. The results of such spectroscopy are shown in figure
The eigenmodes of the coupled system are given by

2
LY+ - .Ym T Vs o Ym — Vs 190
Q —=Q4+i——-= —i—= | —g2el20r 3.1
i+12 +i 1 \/<2+1 1 ) g2e (6.3.1)
where Q = (|| + Q,)/2 is the mean resonance frequency, § = [€2| — Q, is the detuning between

the systems and 7 is the light propagation delay between the spin and the membrane. The calculated
eigenfrequencies are shown in figure as dash-dotted lines. In our experiment, the delay is small
7 < m/Q. In this limit the coupling leads to normal-mode attraction. For one single frequency the

modes are degenerate. Without propagation delay, the modes would be degenerate at resonance but
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Figure 6.3.2: Experimental scheme for hybrid coupling. The inclusion of an EOM in the loop allows us to
change the loop phase in a time-controlled manner during the experiment. Switching the loop phase from
7 to zero changes the interaction from Hamiltonian to dissipative. In this way the backaction cancellation
of the spin signal can be switched off and the spin signal can be detected by the homodyne detector at
the end of the loop.

including the propagation delay this is reached at § > 0. In the limit of similar damping rates of both
oscillators and no detuning, the damping rate can be written as v+ = 4 &+ 2g where 7 = (i, + 7s)/2 is
the mean damping rate. In the strong coupling regime this corresponds to a strongly damped mode
and an amplified mode v_ < 0. It turns out that these normal modes correspond to the squeezed and
anti-squeezed coupled modes [68§].

Comparing the measured spectra with the theoretical normal mode analysis, we observe that the
coupling rate g in this experiment is smaller by a factor of 2 compared to the coupling experiments with
a beam-splitter interaction. In the past we have observed that the spin polarisation is worse for the
inverted spin, but this did only reduce the coupling rate by a factor of 1.4 [29]. So far we do not know
why the coupling rate is reduced so much for the parametric-gain interaction.

The parametric-gain interaction can be used to squeeze the thermal state of the membrane in a
room temperature environment, as shown in [29]. If the membrane is cryogenically cooled to 10K, we
expect quantum entanglement generation between the two systems. However, in order to observe this
entanglement, both systems must be detected with a signal-to-noise ratio exceeding unity for the single
phonon (see figure for a simulation).

6.3.1 Improving the Detection Efficiency

The main limitation in detecting entanglement between the spin and the membrane is the noise in the
spin detection. If configured for Hamiltonian interaction between the membrane and the spin, the spin
signal on the light is cancelled. Thus, there is little spin information on the outgoing light after the loop is
completed (mainly due to the loop delay). Therefore, the spin is measured with an in-loop measurement
by splitting off a small part of the light from the local oscillator arm of the polarisation interferometer
(shown in figure . This detection suffers from two shortcomings: (1) The splitting ratio on the PBS1
is set to 20:80 (for optimal coupling, a splitting ratio of 50:50 would be optimal, but then the membrane
would be maximally driven by amplitude noise, see section . Therefore, the spin signal on the local

160



6.4. SUMMARY AND OUTLOOK

oscillator arm of the polarisation interferometer is small and the signal-to-noise ratio is unfavourable.
(2) In addition, by detecting a small leak of only one arm of the polarisation interferometer, we do not
perform a homodyne measurement and therefore the intensity noise of the laser cannot be cancelled. This
reduces the signal-to-noise ratio of the detection compared to a homodyne detection.

One way to improve spin detection would be to split the sequence temporally in two parts: First, the
spin and the membrane interact through a Hamiltonian coupling. This part could be used, for example,
to entangle the spin and the membrane by a coherent interaction. Then the loop phase is changed from 7
to zero, changing the interaction from Hamiltonian to dissipative. For a loop phase of ¢ = 0, there is no
backaction cancellation of the spin [29]. Thus, the spin oscillator can be measured with high sensitivity
using the homodyne detection at the end of the loop (see figure . Experimentally, the loop phase
can be changed by adding a polarisation EOM to the loop. This polarisation EOM acts as a tunable,

time-controlled waveplate.

6.4 Summary and Outlook

In this chapter, first coupling experiments with the new nano-pillar membrane are presented. Strong
coupling between the membrane and the collective spin of an atomic cloud is shown in this new con-
figuration. This coupling can be used to cool the membrane in a cryogenic environment of 60 K to 50
phonons, compared to 2.3 x 102 in the previous chapter. Furthermore, some results of the parametric-gain
interaction are shown and discussed.

In a next series of experiments, even lower cryostat temperatures could be used to perform coupling
experiments in the regime of quantum coherent coupling. In this regime it will be essential to improve the
spin detection, as discussed in the last paragraph. In addition, we can envisage more complex sequences
that make full use of our versatile coupling setup.

For optimal spin-membrane entanglement, the membrane should be as cold as possible. With the
current cavity, the membrane cannot be cooled using standard cavity cooling to a phonons occupation
lower than n,, ~ 11. Instead the spin could be used to prepare a cold membrane state by sympathetic
cooling. This poses an additional challenge: First, the spin must be implemented as positive frequency
oscillator to sympathetically cool the membrane, and then as negative frequency oscillator to implement
the parametric-gain Hamiltonian. The change from positive to negative frequency oscillator is usually
achieved by inverting the magnetic field. However, the magnetic field is slow compared to the coherence
time of the coupled system. Therefore the following sequence is proposed (depicted in figure :
(1) The atomic spin is prepared along —x antiparallel to a magnetic field along B, (as for a normal
experiment with the spin as a positive frequency oscillator). (2) The magnetic field is slowly rotated
from B, to —B, so that the spin follows adiabatically. The spin is still a positive frequency oscillator
(because its orientation with respect to the magnetic field has not changed), but is now rotated by 7 with
respect to the initial spin. (3) The coupling between the spin and the membrane with a loop phase ¢ = 7
is switched on by switching on the coupling laser. The beam-splitter interaction between the spin and
the membrane cools the membrane sympathetically close to the ground state. (4) A short spin-pumping
pulse is applied. The spin is again prepared along —z but now parallel to the magnetic field pointing
along —B,. The spin is now an effective negative frequency oscillator. (5) The coupling between the spin
and the pre-cooled membrane is turned on by switching on the coupling beam. Since the inverted spin

acts as negative frequency oscillator, the coupling Hamiltonian is effectively a parametric-gain interaction
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Figure 6.4.1: Proposed sequence for the coupling experiment. First the atomic spin is used to sympathet-
ically cool the membrane oscillator (step (3)) by applying a beam-splitter coupling. Then the membrane
is entangled with the spin by a parametric-gain interaction between the systems (step (5)). Finally, the
loop phase is changed to obtain a good readout of the spin (step (6)). Details are given in the text.
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that entangles the spin and the membrane. (6) Finally the loop phase is switched from ¢ = 7 to ¢ =0
in order to read out the spin state with high sensitivity (as described in section [6.3.1)).
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Chapter 7

Conclusion and Outlook

7.1 Conclusion

This thesis presents the hybrid, light-mediated coupling between the collective spin of an atomic ensemble
and a mechanical oscillator. One of the main achievements of this work, was to upgrade the system from
the classical regime, where strong coupling between the two systems was observed |29, 30, |68, [69], towards

the quantum coherent coupling regime. For this both individual systems were improved:

Spin System: The collective spin of cold atomic ensembles is a well-established quantum system with
a large toolbox for initiation and manipulation. However, operation of the atomic spin in the quantum
regime had not been achieved so far in our experiment [68] [69]. In this thesis the loading of a dipole
trap that is well mode-matched to the coupling laser is presented. The experimentally relevant three-
dimensional Faraday interaction, coupling the spin to the polarisation state of the light, is modelled and
compared with calibration measurements. It is shown that for certain parameters, the spin-light interface
can be operated with high cooperativity Cs > 1 in a quantum backaction-noise-dominated regime. This
places the spin-light interface in the quantum regime, a crucial prerequisite to quantum coherently couple

the spin system remotely to another system.

Optomechanical System: In the optomechanical system, the membrane with a phononic bandgap
shield in the frame has been replaced by a nano-pillar membrane. The nano-pillar membrane has a
mechanical Q-factor of @, = 5.1 x 107 at a temperature of 10 K which is more than an order of magnitude
larger than the Q-factor of the phononic bandgap shielded membrane. In addition, the cavity design has
been adapted to allow the membrane to be cryogenically cooled to 10 K without missaligning [124]. In this
new configuration, the vibrational state of the membrane can be optically cooled to the cavity dynamical
backaction cooling limit of n,, ~ 11 phonons and the optomechanical interface is operated in the regime
of high quantum cooperativity Cy, > 1. Thus, the second system can be also operated in the quantum

regime where hybrid experiments in the regime of quantum coherent coupling are feasible.

Coherent Feedback Cooling: In a first series of hybrid experiments performed during this thesis
[30], the strong coupling between the atomic spin and the phononic bandgap shielded membrane [29] was

used to implement a coherent feedback loop using the atoms as a coherent controller for the membrane.
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In contrast to measurement based feedback, in coherent feedback, the feedback is applied by another
quantum system |39} [64], avoiding measurement and the associated decoherence |39|. In our experiment,
we employed coherent feedback to remotely cool the membrane from room temperature to 216 mK using

the collective spin of the atomic ensemble as controller [30].

Towards Quantum Coherent Coupling: In a second series of hybrid experiments, the nano-pillar
membrane was operated in a cryogenic environment. First experiments show strong coupling between the
two systems at cryogenic temperatures. Further experiments with the current hybrid system will allow
to reach the regime of quantum coherent coupling, which is the next outstanding goal. In the following,

we will outline further improvements and experimental steps to reach this goal.

7.2 Outlook

The improvements of the individual systems make it possible to operate both systems in the regime of
high quantum cooperativity. Still, there are some remaining open questions and some more ideas to

improve the individual systems:

Spin System: FEven though the spin system can be operated at high quantum cooperativity and the
spin dynamics has been studied in depth during this work, certain aspects of the spin dynamics are not
fully understood yet: The decay of the atomic spin is larger than expected from a single-atom theory. In
order to model the spin decoherence more realistically, the collective scattering to higher order optical
modes should be considered, which has not been quantitatively studied in this thesis. Furthermore, for
certain sets of probe parameters a coherent light-induced driving of the atomic spin is observed which
cannot be explained by single-atom physics. The non-linear scaling of this driving with the number of
atoms in the cloud suggests that it is caused by the collective dynamics of the atomic cloud rather than a
single-atom effect. In the literature, models for collective scattering of cold atomic ensembles have been
proposed that go beyond the description presented in this thesis and take into account inhomogeneous
excitation along the atomic cloud [174] or significant atom-atom correlations induced by the interaction
with light [175]. For a better understanding of the spin-light interface in our experiment, these theoretical
models could be adapted to our experimental situation and may give some understanding of the observed

spin dynamics.

Membrane System: Further improvements of the optomechanical system seem feasible: the me-
chanical Q-factor of our current membrane is Qn, = 5.1 x 107 which is still at the lower end of the
state-of-the-art membranes [55]. Moreover, the cavity noise could be reduced by using cavity mirrors
with a phononic bandgap [63], which might be interesting to increase the stability of the cavity for exper-
iments at room temperature. Another interesting way to proceed would be to increase the reflectivity of
the membrane by engineering a photonic crystal at the defect of the membrane [142|. This would allow us
to reduce the requirements for the cavity or to remove it altogether [176] and perform cavity-free hybrid

spin-mechanical experiments.

Coupled System: The light-mediated coupling of the spin and the membrane in the current exper-

imental setup should allow the membrane mode to be cooled sympathetically to the vibrational ground
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state ny, < 1. In order to verify the number of excitations of the membrane vibrational mode, a hetero-
dyne measurement of the membrane oscillator should be installed [112]. This allows to perform essentially
calibration-free and more accurate measurement of the membrane occupation. Moreover, entanglement
between the spin and the membrane could, in principle, be generated using the current experimental
parameters. The parametric-gain Hamiltonian creates and annihilates collective spin-membrane excita-
tions. In order to observe the entanglement, the signal-to-noise ratio of the spin detection has to be
improved. Thus, for witnessing the interesting dynamics which can be engineered in our hybrid system,

the individual detections of both systems have to be improved.

In addition to entanglement generation between the systems and ground state cooling of the membrane
with the atoms, our versatile hybrid system can be employed in future experiments to study many other
regimes and effects. There are many tuning parameters which allows us to enter diverse coupling regimes,
such as the loop phase, the propagation delay in the loop, the linewidth of the individual systems, the
detuning between the spin and the membrane, and the relative orientation of the spin with respect the
magnetic field (implementing a positive or a negative frequency oscillator), most of which can be accessed

in a time-controlled manner. Some of these coupling regimes are discussed in the following paragraphs:

Dissipative Coupling

The hybrid setup could be used to study dissipative collective dynamics in remote hybrid systems. For

an arbitrary loop phase, the Hamiltonian coupling mediated by the light is given by
Heg = h(1 — cos ¢)g X X + h2sin(¢) [ X2 (7.2.1)
and the collective jump operator governing the dissipative dynamics by
J = /2T X +i(1 4 €?)\/2T X, (7.2.2)

where neither losses nor the loop delay are considered [37], see appendix for details. If the loop phase is
set to ¢ = m, the coupling is Hamiltonian and the backaction of the light acting on the spin is cancelled,
i.e. the jump operator does not act on the spin. However, if the loop phase is set to ¢ = 0, the coupling
between the spin and the membrane is fully dissipative (for a small loop delay 7). This leads to the
appearance of exceptional points in the spectrum [68]. If, in addition to a loop phase of ¢ = 0, the
total loop delay 7y (i.e. the propagation time of the light between the two interactions with the spin) is
engineered to be Qg7y = 7, the backaction of the light on the spin can again be suppressed (see equation
for details). In this scenario, the complex phase of the coupling could be tuned by adjusting the
relative delay in the spin-membrane or the membrane-spin path. For similar path lengths in both paths
(spin—membranfe and membrang—spin), we get a self-amplification or a self-damping as result of the hybrid
dynamics, i.e. ES o j:gl;m and by, :tglas. The loop delay can be engineered easily by coupling the light
into optical fibres. The induced coupled dynamics can be interesting to study dissipative amplification
in coupled systems. Moreover, we can use the dissipative interaction between the systems to cool the
membrane oscillator and compare the cooling process to the cooling by a Hamiltonian coupling which we

have shown in [30].
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Non-Reciprocal Coupling

There is a growing interest in the non-reciprocal dynamics of hybrid quantum systems [177]. Cascaded
quantum systems are non-reciprocal by default; on the contrary, the cascaded system must be engineered
with great care, to obtain a bidirectional Hamiltonian interaction [37]. Therefore, cascaded quantum
systems are a natural choice for testing non-reciprocal quantum protocols. If the loop phase of the remote
interaction is set to ¢ = /2, the interaction between the spin and the membrane is non-reciprocal, i.e.
the spin can drive the membrane but not vice versa. This can be best seen in the equations of motion,

derived in appendix [G] given by

by =Lobs + 12TV2R, (t — 74) V/“( )hn(gg) (7.2.3)
l;m =Loby, 1g\fX — Tsm) — 11/2 X (7.2.4)

where the first term in each line describes the local dynamics, the second term the coupling due to the loop
and the third term the backaction of the light acting on the systems. Here, 7y, (7ss) is the propagation
delay between the first spin interaction and the membrane interaction (second spin interaction). For the
further discussion, we will distinguish between the dynamics for the spin acting as a positive and as a

negative frequency oscillator:

Non-reciprocal Quantum Battery: For a spin acting as a positive frequency oscillator, the coupled

dynamics of the expectation values in a frame rotating at the spin frequency is given by (derived in

appendix |G.3)

<®=—%@Hwﬂmx®> (7.2.5)
(bun) = 6(bw) — 2 (b} + i€ g be) (7.2.6)

where § = Qg — Qy, is the detuning between the two systems, 74 is the time for the light to complete
the loop and 7y, the time for the light to travel from the spin to the membrane. In this equation, we see
again the non-reciprocal nature of the coupling: While the membrane is driven by the spin, the spin is not
influenced by the membrane. By tuning the delay between spin and the membrane to Q7s, = 7/2 and
matching the linewidth of the systems, the dynamics of a dissipative isolator [178] can be obtained (in
equations and the quantum noise is included). By driving the spin system (e.g. with
a 1f coil), the dynamics of a non-reciprocal quantum battery [179] is obtained. In this implementation,
the spin acts as the charger and the membrane as the quantum battery. In a non-reciprocal quantum
battery, the charger (spin) is driven, but the battery (membrane) ends up in a higher energy state than
the charger. Using the quantum protocol presented in [179], the energy dissipation to the environment is
reduced compared to a classical charging process. The full analysis of our system including the backaction

noise is given in appendix [G]
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Directional Phase-Preserving Quantum Amplifier: If on the other hand the spin acts as a

negative frequency oscillator, the coupled dynamics is given by (derived in appendix |G.3])

(be) = —5(b.) + 1% 2T (B (7.2.7)

(b = i6{bm) — 2 (b + i€ g (B]) (7.2.8)

where the detuning is given by 6 = |Q| — Q. By tuning the propagation delays between the spin and
the membrane to Q7sm = 7/2, the dynamics of a directional phase-preserving quantum amplifier can be
implemented [178|. Here, the first spin-light interaction and the membrane-light interaction establish a
unidirectional coupling from the spin to the membrane. The loop phase can be set to ¢ = 7/2 so that
in the second spin-light interaction the spin is driven by the same noise quadrature as the membrane, so
that a common reservoir for the two oscillators is established. A rigorous analysis of the noise processes

needs still to be done.

In the future, our versatile coupled system will allow us to demonstrate some of the protocols proposed

for non-reciprocal quantum devices [178}, [179].

Self Interaction of a Single System

The use of light to mediate interactions between different, remote systems has inspired the development
of systems in which light mediates the self-interaction of a single system. Thereby, the light interacts
with the system multiple times without any measurements in between, implementing a coherent optical
feedback loop. By manipulating the phase and the delay of the loop, the coherent feedback can be used
to control the system. In our laboratory we have performed a series of coherent feedback experiments,
cooling a membrane oscillator close to the mechanical ground state [65]. The scheme of this experiment
is shown in figure [7.2.1)(a).

In a similar way, the spin oscillator could be manipulated by optical coherent feedback. This could
be done using the existing loop, but without interfacing the membrane oscillator [37] (i.e. Ty = 0,
scheme shown in figure (b)) The self-interacting term of the coupling Hamiltonian is proportional
to Hog st and could therefore potentially be used to squeeze the spin oscillator. For a precessing spin,

the effective spin self-interaction Hamiltonian is given by
Hor = h2T, sin(6) (iysl}l 4 bthy + bybye 2T Bgi)leimsf) . (7.2.9)

The first two terms of this Hamiltonian correspond to a shift in the oscillation frequency of the spin. The
last two terms cause a one-axis twisting dynamics, but rotate at twice the spin frequency. By modulating
the loop phase at twice the spin frequency ¢ = 7 + ¢ cos(2€%t), an effective spin squeezing Hamiltonian
is obtained

Ao = m% (Babs + Bt (7.2.10)
Taking into account the decoherence of the system, the amount of squeezing can be calculated (explicitly
done in appendix . The modulation amplitude ¢; can be optimised to obtain maximal squeezing, given

by

) V14+2nCs(1+2C5(1—1n)) —1 p=1 VI+2C;—1
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Figure 7.2.1: Different coupling setups for coherent coupling or feedback experiments: (a) The setup
for the optical feedback on the membrane , figure taken from . The light interacts with the
membrane twice. Between the two interactions, the delay and the phase of the light can be changed. (b)
The corresponding setup for a coherent, optical feedback on the atomic spin. After the first interaction
with the atomic spin the light is sent back to the atoms. In between, the loop phase can be modulated
around a mean loop phase ¢ = 7 (set by the HWP) using an EOM. (c¢) The coupling experiment in
a spin-membrane-spin-membrane configuration. In contrast to the coupling experiments described in
this thesis, this scheme allows the cancellation of the backaction on the membrane and the spin. (d)
Proposal for an experiment in which the membrane interacts twice with the light while the atomic spin
interacts only once. After the first interaction with the membrane, the light is combined with a second
local oscillator on PBS2 converting the phase modulation into a polarisation modulation. This allows
the membrane to act on the spin. After interacting with the spin, a half waveplate is placed to set the
loop phase ¢ = w. The polarisation state of the light is then mapped back to the phase space of the light
by PBS3. In a second interaction with the membrane, the spin signal acts on the membrane and the
backaction of the light on the membrane is cancelled.
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where Cs = 215/~ is the cooperativity of the spin system and 7 is the (amplitude) loop transmission.
The losses in the loop drastically limit the amount of squeezing. With this protocol, there is no more
squeezing for loop transmission 7 < 0.8 independent of the spin cooperativity. Achieving large enough
loop transmissions may be impossible for the current loop design, but without the membrane cavity in the
loop, a very high transmission through the loop is expected. Still, in this scheme, the optimal squeezing
is always a trade-off between the squeezing dynamics and the backaction driving the spin. However, this
can be solved if a third atom-light interaction is engineered, as proposed by Wang et al. [180]. With only
two interactions, either the backaction acting on the spin can be cancelled or the squeezing Hamiltonian
can be implemented. By adding a third atom-light interaction, the loop phase between the interaction
can be set such that there is a squeezing interaction and the backaction is cancelled.

There have also been proposals to use a spin ensemble to squeeze the polarisation state of the light
by passing it twice [181]. In the proposal by Sherson et al. [181], the spin ensemble must be passed from
orthogonal directions in order to couple two different spin quadratures to the light. With our elongated
atomic cloud, this seems to be impossible to implement. But instead of passing from two orthogonal
directions, a loop delay of 72 = 7/2 could be added. This allows the coupling to two orthogonal spin

quadratures and thus to implement a similar light squeezing scheme as proposed in |181].

Fully Closed Loop

In the current loop design, the spin is interfaced twice while the membrane is interfaced only once. There-
fore, the backaction is only cancelled for the spin but not for the membrane. In a future upgrade of the
experiment, the loop could be closed for the membrane as well so that the backaction acting on the mem-
brane could be cancelled (scheme shown in figure [7.2.1](c)). The technique of interfacing the membrane
twice has been successfully implemented in our laboratory by using two orthogonal polarisations [65].
In our current experiment, the second polarisation in the cavity is used to lock the cavity and to read
out the membrane state. In order to still use a separate lock and read-out beam, this beam could be
detuned by several nanometres from the coupling beam so that the two beams can be combined using a
dichroic mirror, addressing different longitudinal cavity mode. In this case, both beams must be locked
to a common frequency reference in order to couple them to different modes of the same cavity. This
frequency reference could be the in-house frequency comb stabilised to a stable frequency reference |74]

or a transfer cavity.

Coupling Beyond Harmonic Oscillators

For the hybrid experiments in this thesis, the collective atomic spin is approximated as a harmonic
oscillator. Since the tilt of the spin is small, the nonlinearity of the atomic spin system is not significant
so far. However, there is a great interest in developing nonlinear coupling terms for mechanical oscillators
[182].

In order to increase the non-linearity of the spin system, a smaller atomic cloud could be used. The
reduced coupling strength could be compensated by placing the atomic cloud in a cavity. However,
the use of a cavity makes it difficult to engineer the double-pass geometry with two beams passing the
atomic cloud at a small angle. Alternatively, the spin could be passed only once, while the double-pass
is implemented on the membrane (proposal shown in figure (d)) In this way, it might be feasible

to use the atomic spin as a non-linear medium to manipulate the state of the membrane.
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Coupling of Other Quantum Systems

The general coupling scheme used in this thesis is versatile and can be applied to any system that can be
strongly coupled to light [37]. This allows the coherent interaction to be used to prepare or coherently
manipulate quantum systems by coupling them to a well established quantum system.

For example, the coherent feedback technique could be of interest for levitated nanoparticles [183]. The
use of coherent feedback cooling techniques could potentially reduce the laser power required and thus the
internal temperature of the nanoparticle |[184], which currently limits the coherence of the centre-of-mass
motion due to the black-body emission of the nanoparticle |185].

Furthermore, the engineering of coherent links between systems could have interesting applications in
the engineering of hybrid quantum networks [186]. Different superconducting qubits in different dilution
refrigerators could be coherently coupled using similar techniques in the microwave domain [36] |48|.
Moreover, the general coupling scheme could be used to coherently interconnect multiple quantum devices,
including sensing probes, quantum processors and readout systems. First experiments of coupling schemes
similar to ours, which couple more than two quantum systems, have recently been proposed 187} |188|.

Moreover, the coupling scheme presented in this thesis is not limited to photons as carriers. There
is a growing interest and expertise in the engineering of phononic structures [189) [190]. Coherent in-
teraction between mechanical systems could be mediated by phonons propagating in a phononic crystal
waveguide [191]. The versatile coupling scheme presented and experimentally implemented in this the-
sis provides an interesting starting point and inspiration for further experiments, engineering quantum

coherent interactions between remote systems mediated by a propagating field.
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Appendix A

Phase Loop Lock for Second Repump

Laser

In this appendix, the implementation of the phase loop lock is described in more details. In
our experiment, the phase loop lock is used to lock the frequency of a second repump laser.
Potentially, a similar lock could be used in the future to lock the light of the Ti:Saph to the

frequency comb which is available in our laboratory.

To maximise the number of atoms, we have realised that it would be advantageous to have more power
from the repump laser than could be provided by the butterfly diode. We have therefore implemented a
second laser at the frequency of the F' = 1 <+ F’ = 2 transition. This second laser is locked to the first
repump laser by a frequency offset lock. The offset lock is implemented as a phase loop lock (see figure
, inspired by Appel et al. [72]. In the experiment, the light from both lasers is combined on a fibre
coupled beam splitter and measured on a photodiodeﬂ The signal from the photodiode is split into a dc
and a rf component by a bias—teﬂ The dc component can be used to improve coupling into the fibre
in the future. A directional couplelfﬂ is added to the rf output of the bias-tee to monitor the beat note.
After the directional coupler, the beat note has an amplitude of about 0 dBm which is compatible with
the input power required for the evaluation boarcﬂ

The evaluation board contains a digital phase detector. Here we use the ADF4002 chip, which has
an input frequency range between 5 MHz and 400 MHz. If a lock at a higher beat-note frequency (up
to 7 GHz) is required, the board ADF/107 can be used |72, |[192]. The ADF4002 chip on the evaluation
board contains a programmable reference divider which can be used to compare the beat-note frequency
with a reference frequency multiplied by a fraction N/R, where N is an integer between 1 and 8191 and
R is an integer between 1 and 16’383. In our case, we use the fiof = 10 MHz clock of the experiment
as the reference frequency to create a lock at fiock = 10MHz - 392/50 = 78.4 MHz. Using the system

1 Amplified photodiode, Thorlabs, PDA10A2; fuw = 150 MHz

2Bias-tee, MiniCircuits, ZX85-12-S+

3Directional Coupler, MiniCircuits, ZFDC-20-5-S+

4Evaluation board, Analog Devices, EVAL-ADF4002; frequency range: 5 MHz to 400 MHz; input power: —5dBm to
5dBm
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Figure A.0.1: Schematic of our PLL box which is used to generate an offset lock to lock the second
repump laser.

demonstration platform boardﬂ and a software provided by Analog Devices, the ADF/002 can be easily
programmed (see ﬁgure(a)). It should be noted that the ADF/002 does not save the configurations.
Therefore, after each power cut, the ADF/002 must be reprogrammed.

The ADF/002 chip has a charge pump output which outputs 5mA if the beat-note frequency is
lower than the programmed frequency value and 625 pA if the beat-note frequency is higher than the
programmed frequency. We have modified the evaluation board so that the output of the charge pump
is connected to ground via a 4 k{2 resistor and a 10 pF capacitor in series. This converts the current to
an output voltage of 0V or 5V depending on the beat-note frequency. A buffer circuit is used to shift
this modulation to —1V to 1V which is then used as an error signal for a PI lock implemented on a Red
Pitaya [73).

The slope of the error signal (the step function between —1V and 1V) is much steeper than the
bandwidth of the feedback loop to the laser. Therefore the error signal is always given by the maximum
error (i.e. —1V or 1V). The lock parameters must be configured to prevent large oscillations around the
target frequency. We have programmed the lockbox on the Red Pitaya to apply a slow, low-pass filtered
I-gain to the piezo of the ECDL laser. We chose a very high I-gain, ensuring that with only the I-gain,
the frequency undergoes large, slow oscillations. In addition, a high-pass filtered signal is fed back to
the laser current as P-gain. The maximum amplitude of this P-gain is reduced so that the corrections
are small even when the error signal is at maximum error (see figure (b) for the parameter). This
minimises the oscillations around the target frequency.

5System demonstration platform, Analog Devices, SDS-S
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Evaluation Board
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Figure A.0.2: Schematic of the evaluation board. The green jumpers are noted which are used for our

PLL.
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Figure A.0.3: Graphical interface of the digital control of (a) the ADF/002 board and (b) the Red Pitaya

interface with the values used in the experiment.
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Appendix B

Derivation of the Atom-Light Coupling

Hamiltonian and Some More Examples

In this appendix, a more complete derivation of the atom-light coupling is given, starting from
the well-known dipole Hamiltonian. Furthermore, the explicit elimination of the excited state

is shown. The equations derived here are used in section [2.2

The derivations in this appendix follow to a large extent the definitions given in [102]. The
obtained results for the Rubidium atom are compared with the results presented in [110} |114]

and found to be consistent.

B.1 The optical field

Before describing the atom-light interaction, in this section the electromagnetic field is defined. We assume
that we have only one paraxial mode of the electromagnetic field which is described by the unitless mode

function u(r). Following the slowly varying envelope approximation we get

B(r, 1) = & ((an (= Den + av (2, ey Jule)e 50 4 (@l (=, ey +a, (=, e Ju” (x)ethos—en))
(B.1.1)
where & = 22:,%,4 is the vacuum electric field density (per s~!/2 bandwidth, units of V/s/m), A is
the cross-section area of the optical mode, ag (dy) annihilation operators of the horizontally (vertically)

polarised field (units of s~1/2), kg = 27/ the wave vector of the field, wy, the angular frequency of the
field, A the wavelength of the field, ¢ the speed of light and ¢y the vacuum permittivity. The electric field
operators can be rewritten in terms of the circularly polarised field components by defining a spherical

basis

et :—%(eH—i—iev), e_ = %(eH—iev), (B.1.2)
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and the corresponding annihilation operators of the circularly polarised field [102, [108]

— L tiay), i = —(ag —iay). (B.1.3)

N 1
a
=TA V3
In the spherical basis, the dot product is given by [102]

A-B=) (-1)?4,B_,. (B.1.4)

The free-space electric field can be separated in rotating and counter-rotating terms E(r, t) = E(H (r, ) +

E(7)(r,t) [103]. In the spherical coordinate system, the electric field reads as

+al (2, t)e" Ju* (r)ei(koz—wrt) (B.1.5)
+ iy (2, t)e_)u(r)elFoz—wrt) (B.1.6)

—1/2

The creation and annihilation operators of the light field are given in units of s and have the following

commutation relations

[6a (), al, (€] = [aa(z,1), a0, (2, 1)] = Baard(z — 2" — c(t —1')) = Saud(t —t' — (z— 2')/¢), (B.1.7)
(2 )] = [aa(2, 1), a0 (2, )] = 0, (B.1.8)

where z is the position coordinate along the propagation direction of the light and ¢ is the time dependency
of the slowly varying envelope function of the electromagnetic field. Note that unlike the electric field
the creation and annihilation operators do not oscillate at the optical frequency. In the following, I will
omit the time dependency on the slowly varying envelope function. From the creation and annihilation

operators, the total photon flux can be calculated by

D) = (@l (&)ay () +al (&a—(€)) = (aly(©an (&) + al, (©)av (€)). (B.1.9)

The total light power is then given by P = ®phwy. For a free space electromagnetic field, the local
intensity can be expressed as [102} |103]

I(r) = ceo(|B(r, 1)[2); = 2ceo (B (r,t) - EF)(x, 1)) = %|u(r)|2©L(§) = >/ |u(r)|?. (B.1.10)

Here, the intensity is the average over one oscillation period of the optical field.

B.1.1 Gaussian Beam

Assumed that we have a Gaussian beam, the mode function of the light is given by

woo(r, ¢, 2) = %exp (— w(z)Q + ko 2};(2) - i<1><z)) , (B.1.11)
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where we have defined

w(z) = woy /1 + <Z>2 (B.1.12)

ZR
2 2
R(z) = Z+7ZR (B.1.13)

ZR

®(z) = arctan <Z> , (B.1.14)

where the Rayleigh length is given by zg = mw32 /A, with the waist wy and the wavelength . The intensity

profile of the Gaussian mode is given by

ton(r, 6,2)F = 5 exp ( (B.1.15)
U T z = X —_—— . A
00 k) k) 22 + Z%{ p w(Z)Q

We see that the normalisation of the mode is chosen that we have at the peak ugo(0,¢,0) = 1. In order
to obtain the cross-section area of the optical mode, we integrate the Gaussian beam in the transverse

direction. We see that

0o p2m 2 2
4= / / ugo(r, @, 2)uoo (1, ¢, z)ddrdr = mulz) =t (B.1.16)
0 0 2 2=0 2
Now we plug this area into the definition of intensity given in equation [B.1.10] and get
2P
Ir)= " 2, B.1.17
) = Zorluso) (B.L.17

Here, we directly see that the peak intensity is indeed Iy = 2P/(mw?) while the average intensity of the
beam is obtained by integrating the intensity over the transverse plane and proves to be a factor two
smaller [ = P/(7w3).

B.1.2 Top Hat Beam

On the other side, we can model a homogeneous light distribution by assuming a top hat beam. The

mode function of an idealised laser beam with a top hat beam profile of radius wq is given by
u(r, ¢, z) = O(wo — 1), (B.1.18)

where O(z) is the Heaviside step function which is zero for z < 0 and one else. Again, the cross-section

area of the optical mode can be obtained by integrating over the transverse plane

00 2
A= / / O(wo — r)?dérdr = Twp. (B.1.19)
o Jo

The intensity profile is homogeneous inside the beam and given by

I(r) = %@(wo — 7). (B.1.20)
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We see that the intensity of the top hat laser beam is the same as the mean intensity of the Gaussian
laser beam for the same laser power P (and accordingly the same total flux). In the following, we see
that the coupling of an atom to the light-field depends on the flux, the position of the atom and the cross
section area. The mode functions of the laser beam is normalised such that at the peak intensity u = 1.

Thus, the beam geometry is mainly contained in the cross-section area.

B.2 Dipole Hamiltonian

In this section, the derivation given in the first part of section [2:2]is given but in more details. Again, we

start at the electric dipole Hamiltonian given by

Hip = —d - E(r,t) = —ei. - B(r, 1), (B.2.1)

where T, is the position operator of the electron (units of m) and r is the classical position of the nucleus
of the atom. Here we have applied the dipole approximation. The dipole operator d (and similarly the

position operator ¥.) can be decomposed in positive and negative rotating terms
d=d™® +d. (B.2.2)

This works, since the dipole operator does not couple states within the ground state manifold or the
excited state manifold. We defined dV) = ]59&156 as the operator changing the atomic state from the
excited state manifold to the ground state manifold and d-) = Peélpg doing the opposite. Here, P,
(P.) is the projector into the atomic ground (excited) state manifold. Next we assume that the optical
frequency wr, is close to the atomic transition of interest at a frequency wy. We go to a frame which rotates
at the optical frequency. In this regime, we can apply the rotating wave approximation and neglect the
fast rotating terms dt) - B (¢, ¢) and d) - B (r, ¢). We get

Hine ~ =A™ . BEO(r) —d) . BED (1), (B.2.3)

We can write the Hamiltonian in the spherical basis (the scalar product is defined in equation [B.1.4) and
get [102]
F . A (— (=) A
Hiw o —e > (-1)° (rg+> B () 470 ~E(_q)(ri)> . (B.2.4)
q

This Hamiltonian can be written in the basis of the hyperfine states as
Hint ~ _ez Z (_l)q <<famf|7ﬁq|f/amf'>famf><f/amf'|E(—_q)(ri)
qa fomg,fmg
. £+
+ (f'smp g fympe) f' myp) (f, mf|E(—q)(ri)>- (B.2.5)
We rewrite the interaction Hamiltionian in terms of atomic lowering operator ¢, and raising operator 6g
[102]

Hiy =050 > a_g6hu(r;) exp(i(koz — At)) + hec., (B.2.6)
q€(1,—-1)
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where the detuning between the atomic resonance and the probe field is given by A = wy, — wy and the

atomic lowering operator as

A Z <f7mf|€fq|f,7m}>

GllerayDmatfmy| (B.2.7)

and the transition strength by

~‘-/:— 1 s i/ = — d 1 r i/
Q5 = ~Elillefelli)/h = = g Gillete ), (B.28)

where the transition strength ij/ has units of s~!/2 such that multiplied with the light annihilation

operator G, which has units of 1/1/s we get units of angular frequency. Here, it should be noted that the
operator &I drives the o~ -transition which lowers the angular momentum by one m'f = mjy — 1, while the
operator &il drives the o"-transition which increases the angular momentum by one m’f =my+1[102].
The sign convention of the ¢ coordinate results from the definition of the spherical basis. The atomic
lowering operator d, can be evaluated by looking at the matrix elements explicitly. We can factor out
the angular dependence and write the matrix element as product of a Clebsch-Gordan coefficient and a
reduced matrix element as 105}, |107, [108]

(f,mylefq| f',m) =<f||efe||f’>(—1)'f/‘1+’"f\/2f+1(f ! f) (B.2.9)

myge g My

:<f||ef'e||f/><flvmf’;17Q|famf>7 (B210)

where (f',ms;1,q|f,my) is a Clebsch-Gordan coefficient and

A Mok [1a ‘il . i g1
(flletellf') = (llete]l5) (=17 T /(2f +1)(2) + 1) {f’ f Z} , (B.2.11)
where the numerical value of (j||ef.||j’) is known in literature (J105]: D2-line: (j = 1/2||ef||7’ = 3/2) =
3.58424 - 10729Cm, D1-line: {j = 1/2||et.||s’ = 1/2) = 2.5377 - 1072°Cm). In the following we assume
that the probe light propagates along the z-axis, so that the contribution from ¢ = 0 (which is due to

electric fields aligned with the quantisation axis) can be omitted. We have
Hine = 19,5 (a,&{ n a+&i1) u(r;) exp(i(koz — At)) + hec., (B.2.12)

which is the Hamiltonian given in equation (2.2.5). Note, that in the spherical basis defined here, the
transitions with _; correspond the the so-called o™ -transitions and couple a ground state my to an
excited state with m} = mys + 1. Similarly, the terms with the atomic lowering operator 6,1 couples

transitions with m/, = m; — 1, which is referred to as o~ -transition [105|.

Natural Decay: Like ij/, the natural population decay constant g, depends on the transition

strength (j||et||7"). It is given by [105]

o wp 2j+1
"~ 3meohc® 25 + 1

TRb |Glletell5) - (B.2.13)
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Thus, one can express the rate |ij/ |2 in terms of the natural linewidth

2/ +133 2+ 1ag
2j + 1 87A BT 9511 244 1R>

Q0> = (B.2.14)

where og = 3\%/(27) is the resonant atomic cross-section [105|. The jump operators for the natural decay

are given by [102]

2/ + 1 [ o941 [ 241
Jot = - -1, Jr = - , Jo- = - , B.2.15
+ TRbY O TRb 00 Gl ( )

where the indices of the jump operator denote the polarisation of the emitted photon (and do not give

the coordinate q).

B.2.1 Effective Two Level Atom

In a first section, the well known model of a two-level atom is considered. For this we assume that we
have an atom with no nuclear spin, i.e. ¢ = 0, a ground state with 7 = 0 and an excited state with 7' = 1
(and thus f =0, f/ = 1) and drive the atom with circularly polarised light. Like this, effectively only two
of the four levels are coupled. But before considering the dynamics of the atom coupled by a circularly
polarised beam, we calculate the atomic interaction with light having an arbitrary polarisation. For this

situation, we have

o1 = plg)e-l, (B.2.16)
6o = —p*|g)(eol, (B.2.17)
o1 =" g){eal, (B.2.18)

where p = 1/ V3. Here one can easily see that &, drives the o~ -transition while 6_; addresses the

oT-transition. The light-atom Hamiltonian is then given by
Hine = hQu (a_le_1){g| + aqler)(g]) u(r;) exp(i(koz — wit)) + h.c. (B.2.19)

where we have defined the transition strength Q= Qo,1 = \/3YRboo/(4A). The jump operators are given
for this specific atom by

Jo- =/ 3vmop’|g)(e-1] = vmblg) (el (B.2.20)
Jx = =V/31m0i"|9) (€0l = vARblg) {eol. (B.2.21)
Jo+ = \/3mbi’lg) (e1] = VARBl9) (1] (B.-2.22)

We go to a rotating frame with respect to the light field. Thus, the atomic Hamiltonian is expressed as
Hy=—1Y Aplem)(em. (B.2.23)

where A,, is the detuning to a specific excited state |e,,). For simplicity, we assume that |u(r)| = 1.

The evolution of the excited states is given by (the Lindblad equation for operators is different than for
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states)

d 1
a|em><em/| = h[HO + Hmt, |€m ) (€m]] + Z (Jkem em/|Jk - f{Jka, |em><em/}> (B.2.24)
2

=i(—Amslem)(em | + Amlem)(em]) — IQM (dU9><€m'|5m,—1 +d1|g><em’|(5m,1)

+ iQﬂ (a—lem)(gldm,—1 + a|em ) (g|om,1)

-5 [(Iel><em/|5m71 + lem){e-110m 1) (B.2.25)

+ (leo) (em’[0m,0 + |e7n><60‘5m/,0) + (lex)(em’[0m,1 + |6m><61|5M’,1)] .

For the populations (i.e. m = m/), this simplifies to

d

Slem) (em| = — iy (a1|g> (m|dm.—1 + a1|g><em|5m,1) (B.2.26)

801 (a—lem) (910, 1 + ) (910m1) — Vrolem) el (B.2.27)

The evolution of the ground state is given by

L lg)tol = i (a_le1)lgl +aslen) o) + 10 (L lg)e ]+l lo)(erl) +2mp 3 lewn) el (B.228)

And the evolution of the coherences is given by
d _ P X
Zlem) (gl =i mlem) gl + 1" (@l en) (1] + allem)(en]) (B.2.29)
2
A (A . YRb |
— 0 (3 10) gl + bl (alonn) - e,y (B230)

In order to implement a two level atom, we consider circularly polarised light, such that only one
excited state is addressed. We approximate the driving field by a classical field such that 4, — +/®, and
a_ — 0. The classical field couples the ground state to the m = 1 excited state (o+-transition). In this
model, the Rabi frequency is defined as Qr = QMQ\/QTL, so that we obtain the textbook result

. i,

Pei,er = i(QRPem} - QRPQ,@) — YRbPey,e15 (B'2-31)
. i YRb .

Pei,g = §QR(P81761 — Pg.g) — (7 - lAl) Pei,gs (B.2.32)
Pg.er = Pe, g (B.2.33)
Pg.g = ~Per.er- (B.2.34)

In the steady state (i.e. p;; = 0), the atom is in the states of interest (i.e. pe, e, + pg,g = 1), and we get

Q,u vV (I)L Q*
e1,88 — e1,e = (Pey e s B.2.35
pg, 1 Al _ I’YRb/Q (p 1,€1 pg,g) 2A1 _ 17Rb/2 (p 1,€1 pg,g) ( )
R Qg
Peq,e1,88 = | ‘ = = ‘ . (B236)

A+ (1o /2)2 + 2{pP@LIQ? 4AT 4R, + 2QR[°
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The total photon scattering rate is given by

B.2.
24, (B.2.37)

A1 > YRy —

Yee = TRLP _ e PLIQ?/3 o (mb >2 e
sc €1,e1,88 A% + (rbe/Q)Z + 2‘1)L|Q|2/3 — 4

This is exactly the scattering rate which is expected for a two-level atom |68, [105].

B.2.2 Adiabatic Elimination of the Excited State for an Atom with a Spin-1/2
Ground State

Here, the explicit procedure of the adiabatic elimination of the atom given in section [2.2.1] is given. If
the interaction Hamiltonian given in equation is small because the optical field is far detuned,
we can assume that the excited state manifold is not occupied. Thus, it make sense to adiabatically
eliminate the excited states. For this, we have to write all elements of the interaction Hamiltonian as
matrix elements|g,){gm’|. For this derivation, we assume for simplicity that the mode function is unity
at the position of the atom u(r) = 1. Here, we start by calculating the time evolution of the coherence

|gm ) (€m], which is given by

d . Y
&|9m><6m/| = iAp |gm) (em| — i </La+(€3/2><em’|5m,1/2 - |gm><91/2|5m’,3/2)
+vay(ler2)(em [0m,—1/2 — |gm){9-1/210m7,1/2)
+ Vd—(|efl/2><€m’|5m,1/2 - |gm><gl/2|(5m’,fl/2)
+ /’L&*(|€—3/2><em"5m7—1/2 — |gm><g_1/2|(§7n/7_3/2)> exp(i(kgz — At)) (B238)
where we have defined the transition strength as Q = 91/273/2 = /Yrbo0/(24) (units of s~1/2). We
assume that the coherence is in a steady state (i.e. <|gy,)(en| = 0) and that the excited states are not

occupied |ey,){em/| = 0. We get

Q . N
|gm){em’| = - exp(i(koz — AL)) (1lgm){(g1/210m 372 + VGm ) (9-1/2]0mr 1/2) a+

+ exp(i(koz — At)) (v]gm){91/210mr 172 + 11|gm)(g-1/2/0m —3/2) G- (B.2.39)

A

This expression can be introduced into the expression for the interaction Hamiltonian (given in equation

(2.2.13))). Further, we assume that all detunings A,,, = A are the same. We get

A~ PE [t a2 4 g Pl o) ool + @l + s lofDlg-1j0) (a-1/0l] + b
(B.2.40)
_oniap

A {(&TJAL|V|2 +al ay |u?)g2)(g1/] + (@l a_|ul® + &1d+|V|2)|g—1/2><9—1/2\] - (B.241)
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The atomic Hamiltonian can be re-expressed in terms of the groundstate by writing the excited state

populations as |e;)(e;| = |e;){(g;]g;)(ei| (where we can chose an j € (—1/2,1/2)) and write

Hy=— ﬁz Ailei)(g1/2191/2) (eil (B.2.42)

Q2 o N
~- |A‘ |U(I‘¢)|2(|u|2|g_1/2><g_1/2|aT_a_ + |V|2|91/2><91/2|0T_a_

+ |V|2|9—1/2><9—1/2\@1d+ + |/~L|2\91/2><91/2|&1@+>~ (B.2.43)

If we then add the atomic Hamiltonian to the interaction Hamiltonian we get an effective Hamiltonian

Heg = Ho + Hiyg (B.2.44)

— h|Q|2 |:((A1T g |I/|2—|—&T ay ‘2)| AT - 2 At o 2 B.2.45

A —a— YarlulP)giy2) (912l + (@la—|p|” + alaq [v]7)|g-1/2)(9-1/2] (B.2.45)

~ haoﬂggo + halfzgz, (B246)

with

o 7|§27|2(| 2 2 B.2.47

0 = S (v ), (B.2.47)

2|1Q|2
on = 200 2 — o), (B.245)

Here, we have assumed that the number of photons is large in both circular polarisation states so that we
can approximate dg&q ~ dq&:f]. If this is not the case, one has to sort out exactly, how the operators should
be ordered. We can plug in the values for the Clebsch-Gordan coefficients p = \/m and v = \/% and
find that ag = a1 = 2|Q|?/(3A) = oovrb/(BAA) = 0yRp/(24A).

B.2.3 Quantum Limited Spin-Light Interface

For the atomic spin, the common uncertainty relations of a quantum mechanical spin are valid, which can
be derived from the commutation relations of a spin given by [fj, fk] = iejklfl. For here, assume that the
spin is well polarised along the x-axis, such that the collective spin along the x-axis can be approximated
classically by F, = fN, where f is the hyperfine quantum number. The uncertainty relation for the
transversal axis is then given by [Fw E =ifN,.

Furthermore, we assume that the incoming light is linearly polarised along the horizontal axis. Simi-
larly to the spin, we can then approximate S, as classical mean value S, = @y, /2 and write the uncertainty
relation of the transversal components as [S,(t), S (t')] = iS0(t — t'). Here, the spin noise mapped on
the light is derived including the backaction of the light onto the atomic spin. For this, the Heisenberg

equations of motion of the spin in a magnetic field are rewritten with all noise terms [111]

%Fy(t) = OLF(1) — DR ) + (1) + 0r BSe0), (B.2.49)
%Fz(t) = Oy (1)~ LR(1) 4 hia(h), (B.2.50)

where the first term is the Larmor precession in the magnetic field, the second defines the spin decay

with decay constant s which comes from the interaction with the light and incoherent processes as
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magnetic field fluctuations. The spin decay gives rise to Langevin forces terms iLi(t) which are necessary
to preserve noise statistics according to the fluctuation dissipation theorem [111]|. The last term of the
equation shows the spin driven by the circular polarised light via the Faraday interaction. The
noise of the spin is easiest assessed in the spectral domain, thus it is worth to Fourier-transform the
equations motion and insert it into the input-output relation of the light (see equation )7 yielding

(15/2 = )hs (@) + Qully (@) + on Fo S (w)].

(Qs — w)(Qs +w) + (75/2)2 — ivysw (B.2.51)

Sievt)(w) = S (w) + a1 S, -

The light is detected by a polarisation homodyne detection, as introduced in section 2.3.3] Here, we

assume the general case for an arbitrary homodyne angle 6
Sp = cos(40)S, + 2sin(46)8.,. (B.2.52)
The power spectral density is then given by
Ssus @) = [ (85 Cu)8m0 W !

—0o0

- / - [ cos?(40) (S{") (w) S{M) (w')) + sin® (40) (S (w) S (W)

— 00

— sin(40) cos(49)((5’§°ut) (w) S (W) + <§§°ut)(w)5'?5°ut)(w’)>)]dw’. (B.2.53)

In the main text, the result for the integral of (Sf,ouc)(w)gz(,om)(w’)> is derived (see equation (2.2.49)). The
PSD of Sﬁ"u“(w) is easy to calculate. The Faraday interaction does not influence the circular component

of the light, i.e. S*S’“t)(w) = g (w). Because the incoming light is in a coherent state, we obtain

N‘HCQ‘

(809 () 810 (w')) = §(w + ') 2E. (B.2.54)

The third term of equation (B.2.53)) can be calculated, using equation (B.2.51) for Sz(,om). Further we
assume, that the shot noise and the spin noise are not correlated, i.e. (Szfl> =0Vi,j € {x,y,z}, and

obtain

Quar Fy (S8 (w) S8 (w))

&out) (Y &lout) (, My — ¢ &(in) ¢, &(in) ¢, 7 &
(527" (W) S (W) = (5™ (W) Sy™ (W) + a1 S O =) (0t o) £ (/D) — v (B.2.55)
B iS, , _ %Qsalﬁxgxé(w + )
= 5(w+w)+QISI(QS—w’)(Qs+w’)+(*y/2)2—iysw" (B.2.56)

By summing the two cross terms of equation (B.2.53) and integrate over w’, we obtain the third term of

equation (B.2.53])

/OO [<Sv£out) (w)gz(/out) (w/» + <S«Z(/out) (w)ggout) (w'))]dw’

7 _ (O‘lgx)QQst(Qg —w? +(%/2)%)
((92s — w) (s +w) + (75/2)2)? + (ysw)?

(B.2.57)

Plugging this expression and equation (2.2.49) into equation (B.2.53)), we get the expression for the
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B.2. DIPOLE HAMILTONIAN

spectrum

_& (a1S,)? cos(46)
2 (= w)(Qs +w) + (15/2)2)? + (3sw)?

Q202F23,
. (cos(40) ((75/2)2 +w? + Q2)y|Fy| /2 + &QES) (B.2.58)
- Sin(49)(93 -+ (75/2)2)95Fx> .
Using the narrow band approximation s < |Qs — w| < g, this expression can be simplified to
o gﬂc (%algfb)g 2 (alpx)ng
~— . 3“ (4 F |+ ———
SSBSG (w) 9 + (Qs _w)g ¥ (78/2)2 cos ( 0) 7| 1‘ + 2
—2sin(46) cos(46)(Qs — w)F‘I> . (B.2.59)

This equation is used in section [2.6.4] to fit the squeezing data. Setting the homodyne angle 6 = 0, the
result given in equation ([2.2.49)) is obtained.

B.2.4 Formalism for the Adiabatic Elimination of Excited States

Reiter et al. |113| provided a general approach to calculating the effective Hamiltonian and effective
jump operators by adiabatic elimination of the excited state. The procedure is outlined in brief herewith:
If there is a quantum system with two distinct subspaces and the coupling between these subspaces is
perturbative, the dynamics of the system can be simplified. To do this, we assume that the dynamics of
the full system is described by a master equation

A T P
p=g .o+ Ekj ipdf = S UL, oY, (B.2.60)

where H is the Hamiltonian of the system and J, are jump operators modelling a coupling to a Markovian
bath. In the following, we want to write the effective ground-state Hamiltonian of the system. To do this
we need to structure the Hamiltonian of the system into two subspaces. We define Pg as the projector
on the ground states and P, as the projector on the excited states. The Hamiltonian can be decomposed

into the following parts
H=H,+H. +V, +V_, (B.2.61)

where ﬁg = ngl P, is the ground-state Hamiltonian, He = Peﬁ P, is the excited-state Hamiltonian, and
V+ =P.H P, and V. = ngf P, are the parts of the Hamiltonian that couple the ground state manifold
and excited-state manifold. We assume that ﬁg can be diagonalised as H, = > Elpl where 151 is a
projector for one eigenstate in the ground state manifold. For each ground-state projector By, we can
define a non-Hermitian Hamiltonian

i

. . h a4 oA .
al) = m, - 7. JLJy — EP.. (B.2.62)
k
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This non-hermitian Hamiltonian has only non-zero entries in the excited-state subspace. The quasi-

inverse of this Hamiltonian is defined as (Hl(\fl){)*lffl(\% = P.. Doing the adiabatic elimination of the

excited state, the effective ground state dynamics is again given by a master equation

PO RS s 1 . . A
p= g Mot P1+ Xk: Tt o — Q{Jii,effjk,efhp}, (B.2.63)

where the effective operators are defined as

~ 1 ~ ~ ~ ~
Heg = —3 (V STV + h.c.> + Hy, (B.2.64)
l
et = Je Y (A VD, (B.2.65)

l

and Vf) = ‘A/+I:’l If the ground-state manifold can be assumed to be degenerate, the equations can
be simplified. In the course of this work, this formalism has been implemented both analytically and

numerically to calculate the spin dynamics.

B.2.5 Effective Hamiltonian of an Atom with a Spin-1 Ground State

In order to study the decay to a different hyperfine state, we consider a slightly more complicated atom.
We assume that we have an atom with nuclear spin ¢ = 1/2, a ground-state manifold with 7 = 1/2 and
an excited-state manifold of j* = 1/2. In the ground-state manifold we have in total four levels, one with
f =0 and with with f = 1. We assume that the hyperfine splitting of the ground-state is Agr while we
neglect the hyperfine splitting of the excited state.

After the adiabatic elimination of the excited state, we get

Hop = — h(Apt + a0, £=050)]0, 0)(0, 0|
+ hag, =1 50171 + han S, f-, (B.2.66)
+ hap—o,5=15:(10,0)(1,0 + [1,0)(0,0]),

with
YRbO7 A
_ ’ B.2.67
0 = TAQRE + (r /D) (B.2.6)
’YRbUTI'Ale
= = _ B-2.68
= AR + (D) 0 (B.2.68)
_ YRbO (D=0 + Ap_1)
Oéf:()’le - 8AAf:0Af=1 (B269)

where the detuning from the f = 0 is off from the detuning to the f = 1 by the hyperfine splitting, i.e.
Ap_g=Ap_1 — Ayt

B.2.6 Model of the D2-line of Rubidium-87

In this section, the more evolved formula for section [2.2.3] are given. Parts of this derivation are already

given in [79]. The results given here follow directly from the derivation given earlier in this section but
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consider the more complicated structure of the D2-line of Rubidium. The light-matter interaction is
given by H; = —d - E. The electric field can be separated into rotating and counter-rotating terms.
For an electromagnetic field far detuned from the atomic transition, the light-matter Hamiltonian can be
approximated with a rotating wave approximation and a perturbation expansion (following the derivation

described in 13| 107, |110]). For one atom, it can be written as

B (r;,t BT )(r;,1), (B.2.70)

where the hyperfine states of the ground state are given by f, the hyperfine states of the excited state are
given by f’, Ay ¢y = w — wy g is the detuning of the light from the transition of the two corresponding
states, r; is the position of the atom, and the atomic polarisability tensor is given by [106} (110} [115]

&g = PpdPpdf Py, (B.2.71)

where Pf ([:’ff) is the projector onto the ground hyperfine state (excited hyperfine state). This polarisation
tensor can be understood intuitively: Pf,afﬁf is a virtual excitation of the atom. This virtual excitation
of the atom is destroyed again by the term Pfaf’f/. Thus, the polarisation tensor describes this off-
resonant two-photon transition between different ground states of the atom. The polarisability tensor

can be decomposed in three parts, for which the first agc }, transforms as a scalar, the second agc },

transforms as a vector, and the third agc }, transforms as a rank-2 symmetrical tensor in SO(3) [110]

~ (0) A (1) A(2)
Otff/—aff, EBOLff/@ Iy (B272)

Therefore the polarisability Hamiltonian can be decomposed in a scalar, a vector and a tensor component:

H =A%+ A8V + A®, (B.2.73)
where
&)
AP =3 BO(r,1) ff B (r;,1). (B.2.74)
ff/ ff/

The decomposition can be followed in [110] explicitly. For one atom in a given hyperfine ground state
(f =1lor f =2), the three decomposed Hamiltonians can be written in a new form [110]. In the following,

we consider that the light propagates along the z-axis

Ho ;= hayolu(r;)[2Soly, (B.2.75)
ﬁl,f = haf,1|u(ri)|2*§zfzv (B276)
Ha, ;= hagalu(e)|*(Se(f7 = 17) + Sy (fufy + fufe) + %So[i%ff — f(F+ D). (B.2.77)

We call the dimensionless scaling factors ay i of the interaction Hamiltonians (equations
atomic polarisability constants. They depend on the hyperfine ground state f and the detuning A. Here,
the detuning A is defined as the detuning from the frequency difference between the f =2 (f = 1) state
and the middle of the excited state manifold (i.e. detuning from w = 384.227921 THz for f = 2 and
w = 384.234755 THz for f = 1). The detuning to a specific hyperfine state is given by: Ay = A — Ay
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where Ay is the frequency difference between an excited hyperfine state and our arbitrary chosen middle
of the excited state manifold. For simplicity, we define the dimensionless coupling parameter of two

defined hyperfine states

-/ ;)2
a§’<A>=§2’2)<2j'+1>{j ! } (B.2.78)

where "{ }" is the Wigner 6-j symbol. For large detuning, the fraction yields unity and the coupling

parameter a?l is approximately independent of the exact frequency of the light. With this definition, the

scalar atomic polarisability constant can be written as:

M b (0)
with
1 _
P (A) = 5 (D7 Za [(2f = V)35 + 2f +1)0) + 2 +3)05] Ao oo 1, (B.2.80)

where &7 is the Kronecker delta. In the limit of large detuning (JA| > Tgy, A 2 Agpr), the factor
agco)(A) = 1 reduces to unity. The scalar polarisability constant thus scales with afo o< 1/(Awg). The

vector polarisability constant is given by

A2 T
api=g % aM (), (B.2.81)
with
Py =2 Z - 7 ot = maf, 1 07 Ao oo 1, (B2:82)

where the scaling for large detuning is the same as for the scalar polarisability constant but the pre-factors

are smaller by a factor of 4. The tensor polarisability constant is given by

N Tr (2
with
(2) 1) fo1 2f+1 1
(A)=2. E:af 5 it el A o (B.2.84)

For large detuning, transitions to different excited state hyperfine levels interfere destructively for the
tensor interaction, such that as o tends to zero. This destructive interference results in a different scaling of
the tensor polarisability constant with detuning than of the vector and scalar polarisability constants. For
a large detuning, the scalar and vector polarisability constants scale approximately with oo, ar1 o< 1/A
while the tensor polarisability constant scales with ar o o< 1/A%. By choosing a detuning, a Hamiltonian

can be designed with different ratios between the vector and the tensor interaction Hamiltonian [115].
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Appendix C

Fourier Transformation, Power Spectral
Density and the Autocorrelation

Function

In this appendix the definition of the Fourier transform and the power spectral density (PSD)
is given. Furthermore, the autocorrelation function is introduced and it is shown how the
variance of a signal can be calculated by integrating over the PSD. In the second part, the

implementation of the PSD in Python is shown.

C.1 Fourier Transform

In this work, the Fourier transform is defined as,

h(w) = FT(h(t)) = \/%7 / h(t)eitdt, (C.1.1)
h(t) = FT- (h(w)) = \/% / h(w)e—“tdw, (C.12)

Using this definition, the Fourier transform of the derivatives are given by F T(d}égt)) = —iwh(w) and
F Tﬁl(%f)) = iwh(t). In this thesis, the operators for the free-space field are often given with respect
to space coordinates instead of time. Accordingly, the Fourier transformation has to be written slightly
differently: If we have an operator a(§) which depends on the position £ = z — ¢t, the Fourier transform

is defined by

a(w) :/%a(@eiwfﬂz (C.1.3)
a(€) o wyemivtre, (C.1.4)

~ ) Vor

where c is the speed of light.
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Fourier transform of operators and their complex conjugate: Let us assume that we have an

operator O(t) which is non-hermitian. The Fourier transform of this operator is given by

O(w) = \/% / O(t)eltdt, (C.1.5)

O(t) = \/% / Ow)e ! dw. (C.1.6)

In this thesis, we represent the adjoint of O(w) as OT(w). In certain publication the adjoint operator of
O(w) is written as [O(w)]" (and there is a difference between [O(w)]t and Of(w)) but for simplicity we
stick with the shorter form. The Fourier transform of operators and complex conjugated operators are

then given as

FT(O(1) = O(w), (c17)
FT(0(#)) = O (~w). (C.18)

~—

For an operator O(t) which is hermitian in the time domain, we get for the corresponding operator O(w)

in the frequency domain

O (w) = [/O(t)ei“t\j%y _ /O(t)e‘iwt% — O(—w). (C.1.9)

Thus, the Fourier transform of a hermitian operator is not hermitian any more, i.e. OT(—w) = O(w)

C.2 Power Spectral Density

The power spectral density (PSD) of a signal h(t) is defined by [112]

1
Shn(w) = li_>m —(hZX(w)h,(w)). (C.2.1)
T oo T
Here, h, is the windowed Fourier transform of h(t)
1 T/2

hr(w) h(t)e™“!dt. (C.2.2)

B V2T —7/2

The symmetrised power spectral density Spj(w) of a signal h is given by the average over positive and

negative frequency components of the power spectral density

_ Shn(w) + Spr(—w)
2

Shn(w) (C.2.3)

where w > 0. In this work, we consider often the PSD of (expectation values of) operators. The definition
of the PSD can be applied to operators. The quantum power spectral density of a general operator O is

given by [112]
Soo(w) = lim —(0(w)0,(w)), (C.2.4)
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where again O, (w) is the Fourier transform of O(t) sampled over the time period 7. For an operator with
stationary statistics, the Wiener-Khinchin theorem states [112]| a direct relation between the PSD of a
variable and its autocorrelation function (defined later in equation (C.3.1)) in the time domain,

Soo(w) = /00 (O (t +7)O(t)) =o€ dr. (C.2.5)

— 00

By using the properties of the Fourier transform, we can derive

SOO(W) — /700 <OT (t)O(O)>elwtdt (026)
[e’e] dw' ee] dOJ” e’} . iy / iy
B /m 27 J oo m/m (O (w")e' O (w))e (C.2.7)

oo / o] " oS}
_ / dw dw dtel @+ O (WO (W) (C.2.8)

—oo V2T —oo\/% —o0
_ / ' (O (—w)O(W')). (C.2.9)

— 00

From the third line to the fourth line, we have used that [*_ exp(i(w + w”)t)dt = 276(w + w”). For a

hermitian operator (in the time domain) we have seen that O(w) = Of(—w). And finally we get

Soo(w) = / T OO (C.2.10)

— 00

This from of writing the PSD is much more handy to use than the standard form with O, (w) given in

equation (C.2.4)).

C.3 Autocorrelation function and Variance

The autocorrelation function of the stationary noise process V (t) is defined as
Gyy(t—t) = (V()V(t)). (C.3.1)

The variance of a noise process V (t) with zero mean ((V(¢)); = 0) is then given by the autocorrelation
at zero time delay
var(V) = (V?) = Gy (0). (C.3.2)

From equation (C.2.5)) we see that the PSD can be directly written as integral over the autocorrelation

function

Sy (w) = / b TGy (T)dr. (C.3.3)

— 00
Similarly, we can write the autocorrelation function as the Fourier transform the PSD. For deriving the

exact relation, we integrate over the PSD and get

S e WSy (w)dw = S dw / dre T Gy (7) (C.3.4)
27 J_ o 2 J_ o oo
= / dTva(T)(s(T - t) = va(t). (C35)
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Summarising we have
1 <o
va(t) = 7/ e_’“’tSVV(w)dw. (036)
21 J_ o

For the variance, we can just set t = 0 and get

Var( ) GVV 27T / SVV (037)

Note that in these relations involving the integrals of the PSD, the prefactor 1/(27) appears and not the
prefactor 1//27 as in the definition of the Fourier transform.

C.4 Implementation in Python

Fast Fourier Transform: In contrast to the formulas in the last few paragraphs, in real life we do
not have infinite time traces. Additionally, the measured data is digital, which means that we obtain
discrete data points at a sampling rate fiample for a total time ¢y, which then results in an array F(k)
with 7 = fiampletmax entries. We use the fast Fourier transform in order to calculate later the PSD. In
python, the fast Fourier transform fft[z]ﬂ is defined by

F(l) =Y F(k)e 2mk/n, (C.4.3)

where F(1) is the [th entry of Fourier transform of F(k). Each entry of the array F(I) corresponds to the
fast Fourier transform value at a frequency f; = I/tmnax. The resolution bandwidth is given by the finite
length of the data set, RBW = foampie/n. In the following, we would like to relate this discrete Fourier
transform to the continuous one. For this, we can define the times at which the data points are taken
as ty, = ktmax/n and the inverse sampling rate as 6t = tx41 — tk = tmax/" = 1/fsample- Then we can

multiply the expression by 1 = (41 — t)/0t
n—1

F(l) = 1 D (trsr — tr)F(k) e 7127t tmas (C.4.4)

Further, we can define the Fourier frequencies as f; = I/tmax = fsample!/n and continuous functions such
that f(t) = F(k) and f(f) = F(1). We get

1 « .
5* Z tk+1 — tk tk) e_IQWfltk. (C45)
k=0
1Using the £ft function, a discrete Fourier transform is calculated
n—1 )
fitfz) = D z[k] e R/ =00 -1 (C.4.1)
k=0

The corresponding frequencies can be calculated with the fftfreq function:

- { 0,1,..,n/2—-1,-n/2,...,—1 ifniseven

ffefreqln, dt] = o 0 01 (@ —1)/2,—(n — 1)/2,..,—1 ifnisodd

(C.4.2)

where dt is the inverse of the sampling frequency and n the number of samples. We see that the frequencies are not
ordered form the minimal value to the maximal value. Thus, we use the function fftshift, which shifts the zero-frequency
component to the center of the spectrum.
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This already looks like a Riemann sum. Taking the limit of this sum for large n — oo as

tmax
Jim PR = fampe [ 0 et (C.4.6)

which is the Fourier transform to frequencies instead of angular frequencies as it was defined in the
last paragraphs. This has to be considered when calculating the PSD. Similarly to this, the back-
transformation can be compared to the continuous Fourier transform. The inverse Fourier transform is
defined as

Fk) =

SRS

n—1
S B(l) - ek, (C.4.7)
=0

We use that the frequency spacing is given by the resolution bandwidth fi41 — fi = fsample/n and get

1 fsample/2 - )

lim f(t) = / ff) e2™tae. (C.4.8)
n—oo fsamplc _fsample/2

Because in this definition, we transform back and forth from time to frequency (and not angular fre-

quency), there is no factor of 27 appearing.

In our analysis, we use the the scipy.fftpack package of python. Using the £ft function, a discrete
Fourier transform is calculated, while the corresponding frequencies can be calculated with the fftfreq

function.

Power Spectral Density:  From the fast Fourier transform, the PSD can be calculated. In order to

show the definition of the power spectral density, we define an example data set by

### Example Data

t _max = 5e—3 #s time window

dt = le—T7 #s time spacing, inverse of the sampling rate
f res = leb6 #Hz resonance frequency

gamma = 2xnp.pixle3 # Linewidth in radial frequency

n = int(t _max/dt) + 1 # add one such that n is odd. Simplifies the example.
t = np.linspace (0, t max, n)

X = np.cos(2xnp.pixf resxt)xnp.exp(—gammaxt /2)

The PSD is defined in equation (C.2.1). In order to estimate the PSD, the discrete Fourier transform is

used, more precisely

ot
2

— A.
2 (C.4.9)

Sxx(2) = lim l|XT(W)|2 - Sxx(f) = %|Xdis(m)/fsample\2 = | Xais(m)

T—00 T

where Xgis(w) is the discrete (fast) Fourier transform as defined in the last paragraph and we have
used that the probe duration times the sampling rate is the number of samples 7 fsample = 7 and that
0t = 1/ fsample is the inverse of the sampling rate. Here, it is important to note that changing from

Sxx(Q) to Sxx(f) is not just changing the variable of the argument of the function but changing the
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function itsehﬂ In order to obtain the power, we have to multiply Sxx () by an angular frequency (in
s~1) while Sxx(f) has to be multiplied by a frequency (in Hz). The PSD of this signal X can then be

calculated with

### Calculate PSD of the signal:
fft _z = fft (X) #
f = fftfreq(n, d=dt) # Get the frequency axis
f = fftshift (f) # Reorder the entries of the frequency axis.
#
#

Calculate the fast Fourier transform

fft z = fftshift (fft_z) Reorder the entries of the fft awxis.
psd = abs(fft z)xx2xdt/float (n) Calculate the PSD

### Symmetrise PSD:

psd_sym = (psd + psd[::—1])/2

psd_sym = psd_sym[f>0] # For the symmetrised PSD only keep pos frequencies
f sym = {[f>0] # For the symmetrised PSD only keep pos frequencies

In order to get the variance from this PSD, we have to consider that the integration over frequency is

different than the integration over angular frequency. Including all factors, we get
var(V) = Grv(0) = [ Suv(f)a (C.4.14)

In our experiments we mostly observe a fast oscillating signal. Therefore our measurements are done by
using a lockin amplifier or a spectrum analyser in the IQ-mode. Thereby, we obtain the demodulated
in-phase and quadrature signal, as explained in section[2.3.3] For here we assume that the lockin amplifier

demodulates the data at the f demod. Here, we have to implement this demodulation by hand, using

def moving average(x, w):

return np.convolve(x, np.ones(w), ’valid’) / w

### Demodulation of the signal:

f demod = f res

t_demod = moving average(t, 100)

I trace = moving average(np.sqrt (2)+«X«np.cos(2*xnp.pixf demodxt), 100)
Q_trace = moving average (np.sqrt (2)*X*np.sin (2xnp. pi*f demodxt), 100)

2We define the Fourier transform for the conversion from time to frequency to match better, what we numerically
calculate in the Python code. For here, the Fourier transform is given as

h(f) = / h(t)e2m I, (C.4.10)
h(t) = /h(f)e*imdf. (C.4.11)

The definition of the PSD in frequency units is not much different than for angular frequencies. We can write
Shn(f) = [Z(h(t)h(0)>ei2”f*dt = [Z(h(f)h(f’»df'. (C.4.12)

To derive the last term, consider that the argument of the Dirac function transforms as 62w (f"” — f)) = §(f" — f)/(2n).
With this, we can derive the autocorrelation function

G0 = [ e Bt (pr. (C.413)
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Z trace = I trace + 1j*xQ trace
dt _demod = np.mean(np. diff (t_demod))

n_demod = len (t_ demod)

In our normal analysis routine, the PSD of the demodulated data is calculated by using thte same

functions as already introduced on top, more precisely by the following code:

### Calculate PSD of demodulated signal:

fft demod = fft (Z trace)

psd _demod = abs(fft demod)*%2xdt_demod/n_demod
f1= fftfreq (n_demod, d=dt_ demod)

psd_demod = fftshift (psd_demod)
f1 = fftshift (f1) + f demod

Here in the last line, the frequency is shifted by the demodulation frequency to obtain the non-demodulated
frequencies. Comparing the symmetric PSD psd_sym and the PSD from the demodulated data psd_demod,
we observe that they differ by a factor of two. In order to obtain the symmetrised PSD as defined in equa-
tion (C.2.3), the PSD from the demodulated data has to be divided by two, psd_sym = psd_ demod/2.
This factor of two has to be taken into account when calculating i.e. the number of excitations of a

system.

197



Appendix D

Some Derivation of the 3D

Spin-Light-Interface

In this appendix, the derivation and some more formula for the collective scattering of an

atomic cloud are provided.

D.1 Laguerre-Gaussian Modes

In the following, we need to have a basis for the modes of the light. In the paraxial approximation, the

classical electric field of the light can be written as [94]

1 .
Ep(r, ¢,2) = €L Ep(r, ¢, z)e Witihoz 4 cc. (D.1.1)
1
= §€L€ﬂpl(r, o, z) exp (—iwt) + c.c. (D.1.2)

where €7, is the polarisation unit vector, £ = 2g/®1 = \/W is the amplitude of the electrical field
with the vacuum electric field density & = +/hwr,/(2e9cA), the photon flux @7, the mode area A = Tw3 /2,
the speed of light ¢, the power P and the vacuum permittivity e9. Epi(r, ¢, 2) = Eup(r, ¢, 2) is the local
electric field. Here, the mode function contain one more phase factor, namely 4, = u,; exp(+ikoz). For
a system which is cylindrical symmetric, it proves to be useful to use the Laguerre-Gaussian modes given
by [85]

[1]
U (7, P, 2) = P! Wo V2r 12l 2r°
pl(1, 6, 2) = (p+ 1) w(2) (w(z)) L, (w(Z)Q)

P <_w(z)2 Fikogpry e il+ 2o 1)‘1)(2)> , (D.13)
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where we have defined

w(z) = woy 1+ (Z) , (D.1.4)
R(z) = ——=, (D.1.5)

®(z) = arctan (;) (D.1.6)

and the wavevector kg = 2m/), the Rayleigh length 2z = 7w3/\, the wavelength A and the waist wy.
Here, p > 0 is the radial index and [ the azimuthal index which can be positive, negative or zero. Both

indices are integers. Lé(x) is the generalised Laguerre polynomial given by

—llez gp
L ( —a p+m>
L, (z) = o dor e x . (D.1.7)
The normalisation is chosen such that the modes for [ = 0 are unity in the focus, i.e. up(0,,0) = 1.
Integrating radially over the intensity yields then

00 27 7T7,U8
A= /0 /0 Uny (7, B, 2)upr1r (7, @, 2)dprdr = T(Sp,p’él,l’ (D.1.8)
which is the effective beam area of the laser beam. For future calculations it might be useful to consider

the following relations [85]:

5 _ 2
Zu;l (7", ¢7 Z)U‘Pl(’r/a ¢I7 Z) = A(S(rl- - rlJ_) =A (r r - )§(¢ - ¢/)v (Dlg)
p,l
ik ik 2
D up(r 6, 2up (v, ¢, 2') = A (;_OZ,) exp (Z g'le_ Z‘f)ﬂ ) : (D.1.10)
p,l

e =) (D.1.11)

4 —ikg b (iko(r2 + 72 — 271’ cos(¢p — gb’))) .

Zero’th Order Mode: The fundamental mode of the Laguerre-Gaussian mode is indeed the Gaussian

TEMgg, namely

woo(ry @ z)—ﬂe —L—&-ik 7742 —i®(z) (D.1.12)
00t @2 =20 TP\ T w2z T "OaR () ' -
The intensity profile of the fundamental mode is given by
2 2
. o 2R 2r
Boo(r, ¢, z) = |uoo(r, ¢, 2)|* = ) exp (w(z)Q) . (D.1.13)

D.2 Classical Model of Scattering of Light one Atom

This section follows the classical description of light-atom interaction given in [94]. In the following we
assume that the driving field is in the fundamental (p, ) = (0,0) mode and denote the incoming amplitude

with & = &;,,. The atomic dipole moment induced by the field is consequently given by
p = —epe 4 ce. (D.2.1)
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with the amplitude of the induced dipole p = aEyg exp(ikoz). Here, the atomic polarisability reads

YRb /Wi
a = 6mepe® , D.2.2
0 wd — w? — (w3 /wd)YRb ( )
A [ —2yrpA V2
~ Bmen — j Rb D.2.3
W60w3 <W12{b+4A2 JrZ’712110"‘4A2) ’ ( )

where wy is the atomic resonance frequency [94]. In the second line, the narrow bandwidth approximation
was applied, i.e. w = wy > A,vgrp where the detuning is given by A = w — wy. We can write the

dimensionless atomic polarisability constant as

ko o o9 [ —27RpA -8 )

= —— = — ) . D.24

b 2Ae 24 (’y%b +4A% A2, 4+ 4A2 ( )

where 09 = 3\2/(21) = Praa/Lin is the single atom cross-section. For an atom at the origin (i.e.

1(0,0,0) = 1), the emitted radiation at a distance R >> ) is given by [94]

k2 sin(0) eikot Akg etFoR

Erad(R,0) = 02—~ Ein = sin(0) — —— L&, D.2.5

a ) 4meg R @ sin(6) 2r R b ( )

where R = v/r2 + 22 is the distance of the observer to the atom and 6 is the angle with respect to the
polarisation €. The total scattering can be calculated by integrating the scattered intensity Iaq(R,6) =
€0¢|Eraa (R, 0)|%/2. We obtain
T 2
Praa = / / Laa(R,0)R? sin(0)d¢dd (D.2.6)
o Jo

2 2
90 TRb 2 90 TRb

= — =2 1& A= — 32 9P . D.2.7
2A 43, + 4A2 [€in[eoc 2A 73, + 4A2 ( )

From this, we can calculate the amplitude of the radiated field, namely

2Prad ‘Oé|k’g
5ra - - gin . D.2.8
(radl =4 Sy = 1ol (D:25)

In this derivation, we have lost the information about the phase. We define the mode-function of the
radiated light by

N . Frad . Ak eiho Rt Ein
Uypad(r, 2) = £ fsm(e)? 7 e

For an observer at a large distant but on axis with the propagation of the laser light, we can approximate
sinf ~ 1 and exp(ikR)/R = exp(ikoz + ikor?/(22)) /2. We get

(D.2.9)

Kotk £, AkgehE &
rad = = — . D.2.10
trad 47T€0 z Oégrad 2 z 6€rad ( )

Next, we want to calculate how much of the light is scattered into a certain mode. We have

gpl 1 00 2T .
= Wuraadgrdr (D.2.11)
ra 0 0
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In order to do this integration explicitly, we approximate the Laguerre-Gauss mode in the far distance.

For this, we take z > zp such that ®(z) ~ 7/2, w(z) =~ woz/zr, and R(z) = z. The Laguerre-Gauss

7]
up(r, 9, 2) = Pk (Ve (2
PiAT T (p+ ! = Woz P\ widz?

r222 2 . . m
- exp (—wng; + ik —zl¢—z(l+2p+1)2) (D.2.12)

modes simplify to

The scattering into the fundamental yields [94]

500 1 00 27
£ = Z/ / UG Uraadprdr (D.2.13)
ra 0 0
. 2
2 [ zgp r?z% o ow\ k3 etkozz &,
= — — ——t —ik— — d D.2.14
Aty =z X ( w22 ! 2,z+12 dmeg 2 agradr " ( )
& 2 e 2,2 K2 1
o 200 7T R ox _r2z1:; O~ ardr (D.2.15)
in Aty = wgz? ) dmeg 2
k
- iﬁ% = iB. (D.2.16)

where in the last line we used that w? = 2g\/m and ko = 27/A. From this we can define the single atom

cooperativity by

_ 2o _ 20l _ 67 _ oo (D.2.17)
Prad |Eraa|2  kEA A

where oq = 3)\?/(27) is the single atom cross-section. This cooperativity is given in equation (8) of |94]

and accounts for scattering both, in forward and in backward direction. This derivation does not seem

to be very solid on first sight: first we make the approximation for small » and then we integrate the

variable r from zero to infinity. If we integrate r just to a cut-off radius R instead of to infinity, we would

have to correct the upper result by a factor

2,2 2
1— exp ( RQZR) —1—exp <R3A> . (D.2.18)
w,

22 409

Thus, as long as the beam area A is much larger that the single atom cross-section oy, R can be still
significantly smaller than z without changing the result much. Thus, the assumptions for small r < z is

not violated too much by integrating r to infinity.

D.3 Derivation of the Power Spectral Density for the Collective

Scattering

For inhomogeneous coupling the spin-light interaction Hamiltonian reads as

N
Hipe = hoy 82 ) fO. (D.3.1)
i=1
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For every single spin, the equation of motion can be calculated by assuming that they commute

L0 = 000 = L0+ 5O (1) + ann® O (1180, (D:3.2)
i) ) = . FO (1) — L2 0 () 4 O

where the first term corresponds to the rotation around the magnetic field at Larmor frequency 25 and
the second term describes the spin decay. In order to preserve the noise statistics in presence of the decay
term, we have included the Langevin forces h, and h, [111]. The last term of the first line is the spin-light

coupling. To solve this system of equation, we transform these equations to the frequency space

AN AO) 7 (@) ¢ &
i)y (/2 —iw)he (W) + Q[hy (@) + onnl” 717 (w) 5. (w)] D.3.4
.fz ( ) QQ—wQ ( /2)2_2175 . ( 3. )
This result can be plugged into the input-output relation of light. We obtain
. N . Ap.
S50 (@) = 8™ (w) + a1 S (@) D P L (w) (D.3.5)
i=1
N, C V5 (d) 7 (3) (1) £(4) &
_ &in) &(in) ) (1s/2 —iw)ha” (W) + Qs[hy” (w) + a1ns” fa~ (W) 52 (w)]
Sy (w) + a1 S (w) ;77 Q2 — w? + (75/2)% — 2iveaw ‘
(D.3.6)
The spectrum can be calculated by using the following expectation values
ain) ¢, N &Gin) [ I\ _ s &Gn) ¢, N\ alin) g, 1y _ Sz
(5" (W) Sy (W) = (S5 (w) 2™ (W) = 0w + o) =, (D.3.7)
2@ (NG AOYIRAC s | G
(A (@)hP (@) = (WD (@) (W) = 8w +w')dij = 2 1791, (D.3.8)
(AP (@)hD (W) = = (B (@)h P (W) = 6(w +w )5”1 = f0. (D.3.9)

Furthermore, we assume that spins and light are well polarised such that we can write Sg(cin) (w) = S, and
9 (w) = f.. In order to calculate these equations, we have assumed that ( f;”) is not changed over time

(for further details, see Appendix G in [111]). The symmetrised power spectral density is then:

S _ Oz (12| 7(6) 22,12 F0) 73) § D31
Ss,5,0) =5t @ ey W szns |5 |+ZZan [P198:/2 ), (D.3.10)

i=1 j=1

where we applied the narrow bandwidth approximation. Further, we see that for the noise F} cannot
be just replaced by F, to obtain similar equations as for homogeneous coupling. To obtain the same
equation as for homogeneous coupling but with effective parameters, we have two options: either we only

normalise the polarisability constant or we adapt the spin operator and adapt the polarisability constant.

Renormalise the Spin Operators and the Polarisability Constant: Having this an expression

for the PSD, effective spin operators can be defined. The effective atomic operators of higher order
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(similar to [85]) are defined as
A AN
P P =3%" (”) 7O (D.3.11)
and the effective atomic polarisabiliy
a1 — Q1 = Q1 - s off- (D.3.12)

The higher order effective atomic operators fulfil the spin commutation relation only if we assume that
all spins are identical (i.e. f = f (@) Vi). This is a good assumption for a well polarised cloud of spins. In

the case of this normalisation convention, we get the Hamiltonian
H=ha, FWS, (D.3.13)

and the spectrum of the outgoing light reads as

§ S, 815, /2)? - a2F??%3,
Ss,5,0) % T4 (lw)z/ﬁ,yz e (me) Ui A (D3.14)

We can futher simplify this expression by defining a measurement rate of second order

~ 2FP S 028, o5 o e 028, fN, (n?)
p@ _ Qflz POz Aiow ()2 o Q10z) Ta\lls) D.3.15
{ . 2 . ( )
i=1
For the last expression we have assumed that the spins are well polarised along the x-axis. Inserting this
into the expression for the PSD, we get our usual expression for the spectrum (assumed that Ff) > 0)
Ssysy (w) - 1 f§2)

[ (¢ W ERr-y 71

(7 +202). (D.3.16)

Assumed that all spins are identical, i.e. f = f (1) i, the first order and second order spin operators are
equal
F@ Z FO), (D.3.17)

This is not the case for higher order spin operators any more.

Variance of the Measurement Record

In most measurements, we can measure the variance of the Faraday measurement. It is directly obtained

from integrating over the spectrum over the bandwidth Ay, yielding

WL+ Abw /2 A ~2 52 27225
dw by, 915 ( HA72 O S“) . (D.3.18)

S,) =2 S Bl e L S ) o S
Var( Z/) /wLAbW/Q Sysy(w) 271' 271' + 4 I x |+ 3

If we define a Faraday angle as 6 = S'y /(2S;), we can write the variance of this Faraday angle as

A Var(gy) Apw 1 d%|P_g§2)| (a2 F_f))QS’I
= > = — . D.3.1
var(6) 152 or 13, + 3 + 16+, (D.3.19)
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D.4 Calculating Overlap Integrals for an Atomic Cloud

For performing some overlap calculations, it is assumed that all spins are identical and that the sum can
be approximated by an integral, thereby loosing the randomness of the atomic position. Furthermore,

the atomic cloud is approximated as 3D-Gaussian distribution

(12) = Nuy| o - - (D.4.1)
n(r,z) = Ngy | —————5—exp | — exp | — , 4.
wwd w2, O\ we, ) TP\ W

as derived in section for a dipole trapped cloud. For a Gaussian beam,

9 wo \2 —2r2
I(r, z) = Ip|uge(z,7)|° = Iy (w(z)) exp <w(z)2) , (D.4.2)
we obtain
(ns) = %ﬁeXP (wQL%f%D) @jfz Erfc <%> , (D.4.3)
with ,
D= m (D.4.4)

In the limit of a long Rayleigh length, zr > w, ,, this reduces to (ns) = D/2 (limit of large Fresnel
number F' = w3 /(Aw, .)). To simplify the expression of the second order integral, we assume that D = 1.
We get

(n?) = 25}R Nz (exp (\/;Z ) Erfc (;R > — % exp (\/:;UR ) Erfc (le?)) , (D.4.5)

which reduces to (n2) = 1/3 for a large Rayleigh length. In this limit, we get F(1) = F() = 3F/4 and
a1 = 2a /3. In theory, this limit is described as the limit in which the 1D- approximation is still valid
[13].
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Appendix E

Derivation of Ponderomotive Squeezing
of the Light by the Optomechanical
System

The mechanism of ponderomotive squeezing was predicted early in 1994 136, |137]. Nearly
twenty years later, it was experimentally demonstrated for a silicon nitride membrane [120]
and a for a wave-guide resonator [193|. Since then, it serves as benchmark for a mechanical os-
cillator in the quantum regime. Ponderomotive squeezing of the light was shown using diverse
mechanical systems, including wave-guide resonators [193|, a single levitated nano-particle
[194] and a silicon nitride membrane in a room-temperature environment [63]. In chapter
ponderomotive squeezing of the light is shown. Here, the theoretical model used in figure
to compare to the theory is derived.

The linearised Hamiltonian describing the optomechanical interaction between the membrane and the
cavity photons is given by [54] (see equation (3.1.6]))

Hom = —hgoy/moV2X,, (¢ +¢1) (E.0.1)

where n, = (¢7¢) is the average number of photons in the cavity. From this Hamiltonian, the following

equations of motion can be derived,

0 X = P, (E.0.2)
0P = =X — Ym P — V2 (g*é + géT) + /29 Pins (E.0.3)
06 = (iAC - g) ¢ — Jrmai™ — iv2gX,. (E.0.4)

Here, we have defined a more general optomechanical coupling strength g = goar(/kn/(K/2 —1iA) which
takes the phase difference between the incoming field and the cavity field due to the cavity detuning into

account. Furthermore, the cavity incoupling efficiency is given as 7 = k1/k. In the frequency domain,
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the cavity field is given by
o(w) = —xe(w) (VAma® @) +iv2gXm(w)) (E.0.5)

where the cavity susceptibility is defined as

1

= BT TAD (E.0.6)

Xe(w)

The ponderomotive squeezing affects the outgoing light, thus we derive the outgoing light quadratures.

The outgoing light is given by the incoming field plus the effect of the cavity on the light

X£OUt) _ Xéin) + TLT]XC, (EO?)
Péout) = Péin) + /NP, (E.0.8)

with the incoming light quadratures defined as

o (5 1 . . N i . .
X(ln) _ d(m)]L + d(ln) 7 P(m) _ &(m)i‘ _ d(ll’l) , E.0.9
£ = 5 R 1 ) (E0.9)
and the cavity quadratures as
Xo= —(4e), P=——(et—p) (E.0.10)
C \/Q ) C \/é . LU,

Plugging the expression from above in the equation for the outgoing light quadratures, we obtain

X (w) = —rng_ (@) P™ + (1= s (@) XM = naR— (w)goor Xm (), (E.0.11)
P (@) = rng- (@)X + (1= e ) B = iR (w)goa Xon (), (£.0.12)

where we defined

4 (w) = XD TX), (E.0.13)

g_ (UJ) — IXC(W) —2)(2(—0.1) , (E014)
Ry (W) = (Xe(0)xe(w) + xc(0)xe (—w)) (E.0.15)
R-(w) =1 (Xe(0)xe(w) = xc(0)xc(=w)) - (E.0.16)

The mechanical quadrature can be rewritten in the frequency domain as

K@) = xment (@) [mrazgo (R @)X + R @) P ) + /27mPu] (E.0.17)
where the effective susceptibility is given by

_ 1 .
Xmef (W) H = o (22, — w? — iymw — 4]g[*Qmé— (w)) . (E.0.18)
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The homodyne detection signal is given by 65|
D(w) = V2aro\/Tae (cos(qs)XgO“t) (w) + sin(¢) }““(@) , (E.0.19)

where ¢ is the homodyne angle that allows us to adjust the detected light quadrature. Expressing ﬁ(w)

in terms of the input light quadratures and the thermal drive of the membrane, we obtain

T = X os(0) = o (con(B4 ) ~ i )
— (510290 X () (cO3(9)R_ (@) R4 () + sin($) R+ (w)?) |

+ P [ sin(6) — rn (cos(@)¢ - (w) + sin(6)¢ 4 () (E.0.20)
— (k7290 xm (@) (cOS(B)R—()? + sin(9)R_ (@) R+ (w))

+Pon [ 10120/ 2 X (€08(6) R () +in(9) R () |.

As it is written here, the output light depends on the input noise of the light and the thermal noise of

the membrane. The correlators of the stochastic noise terms are given by

(X)) = (B (@) P () = 26w +), (£.0.21)
(KL @) PV (W) = =P @)X (@) = 58w +w), (E.0.22)
(P (@) PRV (W) = (ﬁth - ;) §(w +w), (E.0.23)

while the thermal noise and the optical input noise do not correlate. We can write this expression as
D(w) = Aw)X™ + B(w)P™ + C(w) Py The symmetrised power spectral density of the detected field
is then given by

Spp(w) = [AW)*SER + |BW)PSEY +C(w)2SEp. (E.0.24)

where the individual noise power spectral densities are given by
a(in a(in 1 a(th 1
S — gl — 3 and S — g+ 5 (E.0.25)

This equation is used to fit the data in figure [3.3.5]

Resonantly Driven Cavity: In order to gain a intuitive understanding of this term, we consider the

resonantly driven cavity. If the cavity is resonant, this equation simplifies significantly to

D(w)

Ny K [ cos(@)(1 = k4 (@) = (101.90)xom () sin ()R 4 ()

+ P [sin(qﬁ)(l - (w))} (E.0.26)

+Py, {nngo 2YmXm (W) sin(@)R ¢ (W)} .
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which can be re-expressed as

\@a’i((:j@ =X (1 = xe(w)rn) cos() + 4g2mmxm (W) x2(w) sin(¢)]

+ P [(1 = Xelw)rn) sin(@)] (B.0.27)
+ Py, [2gom\/%xm (@)Xe(W)V/27m sin(qﬁ)} :

For a cavity with a very large linewidth x > €, around the membrane resonance 2,,,/w ~ 1, one can
write |x.|> — 4/k%. Using this, we can calculate a very simple expression for the symmetrised power
spectral density. Here, we apply the Lorentzian approximation and evaluate the power spectral density
at w = Q,, to get
SDD 1 K\ 2 2

- - () et

oo 2 L=mn(3) IxeW)l
+5i1(¢) c08() 495 1 Xom (W) X (@) 1

KA 2
: {ymm ) (A —w) + 2 ((277 ~1) (5) (A w)2) (w— Qm)} (E.0.28)

+510° () 8gom 7 7* [Xm (W) * [ xc ()] *

+ 510° () 8Vm,th 9 2m K| Xom (w) [ xe (w) 2.

If we neglect the losses nn = 1, this simplifies to

Spp 1
2aroPnae 2
+892 1 Yan (w) 2 xe (@)} (w — Q) sin(g) cos()
+8Ggm A [Xm (W) *[xe (W) |* sin® () (E.0.29)

+8%m,thGom X () [ xe () [ sin? ().
If we further assume that the cavity linewidth is large, k > w, we can simplify &|y.(w)| — 2 and get

Spp 1 . )
T =3+ 8T [ ()2 [(w — Q) sin(#) cos(¢) + (T + Yanen) sm2(¢)} . (E.0.30)

This is the formula given in equation (3.3.1]).
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Appendix F

Simulation of the Spin-Membrane
Dynamics for the Beam-Splitter

Interaction

The simulation of the coupled spin-membrane dynamic is described. For this we closely follow

the algorithm presented in [171]. The following appendix is published as appendix of [30].

In this appendix, we provide some details on the simulation method we used to solve the stochastic

equations of motion equations (5.5.1) and (5.5.1) (and similarly of equation (4.2.36) and (4.2.37))) for
the spin-membrane system. This simulation follows closely the algorithm presented in [171]. For the

simulation, we rewrite the equations of motion as four coupled first-order differential equations for X j
and pj, with j € (m,s) in a frame rotating at the membrane frequency (2, (operators in the rotating
frame are denoted with a tilde) and apply the rotating wave approximation (RWA). In the limit where
the propagation delay is small compared to other timescales involved in the coupled dynamics (i.e. 7 <
v Lg™ 1, §71), the change of the oscillator quadratures during the time 7 can be neglected in the rotating
frame i.e. X;(t) = X;(t — 1) and P;(t) = Pj(t — 7). The equations of motion then read

X (t) Xou(t) — sin (Qum (t)) Fin ()
dt | X4(t) X(t) —sin (Q, (t)) Fs(t)
~S(t) ﬁs(t) cos (2m (t)) Fs(t)
where we have split the dynamics into the 4 x 4 dynamical matrix
Ym/2 0 —gsin (Qy,7) —gcos (QnT)
M — . 0 Ym/2 gcos (Qut) —gsin (Qm7) 7 (F.0.2)

—gsin (1) —gcos (QmT) Vs/2 -4

gcos (Qn7) —gsin (Qy,7) ) Ys/2
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APPENDIX F. SIMULATION OF THE SPIN-MEMBRANE DYNAMICS FOR THE
BEAM-SPLITTER INTERACTION

and a stochastic part, given by the generalized noise forces F;(t) = /27v; F j(tOt) (). The total force noise
F ;mt) (t) includes the thermal noise F' j(th) (t) and the backaction noise F' j(ba) (t) which itself depends on the
optical vacuum noise Fj(in) (t). Thus, it is given by

M, in
FO ) = F™ (1) + FP (8) = FIY(t) + TJFJ( )4, (F.0.3)
J

where I'; is the measurement rate of the individual system. The noise terms F’ j(y) (t), v € (th,in) can be

expressed explicitly in terms of the product of a noise amplitude and a zero mean, delta correlated noise

0
Fj(th) (t) = mfj(th) (t), (F.0.4)

FV(t) = \/fféi“) (®), (F.05)

F (8 = [ 2 ) (F.0.5)
s 9 s ) Y.

where n? ~ 0.8 is the power transmission coefficient of the light between the spin and the membrane
and 7 path is the number of thermal phonons in the individual system. The thermal noise amplitude is
calculated from the fluctuation dissipation theorem while for the derivation of the backaction noise we refer
to [37]. The number of thermal phonons of the membrane iy, path is measured by homodyne detection
in presence of all laser beams but without loading the atoms. This calibrated value agrees very well with
an estimation from comparing the spectral linewidth in presence of the cooling and coupling beams with
the spectral linewidth of the uncooled membrane and the calculated room temperature occupation of the
membrane. We assume the spin pumping to be perfect such that the spin oscillator environment is in its

quantum mechanical ground state (i.e. s bath = 0).

The approach given in [171] allows for an exact simulation of the stochastic dynamics for a single
oscillator for arbitrary time steps, which we extend to the case of two coupled oscillators with delay. This

is done by calculating for each time step the coherent evolution and the noise separately:

X (tig1) X (t:) AXL— i
PNm(tH-l) efMAt P~m (tl) n A]?Itr:‘%ti-pl (F . 7)
Xs (ti+1) Xs(tz) AX;i_)ti+1 )

Py(tis1) P (t:) APt~

where At = t;,1 — t; is one simulation time step, and Af(]t‘i%t"’“, Apjt’ﬁti“ are terms for the stochastic
noise which enters the system in between time ¢; and t;1. We performed the simulation at time steps
comparable to the oscillation period 2,!. Thus, the noise terms Af(;-l_)t"“ and Apji_m“ are correlated
which is taken into account by following the calculation of noise variances and covariances in [171].
Because the coupling between the two oscillators is much slower than the simulation time step g <
Oy, ~ At~! we neglect the correlation of noise building up between the oscillators during one simulation
step. Thus, we can treat the noise of both oscillators separately. In order to simulate the system more
efficiently, we perform the simulation in time steps of multiples of one frame rotation At = k - 27/,
k =1,2,3... such that the noise amplitudes [proportional to sin(€,t), cos(2mt), see equation ] are
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the same for each step of the simulation. This way, the noise amplitude have only to be calculated once,

while the stochastic term has to be sampled for every single step.
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Appendix G

Coupling Dynamics for an Arbitrary

Loop Phase

In chapter [d]the light-mediated coupling between the spin and the membrane with a loop phase
¢ = m and a small propagation delay is discussed. In this appendix the coupling is generalised
for an arbitrary loop phase and larger propagation delays. These new coupling regimes could

be implemented in our experiment in the future.

Part of this appendix is copied from [37], but is restated here for completeness.

In section the theory of remotely coupled systems mediated by a travelling light field is introduced
(which is given in [37]). Here, we use this theory to derive the propagator and the equations of motion of
the membrane and spin system coupled with arbitrary loop phase and loop delay. The dynamics shown

in chapter [4]is then one special case of the dynamics presented in this appendix.

G.1 Coupling Hamiltonian

In a first step, the propagator of the coupled system is derived for an arbitrary loop phase. Assuming
that the light interacts in a loop first with the spin, then with the membrane and finally after adding a
loop-phase ¢ again with the spin, the interaction operators can be defined as B = iXS, By = X,, and
Bs = iexp(i¢) X, (where the B; are defined in equation and the interaction Hamiltonians for the
spin-light interaction and the membrane-light interaction are introduced in section . Furthermore,
we assume that the propagation delay is much smaller than any dynamics of the oscillator other than
the oscillation period (i.e. 7 < 'yj_l,g_l, |6]71), so that we can use equation to account for the

propagation delay. The propagator of the system can be written as

A =ig (ei¢ cos(QsTmS)XsXm +e'? sin(QSTmS)PSXm — cos(Qstm)XsXm — sin(Qstm)Xspm>

+ 2T (772644’ cos,((237'ss)f(s2 +nlei? sin(QsTSS)XSI:’S + st) + Fer%l, (G.1.1)
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G.2. EQUATIONS OF MOTION IN CASCADED SYSTEMS

where the coupling rate is given as ¢ = ny/I's[m. We assume that the optical transmission on both
paths (spin-membrane and membrane-spin) is given by 7. The propagation delay from the spin to the
membrane is given by 7yy,, from the membrane to the spin by 7,5 and to complete the full loop by
Tss = Tsm + Tms- From the propagator, the Hamiltonian of the system can be calculated. We obtain

Hi :hg ((cos(QsTmS) cos(¢) — cos(QmTsm)) X X + Sin(QsTms) cos((b)ﬁsXm — sin(Qstm)Xspm)

— hTyn? sin(¢) (COS(QSTSS)XE + sin(QSTSS)XsPS> ) (G.1.2)
For the dissipator of the system, we get

Aot = — 2g5in(¢) c08(QsTins ) Xs X — 29 5in(6) sin(Qu7ins) Ps Xm
+ 4T (772 cos(¢) cos(QsTss) — 1) Xf + 4T cos(¢) sin(QSTSS)XSPS + 2FmX§1. (G.1.3)

G.2 Equations of Motion in Cascaded Systems

Before we derive the equations of motion for our coupled systems, we briefly review the equations of
motion for a general cascaded system, given in [37]. If we have a looped, cascaded system, the dynamics
of the systems can be described by the Hamiltonian given in equation (4.2.1)). From this Hamiltonian,

the equation of motion of the operators of one of the systems can be calculated [37]
Z 05 (Ibi, BlJa(g;) +af (&)lbi B - (G:2.1)

where the Liouvillian £yb; captures all the internal dynamics of the system ¢. The light at a given position

¢ in the loop is given by [37]
a6, t) = an(6t) —1)_ V20;Bj(t — (€ = &)/0)O(E — &), (G.2.2)
j=1

where O is the Heaviside step function defined by ©(x) = 1 for > 0, ©(z) = 0 for z < 0, and ©(0) = 1/2.

Including this into the equation of motion of the system annihilation operator, we get |37]

bi =Lobs —IZF(W (&) + (&) B, By))

n

=D VATTO(E &) (Ibi B (0] Bu(t — 1) = BL(t = 70)[b1. By]) (G.2.3)

J=1k<j

where 7, = (& — &) /c is the propagation delay of the optical field going from interaction j to interaction
k. In this equation, the first line describes the internal dynamics of the system and the driving by the
input light while the second line describes the mediated interactions between different systems coupled
to the light and the light-mediated self-interaction.
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G.3 Loop on the Spin System

We assume that we have two systems, a membrane and a spin. We interact with the spin two times while
there is only one interaction with the membrane, as described in chapter [l However, unlike chapter [4]
we derive the dynamics for an arbitrary loop phase ¢. The interaction operators with the light are given
by By = iX,, By = X, and Bs = iexp(ig) X; [29] (where the B; are defined in equation (& and the
interaction Hamiltonians for the spin-light interaction and the membrane-light interaction are introduced

in section 4.2.2). Calculating the propagation of the system operator, we get

;)s =Lobs — /T (&in(&) —al (61) + e Pap,(&3) — eaf (53))
+ 12T sin (@) V2 X (t — i) (G.3.1)
— 4D cos(qﬁ)\/if(m(t — Tms)-

The first line of this equation describes the internal dynamics of the spin system and the stochastic driving
by the probe light. The second line shows the self-interaction of the spin and the third line shows the

coupling between the spin and the membrane. The equation of motion for the membrane is similar

l;m :L:OBm - 1\/i <d:rn(£2) + din(§2))
— i/AT D V2 X (t — Tam), (G.3.2)

except that it does not depend on the loop phase ¢ and there is no self-interaction because the membrane
is interfaced only once. For this appendix, we model the local dynamics of the systems as a decaying

oscillator, so that

Lob; = —iC%b; — %i)z + \/’%i)z(-th), (G.3.3)

where the last term is the thermal drive due to the coupling to the environment with <3§th)T(t)b§th) ) =
7;6(t —t') and (f)gth)(t)bgth”(t’)) = (fi; + 1)6(t —t') and 7, is the thermal occupation of the environment.

—1/2

Note that the input noise IA)Z(»th) has units of s while the system annihilation operator b; is unitless.

G.3.1 Dynamics for a Positive Frequency Spin

In order to simplify the equations of motion, we move to a rotating frame at the spin oscillation frequency,

ie. by — b exp(—ifst). If the spin is acting as a positive frequency oscillator, we get

b —./ e—lQ t (am 51) |:1 +e ¢+Qs7'ss):| _ &j’n(fl) [1 +ei(¢+QsTsS):|) + \/,%Bgth)

- Eb + ie1% 7 gin()2Tsbs — ie' %™ cos(¢) /AT b, (G.3.4)
m *1 \/ m€ it ( 52) + a]n(£2)> + V ,.ymggﬁlh)
+ i0by, — 7“1?)“1 — i Tom  JAT (T b, (G.3.5)

where § = Qg — Q,,, is the detuning between the two systems. The fast rotating terms are neglected. In
both equations of motion, the first line is the stochastic drive due to the backaction of the light and the

coupling to the environment while the second line describes the mean dynamics of the system.
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Loop Phase of ¢ = 7 and no Loop Delay: The backaction of the spin can be cancelled if the loop

phase is set to ¢ = m and there is no loop delay. The equation of motion is then given by

by = — Tbs + VAH™ +iv/AD Db, (G3.6)
bm =i V 1_‘me_iQSt (din(é-Z) + &:rn (52)) + V ’Ym?)gtlh)
+ i0by, 7“‘ —i\/AD.Tpbs. (G.3.7)

This case is discussed in depth in chapter [

Loop Phase of ¢ =0 and Loop Delay of {);7ys = m:  Alternatively, the backaction on the spin can
be cancelled by setting a phase of ¢ = 0 but engineering a loop delay of Q247 = 7. In this way the spin
oscillator precesses by half a period in the time it takes the light to pass through the loop, and therefore
the two interactions with the light interfere destructively. We get

Bs __ EZA)S + /AbI) — iei% e JAT T by (G.3.8)
=i/ Te 5 (a0 (6) + 0, () ) + Vbl
+ 16y, — %Em — iel(m =% Tme) | JAD T b (G.3.9)
If the delay is mainly implemented on one of the paths, then this interaction is the same as the interaction
for a loop phase of ¢ = 7 and without delay 755 = 0. But if the delay is on both the spin-membrane and

the membrane-spin paths, then the complex phase of the interaction term changes. For example, if the

delay is engineered to be on both paths equally Qs7s = Qs7em = 7/2, we get

(;s = - %Bs + \/’%i)gth) + gi)m, (GSIO)
l;m =i V FmeiiQSt (din(€2) + &TD(SQ)) + vV ’)’mi)gh)
+ i0by — 7;‘ b + gbs. (G.3.11)

which is a self-amplification of the systems.

Dissipative Isolator for Loop Phase of ¢ = 7/2 and Loop Delay of Qy75,, = 7/2:  In our system,
the dynamics of a dissipative isolator [178] can be obtained if we consider a loop phase of ¢ = 7/2 and a

loop delay of Qs7sm = 7/2. The dynamics reads

b = — %b 4 A 32D by (f — 7as) — iy/2Ds (B (£1) — Xin(E3)), (G.3.12)
by = — %‘“Bm oAb 4 gh /2T X (62) (G.3.13)

where we have used that by (t—Tms) = b (£)e?m ™= The reservoir of the spin-oscillator can be engineered

by tuning the propagation delay 5. As such, a common driving force of spin and membrane can be
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implemented. If the second spin-light interaction is blocked, we obtain

b= — %b AR — /2T P (&), (G.3.14)
I;m = %nl;m + ﬁgﬁh) + gi’s —1i 2FmXin(§2)- (G'3'15)

If the linewidths 7; and the measurement rates I'; of the individual systems are matched, we obtain the
dynamics that is very close to the one given in |178|, equation (31) with J = iI'/2. But having a second
spin interaction opens some interesting possibilities: By changing the loop delay (s7y, different forms of

self-interaction of the spin can be engineered i2Fslss(t — Tgs) — iQFsl;seiﬂsTSS.

G.3.2 Dynamics for a Negative Frequency Spin

We repeat the calculations presented in the last section for a negative frequency spin-oscillator: Again we
go to a rotating frame at the spin oscillation frequency, i.e. b — b exp(—if2st). If the spin is a negative

frequency oscillator, we get

b *\/76 it (am &) [1+e ¢+Qsm)} 7&;(&) [1+ei(¢>+ﬂsms)]) +\/%[;§th)

- Eb(;b + iel% T gin(¢)20sbs — ie' %™ cos(p) /A0 Tmbl (G.3.16)
b =T % (@ (&) + o (€2) ) + vAmb
+ i0by — %mzém — el \ /AT T bl (G.3.17)

where § = |Qs| — Qu is the detuning between the two systems. The fast rotating terms are neglected.

Directional Phase-Preserving Quantum Amplifier: In order to implement a directional phase-
preserving quantum amplifier [178], the loop phase is set to ¢ = 7/2, the delay on the the path from the
spin to the membrane is set to Qs7sm = 7/2 and the propagation delay on the path from the membrane
to the spin is small such that we approximate Q375 = 7/2. Furthermore, we assume that the oscillators

are resonant, 6 = 0, and convert the input noise to the rotating frame at €

:\/7 (11:)111 fl + Xm(gl)) + mgéth) - %i)s - QFSB& (G318)
= 0(62) + Vb = Brb + gbl. (G-3.19)

These equations are very close to the equations of motions given in [178] for a directional phase-preserving

quantum amplifier, only that the linewidths of the oscillators must be matched.
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Appendix H

Optical Coherent Feedback on a
Spin-Oscillator

The looped cascaded setup can be used mediate a spin self-interaction. A one-axis twisting
Hamiltonian can be engineered by feeding back the outgoing light field after a first interaction
with a spin-oscillator to the spin-oscillator. In between the two interaction we can modify
the light by adding a propagation delay and a loop phase. For a one-axis twisting Hamilto-
nian the loop phase between the two interactions has to be modulated at twice the oscillator

frequency. In this appendix the dynamics of the spin system in such a feedback loop is derived.

We assume a single (spin) oscillator that is coupled twice to the light. The general coupling theory
given in [37] and introduced in section is applied. Between the two interactions, the light is modified
by adding a loop phase ¢ and delayed by 7. In this scenario the interaction operators are given by
By (t) = iX(t) and By(t) = ie'® X (t) (see section for details).

H.1 Derivation of the Susceptibility of the Oscillator

Feeding back the optical signal of an oscillator to the oscillator itself can change the damping rate and the
resonance frequency of the oscillator |37} [65]. In order to quantify this effect, we derive the susceptibility
of the oscillator when interfaced twice. The first step is to calculate the field operators at the coordinates
of the interaction. For that, the parameters and operators 3172 are substituted into the equation
The light operator is given by

a(&1,t) = ain(&1,t) + @X(t) (H.1.1)

at the first interaction coordinate &; and
A T . -
a(&a2,t) = ain(&o,t) + V2I X (t — 1) + \/;€Z¢X(t) (H.1.2)
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at the second interaction coordinate &;. Here we have defined the round trip time 7 = (€2 —&;)/c. These
operators are inserted into the equations of motion for the system quadratures X (t) and P(t). Since X (t)

commutes with itself, the propagation of X (t) is given by the system dynamics
X(t) = LoX(t) = QP(t) — %f((t) +AX ) () (H.1.3)

where X () ig the stochastic drive from the thermal environment. The light interacts with the P-

quadrature, so this is more developed. It reads

P(t) = LoP(t) =1 ) VT ([P(1), Bj(1)]a(&, t) + al (&, )[P(¢), B; (1))). (H.1.4)

j=1,2

As for the X-quadrature, the local dynamics is given by LoP = —QX — 2P + ﬂp(th). The equation of

NS

motion of the P-quadrature can be simplified to

P(t) = —QX(t) - %P(t) + AT sin(@) X (t — 7) + 7P +iV2TFy(t) (H.1.5)

where we have assumed the same measurement rates for both interactions I'; = I' and we have defined

the optical force on the system by

Fr(t) = am(E1,t) — al, (€1, 1) + e Pain (6o, t) — €90l (&, 1) (H.1.6)
= Qin(&a — Te, t) — Al (& — T t) + e P (€a, t) — e%al (€5, 1). (H.1.7)

We want to solve this system of two coupled equations. In order to do this, it is easier to transform the

equations into the frequency domain. We obtain

“iwX (W) = QP(w) — gX(w) +AX ) (), (H.1.8)
—iwP(w) = —QX (w) — %P(w) + 4T sin(¢)e“™ X (w) + AP (W) + iV2l Fr (w), (H.1.9)

with
Fr(w) = i () (€7 4+ e71%) — a6 (w)(e“7 + €'?). (H.1.10)

Solving this system of equations for X (w), we get

5 . Q .
Xlw) = w2 + (7/2)? — iwy — 4Q0 sin(¢)elw™ VILFL (). (H.1.11)

This is again a Lorentzian peak with a modified damping rate and a shifted resonance frequency. The
frequency shift is given by
002 = —2I'sin(¢) cos(Q27), (H.1.12)

and the change in damping rate by
0y = —4T sin(¢) sin(Q7). (H.1.13)

Depending on the delay and phase, this can lead to a broadening or narrowing of the oscillator.
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H.2. DERIVATION OF THE EFFECTIVE HAMILTONIAN AND DISSIPATOR

H.2 Derivation of the Effective Hamiltonian and Dissipator

The effective dynamics of the spin is fully described by the propagation operator 121, which is defined in [37]
equations (12) and (13). Here, we have two interactions with the light field By = iX and By = iX exp(i¢),
both with the same coupling strength g; = g = v/2T. Inserting this into the general equation given in
[37], we get

A=or (e—i¢)2(t))2(t — )+ X(t)f((t)) . (H.2.1)
First we look at the Hamiltonian part of this propagation. The effective Hamiltonian is proportional to

the imaginary part of A Ttis given by

Hop = (A — A"y = —ihT (e’id’f((t)f((t ) X (1 T)X(t)) (H2.2)

h
2i
and the dissipative part by

A = A+ At =2r (e—i¢X(t)X(t — )+ 2X ()2 X (t — T)X(t)) . (H.2.3)

In the interaction picture, the propagation of the operators is split into two parts. The quadrature
operator can be written in terms of the ladder operators in the Schrédinger picture with their evolution,

namely

. 1 /. o
X(t) = 7 (be*‘m + bTe‘m> e 2, (H.2.4)

Here we have included both local Hamiltonian dynamics and local decoherence. To write the effective
Hamiltonian, only need to include the local Hamiltonian dynamics, not the decoherence part. The

effective Hamiltonian is
2 WD iy (35 _ioqe iQr | 73t —iQr | iti iQr | itif.i2Qt —iQr
A = — - [e71% (bbe™ a7 4 e 4 §ihei® 4 jiffei2tei07)
—el? (l;l;e*imteiQT + bbbl he I 4 lA)TlAJTeimte*iQT) ] (H.2.5)
=— hF[sin(¢) (l;l;e_iQQteiQT + I;T(A)TeiZQte_iQT)
+ sin(¢ + Q)bb' + sin(¢ — Q7)bTd], (H.2.6)
and the dissipative part reads
Ao =4AT {cos2 (;b) (l;Be’iQQteiQT + l;TlA)Teimte’iQT>
Qr\ - — Q7N ois
+ cos? (d)—;T) bb' + cos? (¢2T> bTb]. (H.2.7)

In the following we consider these operators in four different regimes, which we can access by changing

the loop phase ¢ and the loop delay 7. In all the each regime we expect a unique coupled dynamics:

Pure Frequency Shift for ¢ = 7/2; Qr = m - 2m: If the detuning is negligible and we set the

phase to 7/2, we can apply the rotating wave approximation (RWA) and rewrite the Hamiltonian and
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the dissipation in the form of

Heg ~ — T (bbT + bTb) = —hD(2bTh + 1), (H.2.8)
At ~2T(bb" + b1b) = 20 (26h + 1). (H.2.9)

This corresponds to a frequency shift of I' and an increased damping of the spin system.

Suppress Hamiltonian Dynamics for ¢ = 0; Q7 = 7/2:  If we apply no phase, but only a delay of
/2, we get the following Hamiltonian and dissipator in the RWA

Heg ~hD(bbT — b'h) = AT, (H.2.10)
Aesr 22T (bbT + b1D) = 20(2670 + 1). (H.2.11)

In this regime, the Hamiltonian part is just a constant offset that does not change the dynamics.

Parametric-Gain Hamiltonian for ¢ = 7+ ¢ cos(2Qt); Qr = m-2m:  More interesting parts of the
coupling can be implemented by modulating the phase. Here we assume that the amplitude of the drive ¢
is small, so that we can approximate sin(m + ¢ cos(20t)) ~ —¢; cos(2Qt) and cos?((7 + ¢1 cos(20t))/2) ~
@2 cos?(20Qt) /4. Assuming that the delay is negligible, we get

s xhl‘%(?)l} + BT = AT

. 2

Aegt %F%(?)i) + b1t + bTb + bbT) = D2 X2, (H.2.13)

%(XQ - P?), (H.2.12)

This Hamiltonian leads to a squeezing of the (X 4+ P)-quadrature and an anti-squeezing of the (X — P)-

quadrature, or vice versa.

Dynamic for a Modulation of the Measurement Rate I' = I'; cos?(w + ¢):  Instead of the in-
loop phase, we can modulate the measurement rate by modulating the power of the coupling beam. This

results in a dynamic governed by

A %% (%e—zw (e—i¢+iQT n 1) + hipte2ie (e—i¢—iQT n 1)

20T (o709 1) 4 2B1h (Y 4 1) ). (H.2.14)

This gives a Hamiltonian and a dissipator of

~ E : 77 —2ip+iQT | 7771 2ip—iQT
e = 1 (s1n(¢) (bbe + bthte )
+ 260t sin(¢ + Q) + 26T sin(e — QT)), (H.2.15)
Aest = = b ((1+ cos(@)) (Bbe 27197 4 jjfe2ie—ion)

+ 20bT (1 + cos(¢ + Q7)) + 2bth(1 + cos(p — m))). (H.2.16)

So we can construct a squeezing Hamiltonian oc bb + bTbT by setting a loop phase of ¢ # mn ¥V m. For

complete backaction cancellation we need to set ¢ = m. So we have to operate in a regime close to ¢ = 7
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so that the backaction noise does not dominate, but there is still a squeezing Hamiltonian. For small
¢r = ¢ — m and if we neglect the delay 7 = 0 and set ¢ = 0, we get

: Ui (05 ntit | opit L oith

ot ~ D=9 (bb+ bibt + 26bt + 2b b) : (H.2.17)

Rest = —h=- 62 (bb + BBt + 26bt + 25t b) . (H.2.18)

H.3 Calculate Propagation of the Density Operator

Now that we have seen the Hamiltonian and the dissipator of the system, we want to calculate the

propagation of the density operator. To do this, we can use the propagator given in [37]
p=—Ap—pA+ Tp. (H.3.1)

In the last section we already derived an expression for A which we recall here as

A=or (e—wfc(t)f((t — )+ X(t)f((t)) (H.3.2)
= I‘(l;l;emm (e*i‘z’eiQT + 1) + bipte—2i2 (e*i‘be*iQT + 1)

O (e 1) B (e e 4 1)), (H.3.3)
where we have used the time-dependent form of X (t) = (l;eim + Z;Te*mt) /v/2. The jump term can be
calculated from formula (14) and (15) of [37], which yields

Jp=2r (X(t — )X (e + X ()X (t — )el + QX(t)ﬁX(t)) (H.3.4)
=2T (l;ﬁf) (eQiQt (eiQT cos(¢) + 1)) + bf gt (e_2im (e_iQT cos(¢) + 1))

+ bpbT (cos(Qr — ¢) + 1) + bt b (cos(r + ¢) + 1) ) (H.3.5)

Parametric-Gain Hamiltonian for ¢ = 7+ ¢ cos(2Q2t); Q7 = m-27:  We want to consider the case
for which we have the most interesting dynamics. If we modulate the phase with ¢ = 7 + ¢ cos(202t) we
get cos(¢) ~ —1 + ¢3/4(1 + cos(4Qt)) and exp(—ig) ~ —1 — ig cos(2Qt) + ¢?(1 + cos(4Qt)/4) up to the
second order. Substituting this into the expressions above and doing the RWA, we get

7

A:E(A@@M%%U+2@ﬁ+ﬁ®), (E3.6)

. T Sosp o sp o
Tp= 56} (bpr n prb> : (H.3.7)
which leads to a dynamics of the state of the system described by the equation of motion of the density

operator

sl T
= —[Heo, “Aph
p ih[ i, ) + 5 [b]p +

Lot

5 D[btp, (H.3.8)
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where the dissipation superoperator is given by D(j)p = JpJt — (QJij + pjTj)/2 and the effective
Hamiltonian by

. AT o e

Hog = 7¢1(bb + bTHh) (H.3.9)

as derived in the last section.

H.4 Calculate Gaussian Dynamics

In order to calculate the amount of squeezing induced by this interaction, the Gaussian dynamics of the
system is calculated. We consider the same interactions with the light field B, =iX and By =iX exp(ig)
as before. Again we assume that both interaction have the same coupling strength ¢g; = go = V2. Here
we assume that, we have the transmission (amplitude) 1 between the interactions. Inserting this into the

general equation given in equation gives us
p=—20e (X (t), X(t —1)p] — 2T[X (t), X (t)p] + h.c. (H.4.1)

In the following we convert this expression to the Schrédinger picture and yield

b= i (k@ X0 + (P0). P0)e]) - 2D (%00, 200l + [P). P))
— = (%@, P(t)) = [P0, X (1)) (HA2)

— e (X (1), X (t — 7)p] — 2T[X (t), X (t)p] + h.c.

We assume that we can write X (t — 7) = X (t) cos(Q7) — P(t) sin(Q7) which holds for high-Q oscillators.
Next we write the equation of motion as a function of quadratures in a rotating frame at frequency w.
We get

- (154 D) (1. x50+ 1P )
- (1%, Pyl - [P, X7)
— 2T (ne™'? cos(Qr) + 1) <COS2(wt)[X,Xﬁ]

+ cos(wt) sin(wt) ([P, X5+ (X, Pﬁ]) + sin?(wt)[P, Pp]>

— cos(wt) sin(wt) ([X, Xp) - [P, Pﬁ]) — sin®(wt)[ P, Xﬁ}) +he. (H.4.3)

In the following we assume that there is no detuning between the rotating frame and the oscillator

frequency, i.e. § =Q —w = 0.

Parametric-Gain Hamiltonian for ¢ = 7 + ¢ cos(2wt); Q7 = m - 27m: Here we assume that the

amplitude of the drive ¢; is small so that we can approximate exp(im+i¢; cos(2wt)) ~ —1+i¢; cos(2wt) +
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#2 cos?(2wt)/2. Assuming that the delay is negligible, we get

j== 200D (1% %417, Pp)) - X (5,201 - [P X1)
#1650 - (PP~ (1= n‘i) (1%, %7 + [P.Pi]) + he. (H44)

In order to see squeezing, we need to consider a superposition of X and P. Therefore we introduce two
rotated quadratures X, = X cos(a) — Psin(a) and P, = P cos(a) + X sin(a). The equation of motion

can be written in terms of these new quadratures, namely

4 4

AL ((cost20) (s Kol = [P Pogl) = sin(20) ([ Pud + [P Xol) ) 41 (145)

/L): - (W +T (1 - 77“!‘77¢%>> ([XouXa/b} + [Pa7paﬁ]) - ﬂ ([meaﬁ] - [PaaXaﬁD

+n

From this equation the drift matrix F' and the diffusion matrix N can be calculated similarly to section
[424] Tt turns out that the maximum squeezing can be observed for a linear combination of quadratures

with equal weight, for example for a = /4. For this angle the matrices are given by

e —v/24+nL'¢y 0 (H.4.6)
0 —7/2 =Ly o
and
N (v(n HU XA =0+t 0 ) a4
0 y(A+1/2) +20(1 — n + ne? /4)

From these two matrices the dynamics and the steady state can be calculated. First we consider the

steady state and obtain

> o o (A +1/2) +20((1 =) +nei/4)

<X7?'/4>SS - <Xﬂ'/4>ss = . 7’]2F¢1 ; (H48)
= - n+1/2)4+2I((1 — 2)/4
<P7%/4>SS — (Prja)2 = 1B+ 1/2) —’FH' ééﬂmn) o1/ . (H.4.9)

In the case where the damping is dominated by spontaneous scattering we can assume that n = 0 and

~v = 2T'/C where C' is the cooperativity. For the squeezed quadrature we get

A 5 2 _ L420((1—n) +ne1/4)

P2, Ve — (Pr/y)2 = H.4.10
< 71'/4) < /4>55 2(1 +nc¢l) ( )
We can define a squeezing parameter as
P2 1420((1— 2/4
(P2) 14+ nCoy
and minimise it with respect to the modulation amplitude ¢,
142 14+2C(1 - -1
> _ /12004200 ) -1 (H.4.12)

min — 770
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We see that the loss actually strictly limits the maximum steady state squeezing achievable, even for

1—
Jim €2, =2, [~ (H.4.13)
— 00 77

This might be a challenge for actual implementation, because to have squeezing one needs a loop trans-

arbitrarily large cooperativity

mission of i > 4/5.
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